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A b s t r a c t .  In this paper, using the Mountain Pass Lemma without (PS) con­
dition due to Ambrosetti and Rabinowitz, we obtain the existence of the non­
trivial solitary waves of Generalized Kadomtsev-Petviashvili equation in multi­
dimensional spaces and for superlinear nonlinear term f(u) which satisfies some 
growth condition. By the Pohozaev type variational identity, we obtain the 
nonexistence of the nontrivial solitary waves for power function nonlinear case, 
i.e. /(u) = up where p > 2(2n — l)/(2n — 3).
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1. Introduction
In this paper, we shall investigate the existence and nonexistence of the non­
trivial solitary waves of Generalized Kadomtsev-Petviashvili equation in multi­
dimensional spaces

wt +  wxxx +  (f(w ))x = D ^A yW , (1.1)
where (t ,x ,y ) G R+ x R x Rn_1, n > 2, D ~lh(x,y) =  J^OQh(s,y)ds and
a  . d 2 i d2 I I d 2

- 5 5 f  + M + + a ^ 7 -
Kadomtsev-Petviashvili equation and its generalization appear in many Phy­

sic progress (cf. [3], [4], [5], [6], [7] and the references therein). A solitary wave
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w (t,x ,y )  =  u(x  -  ct,y), 

where c > 0 is fixed. Substituting in (1.1), there holds

CUX +  UXXX 4 "  ( / ( w ) ) x  == D x  A y l l ,

or
( -  uxx +  D~2A yu + c u -  f(u ) )x = 0. (1.2)

In [4] and [5], using constrained minimization, De Bouard and Saut obtained 
the existence and nonexistence of solitary waves in the case where power non- 
linearities f ( u ) =  up, p = m /n , m ,n  are relatively prime, n is odd. In Chapter 
7 of [7], Willem extended the results of [4] to the case where n =  2, f(u )  is a 
continuous function satisfying some structure conditions.

In this paper we mainly deal with the case where n > 2 and f(u )  is a con­
tinuous function. The rest of this paper is organized as: §2 gives the functional 
setting of the problem and some embedding theorems which will be used latter; 
§3 deals with the existence of the nontrivial solitary waves. In §4, first we de­
rive a variational identity and then use this identity to prove the nonexistence 
of the nontrivial solitary waves.

2. Prelim inaries
In order to attack the existence and nonexistence of the nontrivial solitary 
waves of problem (1 .1 ) we apply the following functional setting:

D efinition 2.1. On Y  := {gx \ g € £>(IRn)}, we define the inner product

(u, v ) := [  [uxvx +  D ~l V yu • D ~l V yv +  cuv] dV, (2.1)
J R n

& dwhere Vu =  ( - — , • • • , 7:------), dV =  dxdy, and the corresponding norm
oy1 dyn~1

IM! := (  J  [nl + ID - 'V ,« !2 +  cu2] dV)V\  (2.2)

A function u : Rn —> M belongs to X  if there exists Y  such that:
(a) um —> u a.e. on Mn;
(b) ||uj -  Ufc|| -> 0 as j, k —* oo.

Note that the space X  with inner product (2.1) and norm (2.2) is a Hilbert 
space.

We will show that if estimate

IMIi.(r») < c ( j  [nl + IDJ'V,,«!2] dv)1/2 (2.3)

is a solution of the form



holds for a certain constant C > 0 and all functions u G V, there is only one 
possibility: q = p =  2^ t~31̂ . In fact, let u G Y, u =£ 0, and define for A > 0 the 
rescaled function

u \(x ,y )  =  u(Ax, A2y), (x, y) G R x Rn_1.

Applying (2.3) to ua, there holds

IMl£.(R") < c ( f  [ M l  + I ^ 'V ^ a I 2] d v Y ' \  (2.4)
J IRn

But simple computation implies

[  M , d V = X ^ = i i  W dV’ (2-5)jRn A JR"

i  M l d V = T ^ = i i  ul dv’ <2-6)
and

/  I D j ' V ^ a I 2^  — L j  f  \D - 'V vu\2dV. (2.7)
7Rn ^ jR"

Inserting these equalities into (2.4), there holds

¿i)7ilM U.(R») < K  + P i 'v » « ! 2] d v ) 1/J.
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A(S=i57il“ ll«(«-) < JfB. ^  l n - ‘w - 1' 1 — ‘/2

That is

N lt.(R -) H  + \ o ; l v vu f ] d v y /2 (2.8)

But then if —=— — ^  0, upon sending A to either 0 or oo in (2.8), we can 
obtain a contradiction. Thus the only possibility is that 2n~ - — 2n2~3 =  0, i.e,
o =  p =  2(2"~1)y r  2n—3 ’

Actually, from the embedding theorems for anisotropic Sobolev spaces (cf.
[2], p. 323), the following lemma asserts that (2.3) holds if and only if q =  p.

Lem m a 2.2. Ifq  = p =  > there exists a constant C > 0 such that (2.3J
hoids for all functions u £ X .

From the interpolation theorem and estimate (2.3), there is an embedding 
theorem about X  as follows:

Lem m a 2.3. The following embeddings are continuous:

X * -+ If{R n) ,2 < p < p .

Lem m a 2.4. The following embeddings are compact:



Proof. Suppose that {tim}“ =1 C X  is bounded in norm (2.2). Without loss of 
generality, assume that there exists {gm}m=i c  Lfoc(Rn) such that um =  dxgm- 
Let Vm  =  ( V m t 1 , % , 2, • • • , % , n - l )  =  ^ y 9 m  €  (L2(Rn))n~1.

Multiplying gm by ip € 2)(Rn) such that 0 < ^  < 1, ^  =  1 °n B(0,R) 
and supp ip C B(0,2R), we may assume that supp#m C B(0,2R). Selecting 
if necessary to a subsequence, we may assume that um —̂ u = dxg in X  and 
replacing gm by gm -  g , we may assume that g =  0. Denote by -F[w](r, s) the 
Fourier transform of u(x,y).

Let
Q_! =  {(r, s) e Mn | |r| < p, |s*| < p2,i = 1,2, • • • ,n  -  1},

Q 0 =  {(r,s) € R" | [r| >  p}, Q 1 =  {(r,a) € Rn | |r| < p, |si| > p2},

Qi =  {(r,s) €M n | |r| < p, M  < p 2,-** , |«*-i| < P2, k*l > P2},

Q n-i =  {(r,s) G Mn | \r\ < p, |si| < p2,--- , |s„_2| < p2, |s» -i| > p2}-
n—1

Then E n = U Qi  an d  Qi  n  Q j  = 0, i ^  3- 
i = —1

For p > 0, there holds

[  \um\2dV = [  \F[um]\2 drds = ^ 2  f  \F[um]\2 drds. (2.9)
J B(Q,2R) J Rn i=_l^Q<

It is clear that

[  [-ir['wm] | drds = f  2r2 |- [̂^xWm]| drds < ^ 2̂ 2
»/Qo *'Qo “

and for i =  1, • • • , n — 1, there holds

[  \F[um}\2 dxdy = [  |-Fbm,t]|2 drds < |vmtl- 
J Qi  JQx lS i l P

For any e > 0, there exists p > 0 large enough, such that

|F[um]|2 drds < e/2.

Since um —1 0 in L2(Rn), there holds

F[um](r, s) =  [  um(x, y)c-»*(«-+ v) dV  -  0, as m  ->00
JB(0,2R)

and
|F[um](r,s)| <  Co\um\2 < Cl.
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Lebesgue’s dominated convergence theorem implies that

/ |F[um]|2drds —» 0, as m —> oo.
J Q-1

Thus we have proved that um —> 0 in £foc(Rn). By Lemma 2.3 and interpola­
tion theorem, there holds um —► 0 in Lfoc(Rn) if 2 < p < p.

Lem m a 2.5. I f  {wm}m=i JS bounded in X  and i f

sup /  |wm|2 dV —> 0, as n —► oo. (2.10)
( x , y ) e R n JB(x , y ; r )

Then um —> 0 in Lp(Rn) for 2 < p < p.

Proof. Let 2 < s < p  and u € X . By Holder inequality and Lemma 2.3, there 
holds

M L s (B(x,y; r ) )  <  \U \ \ * { B( x , y \ r ) ) \ U \>LP(B{x,y\ r) )

+ |Z)-1V1/u|2 +CW2]iiF )i ,
J B(x,y , r )

1 1 -  A A , As , . 2 ( 2 n + l )  ,where -  =  —----- 1- —. Choosing s such that —  =  1, i.e., s = — ----- —L, there
s 2 p 2 2n — 1

holds

[  M* [  [ul + \D~lV yv)f +  cu?\ dV. (2.12)
J B(x,y;r)  J B(x,y;r)

Now, covering Rn by balls of radius r  in such a way that each point of Rn is 
contained in at most 3 balls, then there holds

f  |u|adV'<3cg sup ' r)) f  [ul + \DZl V yu\2 + cu2)dV. (2.13)
J  Rn (x , y ) € R n V W J  R"

Under assumption (2.10), (2.13) implies um —► 0 in Ls(Rn). By Holder in-:: 
equality and Lemma 2.3, there holds um —► 0 in Lp(Rn) for all 2 < p < p. Ei:;

We recall the following Mountain Pass Lemma without (PS) condition as 
our Lemma 2.6 (cf. [1]).

Lem m a 2.6 (Mountain Pass Lemma). Suppose X  is a Banach space and 
E  £ C1 (X , R) satisfies the following geometrical properties:

(1) jE7(0) =  0, and there exists p > 0, such that E  > a > 0;
_______ d B p { 0)

(2) There exists e £ X  \  B p(0), such that E(e) < 0.
Let r  be the set o f all passes which connects 0 and e, i.e.,

r  =  {g e  C ([0 ,1], £01 9(0) =  0,9(1) =  e}, (2.14)
and

c =  inf max E(g(t)). (2.15)
sertG[o,i]
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Then c >  a and E  possesses a (PS)C sequence at level c defined by (2.15), i.e., 
there exists a sequence {um}^“  such that E(um) —> c and DE(um) —> 0 as 
m —> oo.

3. E xistence o f nontrivial solitary waves
The solitary waves of problem (1.1) satisfies:

f  ( ~ "f" "f* cu — /(^ ))x =
\ u  E X,

where c > 0. The weak solutions of (3.1) are the critical points of the functional 
E  defined on X  as

E(u) := [  ( h u l  +  |D~l Vyu \2 -I- cu2] -  F(u)) dV,
J Rn ^

where F(u) =  / f(s) ds. Assume:
Jo

(fi) /  G C°(R,R), /(0 ) =  0 and for some 2 < p < p =  ® < °° <
c, ci > 0, there holds

| / ( « ) |  <  co\u\ + c i | u | p _ 1 ;

(f2) There exists v G X  such that
/(Xv )— ■— —> +oo, as A —► +oo;

A
(fa) There exists a > 2 such that, for u G R, there holds

aF{u) < uf(u).
By assumption (fi) and Lemma 2.3, E  G C^XjR).

L e m m a  3 . 1 .  Under assumptions (f\) and (f2), there exists e G X  and r > 0 
such that ||e|| > r and

b:=  inf E(u) > E(0) =  0 > E(e).
|| u||=r

Proof. From (fi), there holds

ifw i = i fu m *1 < cM-+ ^lui".
Jo z P

Then from the definition of the norm (2.2) in X,  there holds

E ( u }  ( | | u | 2 +  Cj \ u f )  d V > ( ~  ^ ) M | 2 -  c,|u|?.

By Lemma 2.3, there exists r > 0 such that
b:=  inf E { u ) > E { 0) =  0.



It follows from assumption (f2) that
E(\v)  —> —oo, as A —> + 00.

Hence there exists Ao > 0 such that e =  Aof satisfies ||e|| > r, E(e) < 0 . Ei 

Define
d := inf max Ei'yit)),7erte[o,i]

r  :=  {7  6 C([0, 1]; X)  : 7(0) =  0, 7(1) =  e}.

Clearly, d > 6 > 0. Applying Lemma 2.6, there exists a (PS)C sequence 
{um} ^ i  at level c =  d such that

E(um) —> d and DE(um) —> 0 as m —> 00.

T heorem  3.2. Under assumptions (fi)-(f3), problem (3.1) possesses a non­
trivial solution.

Proof. 1 .  Boundness of (PS)C sequence.
Let be the sequence derived by Lemma 2.6, i.e., E(um) —+ d and

DE(um) —> 0 as m —> 00. As m —> 00, from assumption (fa), there holds
d +  o(l) +  o(l)||um|| > E(um) -  a~ l (DE(urn),urn)

~  (5 -  ¿)llwm||2 +  f  [a- 1 Um/(Um) -  F(um)] dV 
J Rn

>  ( l2 ~  i ) h m \ \ 2-

Hence {um}^<f ’1 is bounded in X.

2 . 5 : =  lim sup f  \um\2 d V ^ 0 .
m ~ f°°  ( x , y ) e R n JB( x , y ;  1)

Otherwise, by Lemma 2.5, there holds um —» 0 in Ls(Rn) for 2 < s <
2̂n--3~̂ • ^  f°^ows that

0 < d =  E(um) -  \ (DE(um), um) +  o(l)

= f [iUm/(«m) -F ( Um)]dK + O(l) = 0(l),
J Rn *

which is a contradiction.
3. Existence of a nontrivial solution of problem (3.1).

Selecting if necessary a subsequence, we can assume that there existes a 
sequence (xm, ym) C Rn such that

f  \um \2 d V  >  5 /2 .
J B{Xm > J /m  i

Define vm(x, y) := um(x +  xm, y +  ym) so that

[  \vm\2 d V > 5 /  2.
J B {  0;1)

NONTRIVIAL SOLITARY WAVES OF GKP EQUATION 17
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Selecting if necessary a subsequence, we can assume that there existes a v 6 l  
such that

vm —̂ v in X,  as m —> oo.
By Lemma 2.4, vm —> v in L̂ oc(Rn) and so v ^  0, and for every w  G X,  there 
holds

[  ( / K n )  -  f ( v ) ) w d V  =  [  ( f ( v m ) -  f ( v ) ) w d V  
J R" J B (0 ,R )

+ [  (f(vm) ~ f(v))wdV.
J R n \ B ( 0 .R )'R n \B (Q ,R )

Since w € X,  then w G Lp(En) and {vTO} is bounded in X , hence {vm} is 
bounded in Lp(Mn), thus for any £ >  0, there exists R =  R(£) >  0 large 
enough and independent on m such that

/  ( / ( ^ m )  ~  f (v))wdV < e, Vm
j R n\B(0,R)

On the other hand, for this R >  0, from Lemma 2.4, there holds

/  i f ( vm) — f{v))wdV  —> 0, as m —> oo.
J b (o,r )

Thus, there holds

/  f{vm)wdV —> / f(v)wdV,  as m —> oo,
JRn J  R"

which implies
(DE(v) ,w) =  lim (DE(vm),w) =  0

771—* OO

Hence DE(v) =  0 and v is a nontrivial solution of problem (3.1). (Zi

4. N onexistence o f nontrivial solitary waves
In this section, we derive a Pohozaev type variational identity of the solitary 
wave of problem:

( -  uxx +  D~2A yu -  g(u))x =  0,

where g G C1(R,M) such that <7(0) =  0 and define G(u) := i  g(s) ds.
Jo

First, we give a formal argument explaining the variational identity. For any 
A > 0, define a transformation T(A) : X  —> X  as

T(\)u(x,y)  := u ( x / \ , y / \ 2), (x,y) G 1R x Mn_1.
Then T(l) =  idx- If u G X  is a critical point of functional E(u), we conjecture 
that
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A simple computation shows that

E(T(X)u) =  ^-5— f  (ul + 1XJJ1 V„ii|2) dV -  A2" ' 1 i  G(n)dV. (4.2)
Z ./ R n  ./ R n

and

^ | a=1£(T(A)u) =  
2n - 3  r r (4-3) /  (nl + K ' V vul2) d V - ( 2 n - l )  G(u) dV,

Z jRn i/R"

which implies that

j i (ul + ID- 1 v„u|2) dV = 2 (̂ tJ 31) j i G ( u )  dV. (4.4)

In fact, we have the following Theorem:

T h e o r e m  4 . 1 .  A n y  solution o f

( WXa; -f* Dx AyU g(u))x -- 0,

< u 6 Xn.fi,20c(Rn), (4.5) 

G(u),g(u)u € £ ‘(R"), g(u)DzlVyu € (¿^(H"))“-1, 

satisfies (4.4).

Proof. 1 .  Let

■W := f  ( \ [*l  + P i 'V ^ I 2] -  G(u)) dK

Then a weak solution of problem (4.5) is a critical point of operator J.  Let 
ip € V(R) be such that 0 < xj) <  1 ,ip(r) =  1 for r =  1 and ip(r) =  0 for 
r  > 2, |^'(r)| < 2, |V,,/(*')| < 4. Define a sequence of functions on Rn as:

:= ^(x- ^ jy|2), V(z,j,) 6 Rn.

2. For any solution of problem (4.5), there holds

I f  u l d V - \ !  ]D~1Vvu\2dV +  f  (G(u)-g(u)u)d.V =  0. (4.6)
z J R n  z j R n  ,/ R n

For every integer m, there holds

[  ( - u xx +  D~2A yu -  g{u))(ipmxu)x dV =  0. (4.7)
J R"



Integrating by parts, there holds

-  J Uxx ('lpmxu)x dV =  -  J Uxx (lpm,xXU +  IpmU +  ^mXUx) dV
R n  R n

£  “I” <2‘'$m,x'U,'U’X -j- 1pm,xxXUU
R n

Lebesgue dominated convergence theorem implies that, as m —> oo, there holds 

j  Uxx(^PmXu) dV = — j  u2 dV +  o(l). (4-8)
J R n  * J R n

Similarly, there hold

I D~2A yu(ipTnxu)x dV 
J R n

[  (D^Ayu)  ('tpmxu) dV 
J R n

=  “  fRn ¿^7 (Dx luVi) tymxu) dV 

f  n~̂  d
=  i „ T i D ^ uy<9ii ^ xu) dV  (4 .9 )

f  /  \~ l v~~i d \\  ̂  ̂ V̂' ̂ m,yiXU +  ̂] Dx uyi'tPmX-Q̂ Dx Uy{J dV

r  , n _ 1  -ĵ  n“l
I ( ^ v DX uyi'tl>m,yiXU „ ^  |-Dj Uy{ | (lpm,xXIpm)} dV 

jR n  i= l  i= l

= ~ l [  ^Z'VyUfdV + oil),
4 J  R n

and

-  /  g(u)(ipmxu)x dV 
J R n

~  ~ I 9(u) m,xXU +  TpmU +  1pmXUx) dV

[  dG(u) (4J0)=  ~ I (g(u)i>mu -f g(u)ipmtXxu +  —J ^mx) dV 
J R n  dX

=  f  (G(u) -  g(u)u) dV +  o(l).
J R n

Substituting (4.8)-(4.10) into (4.7) yields (4.6)

20 BENJIN XUAN



3. On the other hand, since u is a weak solution of problem (4.5), i.e., DJ(u) =
0, then from (DJ(u),u) =  0, there holds

/  {ul + \DZlVvu\2)dV = f  g(u)ud.V. (4.11)
J  R" J  R"

4. For any solution of problem (4.5), there holds

j  u l d V - ^  [  | 0 - 1Vvu|2<fl'+(n-l) [  G(u)d.V =  0. (4.12) 
* JRn */Rn J R"

For every integer m, there also holds

f  ( ~ u xx +  D~2A yu -  g(u)) (ipmy • D~l Vyu)x dV =  0. (4.13)
J Rn

Integrating by parts and applying Lebesgue dominated convergence theorem 
imply that, as ra —> oo, there hold

-  /  uxx(ipmy - D ~ 1V yu)x dV
JRn

=  I  ‘U'X X ( lft m ,x y  ’ D x  V y tt  -f- Ipm U  ’ ^ y "^ ) d V  
J  Rn

=  f  ux(ipm'Xy • D~l T7yu +  Tpmy • Vyu)x dV (4.14)
J Rn

== I ('lftm,xxy ‘ Dx Vyll +  2'0m)Xy • VyU -f- Ipmy ' y'U-x) dV 
J  Rn

=  f u2x dV +  o{ 1),
* J  R"

[  (D~2Ayu) (tpmy • D J1 Vyu)

=  -  [  ( D - ' A y u )  t y m y  • 1 Vyu) d F  
*/Rn

=  -  fRn (  E  ‘ V » u ) ^  (4 .1 5 )

/* n_1 

•'*" i=i
/  p - 'v ^ p d K + o a )
JRn

NONTRIVIAL SOLITARY WAVES OF GKP EQUATION 21
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and
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(4.16)

- f  g M ^ y - D ^ V y ^ J V  
J R" 

= - /  g(u){l>m,xy ■ DZ'VyU +  V-mV ' V„u) dV J R"

= -  [  (9 (u)lpm,xy ■ D~XVyU +  ^  <̂ U\ i'fpm) dVJ Rn . . .  «?/t1=1
=  (n — 1) [  G(u)dV + o( 1).

•/r«*
T hu s, from  eq u ation s (4 .1 3 )-(4 .1 6 )  (4 .12) holds. E q u ation s (4 .6 ), (4 .11) and  
(4 .12 ) im p ly  eq u ation  (4 .4 ). IZf

T h e o r e m  4 .2 .  (Nonexistence of nontrivial solitary wave) If g G 

satisfies g (0 ) =  0  an d

2 (2 n  — 1)
■G(u) — g(u)u < 0 ,  Vu ^  0, (4 .17 )

2n  — 3

then  0 is the on ly  solution o f  problem  (4.5).

Proof. If u  ^ 0 is a solution of problem (4.5), then (4.4)-(4.11), there holds

i A 2{2 n - 3 G(u)- 9{u)^ dV = °
which contradicts (4.17). Ei

C o r o l l a r y  4.3. L e t c > 0, and p  > ’ then  0 is  th e on ly solution o f
problem :

( -  uxx +  D~2A yu +  c u — |w|p_2w)x =  0,

« e x n J & g J R » ), ' (4.18)

\u\v-2uD~lVyU G (If1(Rn))n_1.

1 c
Proof. Since g(u) =  |u|p _2u — cu, then G(u) =  -\u\p — - u 2, thus (4.17) holds.

p  2
Gi
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