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1. Introduction
We consider the hyperbolic system of conservation laws

Vt — ux =  0
( /  n (1)u t - c r  (v)x =  0,

with (x, t) € R x (0, oo) and the initial conditions

(v{x, 0), u{x, 0)) =  {v0{x), uQ(x) ) , (2)

where Vo (x) and uo (x) are measurable bounded functions, u represents the 
speed, v represents the tension and a (v) the force in transverse sections (com­
pression).

We assume the following consistence conditions:

a(v)  € C2 (—00, 00) ,  (3)
53
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a' (v) > k >  0, a" (?;) > 0. (4)
The system (1) can be written in the general form

Ut +  F  (u)x =  0 (5)

where u (x , t ) = (v (x , t ) , u (x, £)) and F(v, u) =  ( - u , —a(v)).
A weak solution to (5) is a measurable function u (x, t) =  (v(x, t )  , u ( x , t )) 

such that u and F(u) are in L}oc (Rx[0, oo);R2) and

f  f  F  dxdt+ f  uocfidx =  0, V0 e C<J(Rx[0,oo);R).
J t > o J  L o x J J t=o

The eigenvalues of the system (1) are

A2 = \Jo' (v), Ai =  - y / a ' ( v )  (6)
and

p V  __________ r V  _________

z =  u +  I \Ja' (s)ds , w =  u — / o' (s)ds (7)
Jv  1 */t;i

are the corresponding Riemman invariants, (see [12]) and v\ is a constant . 
Prom the assumptions 011 a (v), we have

« . - 5 , « . =  i ,  « .  = - 5 ^ .  =  (8)

^  =  a 2j =  ^ M > 0 ,  a u  =  a 2„  = - ^ I < 0 .  (9)4cr (u) 4cr (u)
Then the system (1) is genuinely non linear and strictly hyperbolic.

For studies of (1) using Young measure and compensated compactness the 
reader is referred to [4], [9] and [11]. Here we use a variant of the standard 
viscosity method introduced in [7].

The smooth solution is obtained by replacing the system
Vt Uj =  £Vxx

t ^ ( 1 0 )  Ut -  0 \v)x — £UXX

by
Wt “I- A2^x —
r 4- i  - -%t t Al&x --

with initial values

(W (X, 0) , 2 (x, 0)) =  (W0 (x) , Zg (x) ) . (12)

We will show that for e >  0 the problem (11), (12) has a bounded solution 
(we, z €) and we prove that there is a subsequence (vek,u ek) converging uni­
formly to a pair of functions (v, u). Then we show that (v , u) is a Holder- 
continuous solution of the problem (1), (2).
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Differentiating (11) with respect to x and taking wx =  r  y zx = s, we 
obtain the following identities

n  + A2rx +  (A 2lür  +  A2zs) r  =  e rx; 
St 4- Aisx + (Ai^r +  Ai2s) s =  esa

(13)

This paper is organized in the following way: in Section 2 we find the local 
solution and the a priori approximations for the solution the Cauchy problem
(11), (12). In Section 3 we find the global solution for problem (11), (12) and 
in section 4 we find the Holder-continuous solution of the problem (1), (2).

2. S o lu tio n s  b y  th e  v isco s ity  m e th o d

2.1. Local Solution. We consider the set

U =  { (w,  z)  : ci -  7  < w < c2 +  7 , C3 -  7  <  z  < c4 +  7 , |iux| <  2M, \zx \ < 2M )

where 7 =  _ s \J o ' (v)dv,  S is a small positive constant. We choose the norm
ll/ll =  ll/lloo +  ll/xlloo for /  e For'(«;,«) e  U we define

/  t °° \
/  / ^  \  W°{x, t)  + J  f  -A 2wy { y , s ) G { x - y , t - s ) d y  ds

T f w { x , t ) \ _  0 - 0 0

 ̂ z (x , t )  '  z ° ( x , t )  +  f  J  - A i z y ( y , s ) G { x - y , t - s ) d y  ds
\ 0 -0 0  /

where G ( x , t )  is the heat kernel and

/oo roo
G { x  — y,  t) w 0 (y) dy,  z°  (x,  t) =  / G ( x - y , t )  z0 (y) dy.

-OO J — OO
It can be shown that T  (U) C U and that T  is a contraction in some strip 
R t = (—00, 00) x [0, t\.

Lem m a 1 . I f  o '  (v) > k >  0, a "  (v ) > 0 and wo (x ) , zo (x)  are (^(K) fu n c tio n s  
satisfying:

ci < w 0 (x) <  c2, c3 <  z 0 (x ) < c4,

Iwox (®)| < M, |z0x (x)| < M.
T hen  there exists a sm ooth so lution  fo r  the Cauchy problem  (11), (12) in  som e  

region R r  =  (—00, 00) x [0, r]. T his so lu tion  satisfies

ci — 7  <  w  < c2 +  7 , C3 -  7  <  z  <  c4 +  7 ,

1̂  (x, i)| < 2M , \zx (x, t )| < 2M.



56 G. PÉREZ P. & L. RENDON

Ci — 7  < w < C2 4- 7 , C3 — 7  < 2 < C4 +  7 , — c2 — 7  < -w  < —c\ +  7  
where C3 — C2 — 27 < 2 — w < C4 — c\ +  27, that is,

f V  _________

C3 -  C2 — 27 < 2 / \J o '  ( s )d s  <  C4 — ci + 2 j .
Jvi

Hence, there exists c > 0 such that

|A j | , |A , |< c .

w (x, t)

Proof. For (w, z) e U  we have that

Let us call W  and Z  the first and the second components of T  , z (x  t)

respectively. Thus c\ — 7  < W  < c2 + 7 , C3 — 7  < Z < C4 +  7 .
To show that |WX| < 2M, \ZX\ < 2M  in a strip (—00, 00) x [0,r] for some 

appropriate r , we observe that

£
\GX (x — y, t  — s)\dy =

yft — s 
and that

/oo r o c

Gx (x -  y, t) w0 (y)dy = -  j  G(x  -  y, t) w0y (y) dy.
-OO J  — OO

Hence
I 00 t 00

\w x\ ~  /  Gx ( x -  y , t) W o  (y) dy + J  f  -A 2wy (y, s) Gx ( x - y , t -  s ) dyds
l—oo 0 —00

<
00
/  Gx ( x - y , t ) w 0 {y)dy

t 00
+ f  f  \ - \ 2 Wy{y,s)\\Gx { x - y , t - s ) \ d y d s

0 —00
00 t

< f  \Gx (x-y , t ) \ \woy(y) \dy  + 2 M c f \ G x ( x - y , t - s ) \ d s < M  + ^ \ / t .
—00 0

It follows that I Wx| < 2M  in (—00, 00) x [0, r] with r  =  The inequality
\ZX\< 2M  is obtained in a similar way. EÎ

2.2 . A  p r io r i  estim ates. The next lemma contains the a priori approxima­
tion that we need to establish the global existence of smooth solutions for the 
Cauchy problem (11), (12 ).

Lem m a 2. Leta(v)  satisfy (3) and (4). Letwo(x)  and zo(x) be bounded 
in the C 1 (M) space and satisfying

ci < wo (x) < c2, c3 < zo (x) < c4,
(14)

0 < wqx (x) < M,  0 < z q x  ( x )  < M.

If  (w ( x , t ) , z (x,t)) is a smooth solution of (11), (12 ) defined in the strip 
(—00, 00) x [0,T], with 0 < T  < 00, and Ai^, Ai2, Aiw, \ 2z are bounded in
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(—00, 00) x [0, r ]  then
Cl < w ( x , t )  <  C2 , C3 < 2 (x, t) <  C4, (15)

0 < wx (x , t) < M, 0 < zx (x , i) < M. (16)

Proof. The proof of (15) is similar to that of the linear case presented in [10]. 
To show that 0 < wx (x, t) < M, let us introduce the transformation,

t — ^  (x2 +  c L e e 0t (17)

where c, /?, L are positive constants and M  is a bound for r  and s over the set 
Rx (0, t ) . ( M can be obtained from the local existence solution).

From (17), we obtain

rt = -  ^ c L e ^ J  eßt +  ^  (x2 +  cLe1)^  ßeßt,

A2Tx =  ^A2rx -  e0t,

(A 2u,r + A2zs) r  = (X2wr  + A2*s) ^  (x2 + cLel ) j  e0t ,

&Txx — E jj2

Replacing these identities in the first equation of (13), we have that

j p )  =  f, -  ~ c L e ‘ + ( f  -  p  (x2 +  cLe‘) )  0

+ A2 (f*  -  +  (A2n.r +  A2j.s) ( j  ~ J 2 (x2 +  cLe‘) ]

or equivalently
2 M  _ M  t M  , 2 r t\ n x -

er-x! -  -p-e =  rt -  j ß cLe +  ß r ~ Jj2 (x +  cLe ) P +  2 x̂
2---M i . .. . . _ M  . w 2  

---- ¿2“ A2 + (*2wr +  *2zS> r ~ £2 (*2wV + *2zS) vx + c L e ) ,

f t  + A2rx -  efxx +  {(3 +  A2l0r  + A2zs) f

= -jj2 (cLe* +  2xA2 — 2e) +  p -  (0 +  A2u,r 4- A2zs) (x2 +  cLe*).

Also from (17)
f  (x, 0) =  r  (x, 0) +  p  (x2 +  cL) > 0. (19)

Since wqx = r (0, x) and 0 < wqx < M  then

f  (±L, t) =  r  (±L, t) e~ ^  +  ^  (L2 +  cLe1) > 0, (20)

because M  is a bound of r  over Rx (0, T ) .
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From (18), (19) and (20) we have that
f ( x , i ) > 0  over (—L, L) x (0, T ) . (21)

In fact, if (21) does not hold at a point (x , t ) in (—L,L)  x (0,T ), let t be 
the minimum upper bound of the t values of t such that f  > 0; then due to 
continuity we see that f  = 0 at some points (x, t) x (~L,L) .

Thus f t < 0, f x =  0 and —erxx < 0 in (x, i); then
ft + X2f x -  erxx < 0 in (x, t) . (22)

But, if we choose /?, c large enough such that
j3 “t- X2wr “I- A2~s > 0, cLe1 +  2xA2 — 2e > 0, (^3)

over (—L,L)  x (0, T ) , equation (22) contradicts (18). Therefore (21) is proved. 
Then for all points (xo,tQ) in (—L,L)  x (0,T ) ,

r ( x 0, t0) > (xl + cLeto) e0to, (24)

which gives the required estimate for r  when L —* oo. We can obtain the 
estimate s > 0 in a similar way.

From r  > 0 , s > 0 and using (13) we deduce that
rt +  A2rx < erXX)
St ^l^X —

(25)

Then wx (x, t) < M, zx (x, t) < M  are obtained from both of the inequalities 
above. Ei

3. G lo b a l S o lu tio n s

Choosing w (x , T ), 2 (x, T ) as initial data at time t = T  and using the a pri­
ori approximations, we see that the Cauchy problem (11), (12) has a smooth 
solution in (—00, 00) x [T, 2T]. Repeating this process, we have a global solu­
tion. Thus , the local existence in Lemma 1, and the a priori approximation 
of Lemma 2, yield the next global existence result.

Theorem  3. Let a (v) satisfy (3), (4) and let wq(x ),  and zo(x) G C^R ) 
satisfy

ci < w0 (x ) < c2, c3 < z0(x) < c4,
0 < wqx (x) < il/, 0 < zox{x) < M,

then the Cauchy problem (11), (12) has a unique global smooth solution that 
satisfies (15) and (16).

Now, we will give the wt and zt approximations. Let X  — wt, Y  = zt then

* U o  =  Wt\t=0 = £wxx — A2 ^xlt-o 5
VI -  I -  _  \ I (26)1 |t_Q — Zt\t=0 — £zxx M zx\t=Q '
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Differentiating the first equation of (11) with respect to t , we have

dwt d { \2WX) _  dwxx

Similarly

dt dt dt 

v  . d\2 ^  . dwxX t + -¿—.wx +  A2— — £Xxx, dt dt

( d\ 2 dw d\2 d z \  _
Xt  +  (  a T ' I t  +  ■ a i ) Wx+ 2 *x’

Xt  +  (A2wX  + A2ZY)  wx 4* A2-X̂x =  s Xxx. (27a)

Yt +  AiFx 4- (AiZY  4- Aiu,X) zx = eYxx. (27)

Lem m a 4. If{wo (x ), z0 (x)) satisfy the hypotheses in Theorem 3, wq {x) , zq (x ) 

are of class C2(R) and

\X0 (2OI < M  and\Yo {x)\ < M  (28)

then
\X(x, t )\  < Me XT and\Y(x, t )\  < MeXT (29)

where A = max{0, sup (A22 — X2w) ™x, sup (Aiw — Aiz) zxj.
R x [0 ,r ] Rx[0,T]

Proof. We consider the transformation

(  - N  (x2 + cLel) \  xt 
-X = I X  + M +  K --2------ 1  ex\

( -  N { x 2 jtcL e t) \  w 
Y  =  I Y  4- M  4- " fp------- c ’

(30)

with c, N  positive constants and N  is the (wt , zt) upper bound over R x [0,T]. 
Then we have,

= ( x t +  a« +  ( j f  +  M + Ae - ,

- X ,  =  ( x x +  ^ )  ext, - X zx =  ( x ix  +  ^ )  eM,

X2wX  4- A2ZY  —
7V7- / _  2 , „ r _ t \ \  /  AT (¿2

Xt(  - N ( x 2 +cLet) \  ( -  N  [x2 4- cLe1)
\ 2 W I x  + m +  K — M  + a 2z f y  +  m  + - ~2— e
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— 2N - NcLe* ( -  N  (x2 + cLe1) \  x 
e X xx +  — Xt  H---- -jp---- 1- i X  + M  H--------- ----------  1 A+

\ ( v  N { x 2 +cLet) \  (  - N ( x 2 + cLet)
^2w I X  +  M  H----------77;-------  I 4- A2z ( ~ Y  — M  —

Replacing these identities in the equation in (27a), it is obtained that

L2
. (+  2 x N \

+ A2 (x *  +  - £ r J

L2 w3

or

2N - - NcLe1 2x N , x
£ X xx  +  T ö e  — X t +  A2 X x 4-----^ ---- 1---~~ ^2zY) w xL2 

+ XX  +

L2
\ ( n r  ^ ( x 2 + cLet) \  (  N ( x 2 + cLet) \
X2w I M  +  — ^ ------ L ] -  X2z [ M  + -  7 1

L 2
/  N  (x2 + cLet) \+ W +  _ L _ ^ ------  )

L2 Wn

Thus
£ •^ 1 1  — Xt  +  X2Xx +  (A2u;X — A2ZY)  Wx

N■+• XX  +  (cLe1 +  2X2x  — 2s) _
Jj

-f [A +  [X2w — A2z) 1Ux] ( M  +
N  (x 2 +  cLe1)

L2

Similarly, the second equation in (27) is transformed into 

eYxx = Yt + X iY  +  (XlzY  -  XlwX)  zx

4~ AY  -+■ {cLe1 -j- 2X\x — 2c) N_
T?

+  [A +  (Alz — Aiu,) zx] ( M  +
N  (x 2 + cLe1)

L 2
Also

(31)

(32)

X 0(x) = - X 0( x ) - M - ~  < 0, Y0(x) = - Y 0( x ) - M - ^ - <  0, (33)

X ( ± L , t ) <  0, Y ( ± L , t ) <  0, (34)

provided we choose c large enough such that cL+2X2X—2e > 0 and cL+2AiX — 
2e > 0 over (—L, L) x [0, T], then in a similar way to the proof in Lemma 2,
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we can obtain from (31) - (34) that
X  (x , t ) < 0 , Y  (x , t ) < 0 over (—L,L)  x [0, T].

If L —► oo in (30), we have

X  > —extM,  and Y  < eXtM  in (-oo, oo) x [0, T]

To obtain inequalities
X  < extM, Y  > —eXtM  

the transformations given in (27) are changed by the transformations

X = ( x  + M + N ( -X’ + CLetA e>‘, - Y = ( Y  + M + N{x2 + cLe,)y »

Ei

4. A  H o ld e r  C o n tin u o u s  so lu tio n  

Lem m a 5. I f the hypotheses of lemma (4) are satisfied, then

\ u ( x , t ) \ < M , \v(x, t)\ < M,  (35)

Iux {x,t)| < M, \vx (x, t )| < M,  (36)

M M ) I < M ( T ) ,  \vt ( x , t ) \ < M ( T )  (37)
where M , M  (T ) are independent of e.

Proof This proof is based on the estimates (15), (16), (29) and the assumptions
(3) and (4) on a (v).

To prove (35), we add the inequalities in (15) getting, C1 +C2 < 2 u  <  C3 +  C4. 

Then there exists M  such that |u (x, t)\ < M.
Using again (15), we have C3 — C2 < z — w < C4 — c\. Thus

C3 — C2 < 2 / y/a’(s)ds < C3 — ci,
J  Vl

then there exists M  such that \v(x, ¿)| < M.
To show (36) we see that wx +  zx =  2ux and using (16) it is obtained that

0 < ux < M.  This gives \ux (x,t) \ < M.
Also, from (16), —M  < —wx < 0 and 0 < zx < M,  which implies — M  < 

zx — wx < M,  from where
—M  < < M  

2y/a' (v) ~  d x ~  2yJo’ (v) ’
but a' (v) > k > 0, then \vx \ < M. To prove (37) we use (29) and argue as 
we did in the proof of (36), which implies the existence of M  (T ) such that 
\ut ( x , t ) \ < M ( T ) , \ v t ( x , t ) \ < M ( T ) .  Ei
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Let {en}riGN be a sequence of positive numbers converging to 0. Let (v£n, uCn) 
be the corresponding solution to (10) given by Theorem (3). By Lemma (5) 
(vEn,u£n) is bounded in W 1,0° ((—oo,oo) x [0,T)). By the compactness of the 
inmbededing immersion W 1'00 (f2) —» C '(ii), it has a subsequence {i>en,tten} 
over each bounded region Q, of R x R+ that converges uniformly to a pair of 
Holder-continuous functions (v (x , t ) , u (x, t )).

Let us see that the limit function (v, u) is the solution for the Cauchy problem 
(1), (2).

Multiplying both sides of (11) by
- l

A  _  /  W v  W u  \  _  / 2 y / ^ v )

*v Zu )  \  I  I

it follows that

Vt ux — .———- (zxx wxx) ,
2 yja' (v)

£
llt ~  <T (V)x =  -  [Zxx +  W x x )  .

(38)

Multiplying both sides of (38) by <f>, (f> G Cq (Rx [0, oo); R), and integrating over 
the set (Rx[0, oo) we have

/ I (vfit — U(f)x) dxdt +  / vo4>dx =  0,
Jt> o J  Jt=o

/ / (uifit — a (v) 4>x) dxdt + / UQ(pdx = 0.
J t > o J J t=o

If we assume the data to be smooth, we get:

(39)

T heorem  6. Let a (v) be such that a' (v) > k > 0, a" (i>) > 0, and let 
(wq ( x )  , zq ( x ) )  be defined by (7) which satisfy c i  <  wq ( x )  <  c2, c3 <  zq ( x )  <  

C4. I f  wo (x) , zo (x) are bounded in W 1’00 (R) and non-decreasing, then the 
Cauchy problem (1), (2) has a global Holder-continuous solution {v,u).  That 
is a (v,u) satisfies (39).
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	+ A2 (f* -	+ (A2n.r + A2j.s) (j ~ J2 (x2 + cLe‘)]

	— 2N - NcLe* (- N (x2 + cLe1) \ x eXxx + — Xt H	-jp	1- i X + M H		 1 A+

	^2w I X + M H	77;	 I 4- A2z ( ~Y — M —

	L2

	+ A2(x* + -£rJ

	L2

	L2


	£•^11 — Xt + X2Xx + (A2u;X — A2ZY) Wx

	4~ AY -+■ {cLe1 -j- 2X\x — 2c)

	+ [A + (Alz — Aiu,) zx] ( M +

	X0(x) = -X0(x)-M-~ <0, Y0(x) = -Y0(x)-M-^-< 0, (33)

	X(±L,t)< 0, Y(±L,t)< 0,


	Ei




	/ I (vfit — U(f)x) dxdt + / vo4>dx = 0,

	Jt> o J	Jt=o




