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ABsTRACT. In this paper the Cauchy problem for a non-linear elasticity system
in Lagrange coordinates is considered. Using the method of null viscosity we
prove the existence of Holder-Continuous solutions for the non-linear elasticity
system vy —uz; =0, uy ~ o (v), = 0.
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1. Introduction

We consider the hyperbolic system of conservation laws
v —uz; =0

(1)

u —o(v), =90,
with (z,t) € R x (0,00) and the initial conditions
(’U(III, 0)"”(1:’0)) = (UO(:E)’UO(:I;)) ) (2)

where v (z) and ug (z) are measurable bounded functions, u represents the
speed, v represents the tension and o (v) the force in transverse sections (com-
pression).

We assume the following consistence conditions:

o (v) € C? (—00,00), (3)
53
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o (v)>k>0,0"(v)>0. (4)
The system (1) can be written in the general form
w + F(u), =0 (5)

where u(z,t) = (v(z,t),u(z,t)) and F(v,u) = (—u, —c(v)).
A weak solution to (5) is a measurable function u (z,t) = (v(x,t),u(z,t))
such that u and F (u) are in L}, (Rx[0,0); R?) and

loc
o [ _ 1 |
+ F (u dzdt + wedr =0, V¢ € Cy(Rx[0,00); R).
t>0 L 05 Ji=0
The eigenvalues of the system (1) are
de =o' (v), A=-Vo'(v) (6)

and v -

z=u+ J/ Vo'(s)ds, w=u-— jl Vo' (s)ds (7

are the corresponding Riemman invariants, (see [12]) and v; is a constant .
From the assumptions on o (v), we have

u : u 1 L : (8)
w= 3 =5 Vw= T /0=, U= —F———
2 2 2/’ (v) 2\/d’ (v)
3 B o (v) B "(U)
/\lw = /\22 = 40’ (‘U) >0, ’\lz /\Qw - /(U) <0. ‘ (9)

Then the system (1) is genuinely non linear and strictly hyperbolic.

For studies of (1) using Young measure and compensated compactness the
reader is referred to {4], [9] and [11]. Here we use a variant of the standard
viscosity method introduced in [7].

The smooth solution is obtained by replacing the system
Uy — Uy = EVygy

uy — 0 (v), = EUgs (10)
by
W + AWy = EWery
(11)
2 + A2y = EUgz,
with initial values
(w (2,0),2(z,0)) = (wo (z), 20 () - (12)

We will show that for € > 0 the problem (11), (12) has a bounded solution
(w*,2°) and we prove that there is a subsequence (v¢*,u¢*) converging uni-
formly to a pair of functions (v,u). Then we show that (v,u) is a Holder-
continuous solution of the problem (1), (2).
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Differentiating (11) with respect to z and taking wy, =7 y 2z = s, we
obtain the following identities

T¢ + Agrg + (/\Zwr + /\225) T = €Tz

13
St + A8z + (AT + X128} S = €52z (13)

This paper is organized in the following way: in Section 2 we find the local
solution and the a priori approximations for the solution the Cauchy problem
(11), (12). In Section 3 we find the global solution for problem (11), (12) and
in section 4 we find the Hélder-continuous solution of the problem (1), (2).

2. Solutions by the viscosity method

2.1. Local Solution. We consider the set
U={(w,2):e1—v<w<ea+7,c3—7 <2< e+, |we| <2M,|2z| < 2M}

where v = f:?. -5 Vo' (v)dv, § is a small positive constant. We choose the norm
£ = 1fllo + I f2llo for £ € C*(R). For (w,2) € U we define

t oo
WO (z,t) + [ [ —Aowy (y,8)G(z —y,t —s)dy ds
5 :

T( 1:((::;)) )= t oo
B \ zo(x,t)-}-({_f —Mzy (y,8)G(z —y,t — s)dy ds

where G(z,t) is the heat kernel and

o0 o

W@t = [ Gl-pdud LEh= [ Ce-unnb).

~00 —00
It can be shown that T(U) C U and that T is a contraction in some strip
R, = (—00,) x {0, 7].
Lemma 1. Ifo’ (v) > k> 0, 0" (v) > 0 and wy (), 20 (z) are C*(R) functions
satisfying:

et Lwo(x)<ery, caL2(z)<cy,
lwoz ()| € M, |20z (2)] £ M.

Then there ezists a smooth solution for the Cauchy problem (11), (12) in some

region R, = (~o0,00) x [0, 7]. This solution satisfies

a—- 717w+, ca—v<Lz<Leaty,

lwe (z,8)] < 2M, |z (z,8)] < 2M.
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Proof. For (w,z) € U we have that
—YySw<Le+y, ga-v<zlaty, —@-rv<-w -+

where g — ¢ — 2y < z—w < ¢y — ¢ + 27, that is,
v
c3—cp—2v< 2/ Vo' (s)ds <cqg—cy +27.
v

Hence, there exists ¢ > 0 such that
[A2] s M| L e

Let us call W and Z the first and the second components of T( 2(z, t)) )

respectively. Thus ¢ ~y<W <co+7v,c3—7<Z2<cs+7.
To show that |W,| < 2M, |Z;| < 2M in a strip (—00,00) x [0, 7] for some
appropriate 7, we observe that

(¢ =] I 1
sy t—9)|dy = =
/_m'G (@-yt-s)ldy = ==

and that
/ Gz (z —y,t)wo (y / G (x —y,t) woy (y) dy.
Hence
[We| = | f G (-'L‘—y,t)wo(y)dy+f f —Xowy (¥, 8) Gz (x — y, t — s) dyds
S. Y, t) Wo (y) dy + f f l_/\2wy (y7 S)l |G.’t (1? - yvt - S)I dde
0 —oc©

oo t =
S_{o |Gz (z — v, t)| |woy (y)ldy+2Mcof|G: (x—y,t—s)|ds < M+ 2LVt

It follows that |W,| < 2M in (—o00,00) x [0, 7] with 7 = @arg7- The inequality
|Zz| < 2M is obtained in a similar way. &
2.2. A priori estimates. The next lemma contains the a priori approxima-

tion that we need to establish the global existence of smooth solutions for the
Cauchy problem (11), (12).

Lemma 2. Let o (v) satisfy (3) and (4). Let wo(z) and 29 (z) be bounded
in the C1(R) space and satisfying

e Swp(z) <cy, c€3<20(x) < ey,
0<w(z) <M, 0<z(x)<M.

If (w(z,t),z(z,t)) is a smooth solution of (11), (12) defined in the strip
(—o0,00) x [0,T), with 0 < T < 00, and Apyw, Mz, AMw, A2z are bounded in

(14)
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(—00,00) x [0,T] then
C1 S w (.’E,t) .<_ C2, C3 <z (I,t) ..<_ Ca, (15)
0<w,(z,t) <M, 0<z(z,t)<M. (16)

Proof. The proof of (15) is similar to that of the linear case presented in [10].
To show that 0 < w, (z,t) < M, let us introduce the transformation,

r= (r—%—i—(x +cLe)) ePt (17)

where ¢, 3, L are positive constants and M is a bound for r and s over the set
Rx (0,¢). (M can be obtained from the local existence solution).
From (17), we obtain

M
o= (F, - ﬁcLe‘) ePt + (F, - % (= + cLe‘)) BePt,

2Mzx
Aarg = (A2FJ: - L2 ) eﬁt’

M
(AowT + A228) 7 = (A2uT + A2,58) (?_' -1z (2:2 + CLet)) eﬁt,

_ T 2M
ETzz =€ (T.r:r - F) E'm.

Replacing these identities in the first equation of (13), we have that
2M M M
E(f;:— F—) =, —1—2 cLe' + (F—— ﬁ(xz+cLe‘)>ﬂ
_ 2Mz . M, by
+ X2 (r, — —32—) + (AzeT + A228) (r - Iz (z +cLe ))

or equivalently

oM . M M . i
ETaq — T3 € =Tt — Z—cLe‘ + BF — 7] (2 + cLe') B+ AoFy
2]W M ) X
77 x)\z + (Aowr + Ag.8) T — T3 (A2wT + A2.8) (z° + cLe'),
Tt + Aofy — EFzx + (ﬂ 4+ Aot + )\228) T
M M . o (18)
=1z (cLe! +2zXy — 2¢) + Iz (B + Aawr + Agzs) (2% + cLet) .
Also from (17)
M
7(z,0) = r (=, 0)+—(.’1: +cL) > (19)
Since woz =7 (0,z) and 0 < wo; < M then
F(EL 1) = r(£L,8) e P 4+ 22 (L2 4 cLet) > 0, (20)

L
because M is a bound of 7 over Rx (0,T).



58 G. PEREZ P. & L. RENDON

From (18), (19) and (20) we have that
7(z,t) >0 over (—L,L) % (0,T). (21)
In fact, if (21) does not hold at a point (z,t) in (~L,L) x (0,T), let £ be
the minimum upper bound of the ¢ values of ¢ such that ¥ > 0; then due to
continuity we see that ¥ = 0 at some points (z,t) x (—L,L).
Thus 7; €0, 7, = 0 and —ery, < 0in (Z,1); then
Fy + ATy — €Tzx < 0 in (Z,7). (22)
But, if we choose 3, ¢ large enough such that
B+ Aawr + Aozs > 0, cLet +2:r)\2—26>0 (23)

over (=L, L) x (0,T), equation (22) contradicts (18). Therefore (21) is proved.
Then for all points (zg,%) in (~L,L) x (0,T),

7 (zo, to) > L‘; (l‘o + CLefo) 5'0, (24)

which gives the required estimate for » when L — oco. We can obtain the
estimate s > 0 in a similar way.
From r > 0, s > 0 and using (13) we deduce that
e+ Aoz < €Tgq,
t z rz (25)
St + A8z < ESze.
Then w (x,t) < M, z; (x,t) < M are obtained from both of the inequalities
above. ]

3. Global Solutions

Choosing w (z,T), z(z,T) as initial data at time ¢t = T and using the a pri-
ori approximations, we see that the Cauchy problem (11), (12) has a smooth
solution in (—oo, co) x [T, 2T)]. Repeating this process, we have a global solu-
tion. Thus , the local existence in Lemma 1, and the a priori approximation
of Lemma 2, yield the next global existence result.

Theorem 3. Let o (v) satisfy (3), (4) and let wo(z), and 2z (z) € C(R)
satisfy

€ wo (x) < 2, c3 < 20(z) < ey,

0 woz (2) £ M, 0 < 20.(z) < M,
then the Cauchy problem (11), (12) has a unique global smooth solution that
satisfies (15) and (16).

Now, we will give the w; and z; approximations. Let X = w, Y = z; then

<
<

Xlieo = Wily—o = €Wza — A2 Wel,—g (26)
Y't=0 = ztlt:O =€2zz — A1 2::1::0 .
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Differentiating the first equation of (11) with respect to ¢, we have

Owt 8(/\211)1) _ 6w.’ta}

T o
8/\2 f)wz _
Xt + —a—t.wz + /\2—(,7 = E'X,;I,

6/\2 ow 8/\2 0z
X (EE'E?“L_&?‘B?

Xe + (MowX + AazY) ws + Ao Xz = X (27a)

) we + Ao X = Xz,

Similarly
)/t +)\1YI +(/\le + /\le) 2z =5Yxa:- (27)

Lemma 4. If (wp (), 20 (x)) satisfy the hypotheses in Theorem 3, wq (z) , 20 ()
are of class C*(R) and

Xo (2)] < M and[Yp ()] < M (28)
then
1X (z,t)] < Me*T and|Y (z,t)] < M T (29)
where A = max{0, sup (M2 — Aow) Wz, sUPp (Arw — A1z) 22}
Rx[0,T] Rx([0,T]

Proof. We consider the transformation

i, N (2% +cLet)
_X = (X+M+—£;—Ci-)—)eM,

N (22 +cLet) (%0)
— € '™,
Y = (Y+M+—‘—:cLQ—C—) M,

with ¢, N positive constants and N is the (w, z;) upper bound over R x [0, T}.
Then we have,

_ NecLet ) N (z% +cLe!
X — (Xt + Lge )e"‘ + (X+M+ ——(——Lz———) e,

_ 2N = 2N
X = (X:c + 'E_) e)\t’ —Xex = (Xz:c + _) e)\t’
\

I2
Ao X 4+ A2;Y =

- _ N (22 + cLet _ N (22 + cLet
s (2 nrs M@+ (o N4l
L'Z / L2
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Replacing these identities in the equation in (27a), it is obtained that
N (z2 + cLe! \

NcLet S
+ (X + M+ 2

2N
Esz+LE_Xt+ 12

_ N (2% + cLet) \ _ N (z?+cLet) )
Azw(X+M+ (z +Ce) _,_,\22(__)/_M__\w_r W

\ L \ L

2zN
X
H"‘( * L)

or
2N _ _
——Az + (Ang - /\QZY) Wg

2 NecLet
A X
EX::+ Xt+ 2 + L L
N L N (22 4+ cLet) \|
AT+ N [ N e)\—,\zz(M+iﬂ—)\ w
L2 \ L2
N (x? + cLe?)
+k1\[ __LT_) A
/
Thus
€X:v::v: T Xt + /\2X:z + (’\ZwX - A2;:1/) Wy
e N
AX + (cLet + 20z — 25) =
+ (cLe o )L‘ (31)
/ N(:c2+cLe‘)
12

4+ [A + (aw — Ags) ] (M +

Similarly, the second equation in (27) is transformed into

eYer = Vi + MY + (MY = A X)
+AY + (cLet +2X\ 1z — 2) —iv—z- (32)
+ A+ (A2 = Atw) 22 (M + W) .
Also
—Xo (z) - M—C—‘Z?ﬁ <0, Yo(z)= —Yo(x)—M—c’z—iv <0, (33)
(34)

}_(0 (I) =
X (£L,t) <0, Y (+L,t) <0,

provided we choose ¢ large enough such that cL+2X\z—2¢ > 0 and cL+4+2\z—
2¢ > 0 over (—L,L) x [0,T], then in a similar way to the proof in Lemma 2
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we can obtain from (31) - (34) that
X (z,t) <0, Y(z,t) <0over (-L,L)x[0,T).
If L — oo in (30), we have
X >—eMM, and Y < eMM in (—o0,0) x [0, T]

To obtain inequalities
X <eMM, Y > -eMM
the transformations given in (27) are changed by the transformations

- N 2 L ¢ — N 2 I t
X=(X+M+_(x_ic__e_).\e’\t, _Y=(Y+M+_(£+C—e) ert.
L‘Z } LZ
\ \
o
4. A Hoélder Continuous solution
Lemma 5. If the hypotheses of lemma (4) are satisfied, then
lu(z, ) < M, |v(z,t)| <M, (35)
luz (z,0)] < M, vz (z,t)| < M, (36)
e (z,8)] < M(T), v (z,t)] < M(T) (37)

where M, M (T) are independent of €.

Proof. This proof is based on the estimates (15), (16), (29) and the assumptions
(3) and (4) on o (v).

To prove (35), we add the inequalities in (15) getting, c1 +c; < 2u < cz+c4.
Then there exists M such that |u (z,t)} < M.

Using again (15), we have ¢z — c2 € z — w < ¢4 — ¢1. Thus

v
ca—c2<2 | Vo(s)ds<es—a,
v1
then there exists M such that |v(z,t)] < M.
To show (36) we see that w, + z; = 2u, and using (16) it is obtained that
0 < uy < M. This gives |uz (z,t)| < M.
Also, from (16), —-M < —w; < 0 and 0 < 2, < M, which implies —M <
2z — wy < M, from where

-M 31: M

2\/0 (v) 2\/0’ W)’
but o’/ (v) > k > 0, then |vz] < M. To prove (37) we use (29) and argue as
we did in the proof of (36), which implies the existence of M (T') such that
[ue (z, 1)} < M (T), fve (z,)] < M(T). of
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Let {£, }nen be a sequence of positive numbers converging to 0. Let (v:,u®")
be the corresponding solution to (10) given by Theorem (3). By Lemma (5)
(ve»,u") is bounded in W ((—o0,00) x [0, T)). By the compactness of the
inmbededing immersion W1 (Q) — C (), it has a subsequence {v~,uf}
over each bounded region Q of R x R* that converges uniformly to a pair of
Hoélder-continuous functions (v (z,t) ,u (z,t)) .

Let us see that the limit function (v, u) is the solution for the Cauchy problem
(1), (2)-

Multiplying both sides of (11) by

vy —1 s 1 1
A= [ Wy Wy - { 2y/a’(v)  24/a'(v) ,
k 2y 2y / k % %
it follows that
Vg — Uy = . S (222 — Wez)
t T 2\/m T T ) (38)

€
u —o(v), = 3 (222 + Wez) .

Multiplying both sides of (38) by ¢, ¢ € C§(Rx [0, 00); R), and integrating over
the set (Rx[0,00) we have

/ / (v — ugp,) dzdt + / vggpdr = 0
>0 =

/ (udn — o (v) ¢,) dzdt + upgpdr =0
t>0J

(39)

t=0
If we assume the data to be smooth, we get:

Theorem 6. Let o (v) be such that ¢’ (v) > k > 0, ¢”(v) > 0, and let
(wo (z), 20 (z)) be defined by (T) which satisfy ¢; L wo(x) <2, 03 < 29(x) £
ca. If wo (x), 29 (x) are bounded in W1 (R) and non-decreasing, then the
Cauchy problem (1), (2) has a global Holder-continuous solution (v,u). That
is a (v,u) satisfies (39).
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