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A b s t r a c t . Let A be a matrix such that the diagonal matrix D  with the same 
diagonal as A is invertible. It is well known that if (1) A satisfies the Sassenfeld 
condition then its Gauss-Seidel scheme is convergent, and (2) if D ~ l A certifies 
certain classical diagonal dominance conditions then the Jacobi iterations for A 
are convergent. In this paper we generalize the second result and extend the 
first result to irreducible matrices satisfying a weak Sassenfeld condition.
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1. I n tr o d u c t io n

Consider the system of linear equations:

n
^  ]  C lfj U j  =  , 2 = 1 , . . . , 7 1 .  ( 1 * 1 )

j = 1

If the n by n matrix A = (aij) has an invertible diagonal D = D iag(an ,. . . ,  ann) 
then we can express these equations in the equivalent form

ui = (bi -  ^ 2  aijUj)/au 
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which immediately suggests well-known iterative schemes (cf. [1-5; 7-8]):

referred to, respectively, as the Jacobi method and the Gauss-Seidel method. 
In spite of their simplicity, these schemes are among the most popular iterative 
schemes for the solution of linear equations (cf. [1-5; 7-8]). It is not possible 
to say outright that one of these methods is better than the other, since there 
are situations in which each converges and the other does not (cf. [4, Chapter 
4]). However, the Jacobi method is usually the preferred method for parallel 
computations, and the Gauss-Seidel is the usual choice for use on sequential 
computers.

Convergence results on the schemes (1 .2) -  (1.3) can be found in [1—5;7—8]. 
In particular, it is well known that if A  satisfies the Sassenfeld condition then its 
Gauss-Seidel scheme is convergent, and if D ~ lA satisfies the certain diagonal 
dominance conditions (cf. (2.2) -  (2.4) below) then the Jacobi iterations for A 
converge.

However, in this area -  as in other parts of Numerical Analysis -  there is 
still a wide gap between theory and practice, and there are many matrices like

for which one or both of the schemes (1.2) -  (1.3) converge, and which are not 
covered by the available convergence theory. Our aim in the present paper is 
to reduce this gap a little bit, by generalizing the second result in the previous 
paragraph, and extending the first result to irreducible matrices satisfying a 
weak Sassenfeld condition (this includes the matrix in equation (1.4)).

In the sequel we will make use of the scalar product (x , y) =
and the norms ||x ||oo  =  max | x j |  and, when 1 < p < oo, ||a:||p =  (Yl?=i la:i|p)1̂ p-l<t<n

The following gives the basic estimate from which our first convergence result 
will be derived.

(1.3)

(1 .2 )

1 - 1  0 
A =  1 2  1 

0 - 1 2
(1.4)

2 . T h e  c o n v e r g e n c e  r e s u lt s
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T heorem  2.1. For a fixed b = (bi , . . . ,  bn) € R n, let Jx  = ({Jx)i , . . . ,  (Jx)n), 
Vx =  (x i , . . .  ,xn) € R n, where (Jx)i  =  ^{bi — 5 3 a*.7xj) and /i* =  l/a jj. Then

||J(x) -  J(y)||P < a p||x -  y||p, Vx,y e R n,

where

max . latjll/i t |? ifp  =  1
l< j< n

“0 = 1  [E?=i(Ei # i M , ) ' l « l P]*. ¡ n < p < o o , j  + { = l  (2.1) 
,“ <!? EjVi a 'jll/'.|. ifp  =  00-l< i< n

Froo/. Since |(Jx)i -  (Jy)i| < |/^| 5 3  -  2/j| < l ^ i K ^  la*il)llx “  2/11«»

i =  1 , . . .  ,n, we have

-  ^y||oo <  max (53 \aij\M)\\x  -  y||oo =  a»II®  -  y\\oo,
1  < i < n  i — '

which proves the result when p = oo.
The result also holds when p = 1 since:

n n n

53 \ { J x ) i  ~  { J y ) i \  ^ 53 5"! l/̂ il̂ O'IÎ J ~ 2/;I = 53 l/̂ il̂ ijll̂ i ~ Vj\  
t = l  t = l  j ^ i  j = 1

n

-  i =  ^ i i i ^ —2/II1-
- j - n i^j j =i

For the case 1 < p < oo we set (1/p) +  (l/g) =  1. Then it follows from
Holder’s inequality (cf. [6, Chapter 9]) that |(Jx)j — (Jy)i\ < \Hi\5 3  la*i ll^i —

j¥=i

Vj| =  { z W , w )  <  \\z(i)\\q\\w\\p =  ||2(0 ||9lk -  2/IU where w j =  \x i  ~  V j l  z f  =
n n

|a tj||^ i| if j  ^  i and =  0. Hence 53 \iJ x )i “  (Jy)i\P ^  53 II^IIJH® “  vWr
1—1 t = l

n
This implies that || Jx  — Jy ||p < (53 l|2(t)ll?)1/p||* — y\\p> anc* Proves the result

¿=1
when 1 < p < oo. Ei
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Corollary 2 .1. If a p <  1, for any 1 < p <  oo, then the Jacobi iterates in (1.2) 
converge in the || • ||p norm to the unique solution of problem (1 .1 ).

Proof. The results follows immediately from Theorem 2.1 and Banach’s con­
traction mapping Theorem (cf. [6, Appendix 1]). El

Remark 2.1. If the matrix D ~l A is diagonally dominant in any of the senses:

^  ̂|aij | / | a « |  ^ 1)  l' =  1, . . . , 72, (2-2)

^ ] laij|/lati| <' !•> «7*=== (2.3)

¿ £ M 2I/ K I2 < i ,  . (2.4)
1=1

then «oo < 1 or a i < 1 or < 1, respectively. So it follows from Corollary
2.1 that the Jacobi iterates in (1 .2) converge in the || • ||p norm -  for some 
p G {l,2,oo} -  to the unique solution of problem (1.1). This is a well known 
classical result (cf. [4, Theorem 4.1]). However, the case (1 < p <  00 andp 7̂  2) 
of Corollary 2.1 appears to be new.

As a simple illustration, we observe that for the matrix

2

0t—H1

- 1 2 - 1
0 - 1  2

we have a \ =  a 2 =  a 00 =  1 , so that the classical diagonal dominance results 
do not apply. However, it is easy to verify that when 2 < p < 00 we have

qp =  (2 +  2p/<*)1/p/2 =  (2 +  2p“ 1)1/p/2 < 1,

so we can deduce the convergence of the Jacobi scheme in the || • ||p norm from 
Corollary 2.1.

Remark 2.2. An n by ti matrix A  is said to be irreducible if for any proper 
disjoint union { l , . . . ,n }  =  W  U Z  there exist ¿0 G W , jo € Z  such that 
a,0,j0 7̂  0. It is well known (cf. [4, Theorem 4.7] and [6, Theorem 4.9]) that 
when A is irreducible and weakly rowwise diagonally dominant in the sense 
that

^  | — l ^ u l i  i  — 1 , . . . ,  72,  ( 2 -5 )

with strict inequality for at least one index i, the Jacobi and Gauss-Seidel 
iterates in (1.2) -  (1.3) converge.



It is also known (cf. [4, Theorem 4.3]) that whenever A satisfies the Sassen- 
feld conditions:

Pi =  E l ai-?l)/la i l l < 11
j>1 (2.6) 

Pi =  Q  ] \a i j \P j  y  ] la i j i ) / l a u \ <  i  =  2? • • • ? n, 
j< i  j> i

the Gauss-Seidel iterates in (1.3) converge to the unique solution of problem 
(1.1). In the following (new) theorem we show that a weak Sassenfeld condition 
is sufficient for convergence if A is irreducible.

Theorem 2.2. Suppose that A is irreducible and satisfies the weak Sassenfeld 
conditions:

P i =
j>  i

Pi — N O   ̂Wn\pj +  )  Ia*jl) — * =  2, . . . , 7i, 
j < i  j > i

p =  min pi < 1, (2.7)
l<i<n

where Hi =  1 /an. Then the Gauss-Seidel iterates in (1.3) converge.

Proof. The solution u =  (u\ , ... ,u„) of (1.1) is a fixed point of the operator 
defined, for x 6 R n, by Gx =  ((Gx)i , . . . ,  (Gx)n), where

(Gx)i =  fii(b{ y  ^ajj{Gx)j  ^  ^ajjXj'). 
j < i  j > i

Let Cx =  {{Cx)i , . . . ,  (C x)n), where
n  n

(Cx)i  = HiCy  ̂aj j{Cx) j  + }  ̂QjjXj) 
j < i  j > i

and let r(C) designate the spectral radius of C.
We prove by induction that the estimate

\(Cx)i\ < pillxWoc, V x e R n (2.8)

holds for all i. It is obviously true if i =  1, because of the definitions of C  and 
p \. Suppose k >  1 and that (2.8) holds for all i <  k. Then

\ (Cx)k\ < K | ( £ ]  \ak j \\(Cx)j\ +  \ak j \\xj\) 
j< k  j> k

— l/^fclQ  .,P j \a k j \ ~f~ y  ] |Qfcj |)H^Hoo =  PfcH^Hoo. 
j< k  j> k
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This proves, by induction, that (2.8) holds for i.
Since 0 < Pi < 1 for all i, it follows from the hypotheses that KCx)*! < Pi <  1 

whenever ||#||oo =  1> and hence, that r(C) < ||C'||00 < 1.
To see that r(C) <  1 (which implies the convergence of the Gauss-Seidel 

scheme), we suppose, by contradiction, that Cv =  sv for some v such that
IMloo =  1 =  14  Then |^| =  |s||vi| < H ( ] T  \aij\pj +  |aÿ|)|M|oo =

j<i j<i
1^1(52 \aij\Pj +  laijl) =  Pi <  1, for i =  1 , . . . ,n .  Let W  =  {i: ^¿1 =  1}. 

j<i j<i
Then W  ^  0 since ||v|joo =  1- For each i 6 W, we have 1 =  \a*j\Pj

j<i
5 3  \aii I) =  Pi < 1. Hence pi =  1, so it follows from the weak Sassenfeld 
j>i
condition (2.7) that Z  =  { 1 , . . . ,  n} \  W  ^  0.

Since A is irreducible, there exist io  G W, jo € Z  such that a î0i70 ^
0. We have |ai0j01lvjoI < laiojol> which implies that 1 =  \vio\ =  |s||t>t0| =

+  S  l a * o j l N )  <  \a i o j \ ) = P i o  <  ! •

j<io j>io j<io j>io
This contradiction shows that we must have r(C) <  1. That concludes the 
proof. EÎ

Rem ark 2.4. The matrix in (1.4) does not satisfy the classical Sassenfeld 
condition (2 .6). However, it is irreducible and satisfies the weak Sassenfeld 
condition (2.7), and it is easy to verify that its Gauss-Seidel iterations are 
convergent.
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