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ABsTrAacT. This paper we provides an alternativé proof of Hurewicz theo-
rem when the topological space X is a CW-complex. Indeed, we show that
if Xo € X1 € - Xn1 € Xy = X is the CW decomposition of X, then the
Hurewicz homomorphism .41 (Xnt1, Xn) — Hn41 (Xn+1, Xa) is an isomor-
phism, and together with a result from Homological Algebra we prove that if
X is (n — 1)-connected, the Hurewicz homomorphism I, (X) — Hy, (X) is an
isomorphism.
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RESUMEN. En este articulo damos una demostracién alternativa de el teorema
de Hurewicz cuando el espacio topolégico X es CW-complejo. En realidad
probamos que si Xo € Xj C - Xn—-1 C X = X es una descomposicién CW
de X, el homomorfismo de Hurewicz Ilnt1 (Xnt1,Xn) — Hny1 (Xnt1, Xn)
es un isomorfismo y usando un resultado de Algebra Homolégica demostramos
que si X es conexo, el homomorfismo de Hurewicz IIn (X) — Hy, (X) es un
isomorfismo.

1. Introduction

Despite the great importance of higher homotopy groups —introduced by W.
Hurewicz, in 1935- they have not provided great help, from a practical view
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point, since their computation is very difficult or impossible (so far). Oposite
situation arises with the homology groups —introduced by H. Poincaré in 1895—
since, for a diversity of topological spaces, the algebraic structure of their as-
sociated homology groups can be calculated.

There are not many algorithms to compute absolute (or relative) homotopy
groups of a topological space (even when the space is given with a triangu-
lation). One of the few main tools available for the general study of homo-
topy groups is the comparison between such groups and the singular homology
groups. Such comparison is effected by means of a canonical homomorphism
from homotopy groups to homology groups. In terms of comparison of these
groups, the first significant result was the Hurewicz theorem ([16]). This the-
orem is an interesting subject in Mathematics and others fields: in Physical
Science it has been discovered as tool to classify objects as solitons and vortices
([7], 8], [9], [17]). In Sobolev spaces Theory, (see, for example, [20]) it is used
to show that given M a simply connected compact manifold and N a closed
manifold, any map in the Sobolev space W12(M, N) can be approximated by
smooth maps between M and N. Recent papers show the use of the mentioned
theorem in the study of the DNA ([12], [24]), hence it is also an useful tool in
Cellular Biology. Furthermore, Quantum Field Theory needs the Hurewicz
theorem to establish some results (see [2] or [19]).

In this work we use methods of Homological Algebra to provide an alter-
native proof of the celebrated Hurewicz theorem in the case that the topo-
logical space is a CW-complex. Formally speaking, we first show that if
XoC X, C--Xp1 C X, = X is the CW decomposition of X, then the
Hurewicz homomorphism I,41 (Xnt1,Xn) — Hpi1 (Xn+1,X5s) is an iso-
morphism, and together with a lemma from Homological Algebra (lemma 2.1)
we prove that the Hurewicz homomorphism II,, (X) — H, (X) is an isomor-
phism, whenever X is (n — 1)-connected.

Finally, we should say that our proof is more restrictive, but it has the
advantage of being simpler than the classical proofs.

2. Previous definitions and results of homological -
algebra and algebraic topology

The purpose of this section is to present the classic tools from the theories
of Homological Algebra and Algebraic Topology necessary for the proof of
Hurewicz’s theorem. In order to prove it, we use the lemma 2.1, which is
~in our case- the key result to obtain the connection between the homotopy
groups and the corresponding homology groups. Let us start with the notation
and some preliminary definitions.

Throughout the paper, N denotes the set of natural numbers, Z the ring of
integers, @, R and C denote respectively the field of rational, real and complex
numbers with the usual topology.
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For the Euclidean space R"t!, we denote by S", the n-sphere; I"*! the
(n + 1)-closed cube, B"*1 the closed ball of center in the origin and radius 1

[
and By 4; its interior. Also, we denote by

i) Grup and AG: the categories of all groups and all abelian groups,
respectively.
ii) Top: the category of all topological spaces and all continuous functions.
iii) (T'op,*): the category of pointed topological spaces and continuous
functions preserving base point.
iv) Top?: the category of pairs of topological spaces.
v) (Top?,*): the category of pairs of pointed topological spaces and con-
tinuous functions preserving base point.
vi) Htop: the category of homotopy.
vii) COM: the category whose objects are complexes and morphisms are
chain maps.

Given (X, z0), (Y,y0) objects of (T'op,*), the wedge sum of X and Y is the
subspace X X {yo} U{zo} XY C X x Y and we use the notation, respectively,
X VY and z V y for such subspace and its points. It well-know that X VY is
also an object of (T'op,x) with base point (zo,¥0). The smash product of X
and Y is the quotient X AY = X x Y/X VY, with base point p(X VY'), where
p: X xY — X AY is the quotient projection. For any (z,y) € X x Y we
denote p(X VY) € X AY by zAy. The suspension (SX, *) of X is the smash
product (S* A X, *) of X with the 1-sphere and the cone CX of X is given by
CX=XAI

In order to compute the homotopy groups of wedge sum of spheres we require
the following elementary result.

Lemma 2.1. Let us consider the following commutative diagram of objects and
morphism in the category Grup

Ay B a, B oA, . 0
l\l’l l% ’ 1?3
B, —2 . B, — 2 By + 0

where each row is a short exact sequence. If ¥1 is an epimorphism and ¥4 is
an isomorphism, then U3 is an isomorphism.

Proof. First of all, we see that ¥3 is monomorphism: Let us consider a3z € A3
such that W3 (a3z) = 0; then there exists az € Az such that f>(a2) = a3,
since f2 is epimorphism. On the other hand, there is exists by € B; with
g1 (b1) = V3 (az), since g2 0 ¥ (az) = 0. Furthermore, by our hypothesis on
¥, there exists a; € A; with ¥y (a1) = b;. Therefore, ¥2 (a2) = ¥2 0 fi (a1),
and consequently, as = fa(a2) = f2 0 fi(a1) =0.
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Now, let us show that ¥3 is an epimorphism; to show this we will see that
Im (¥3) = Bz. It is clear that Im(¥3) C Bj. Given b3 € Bj, there is exists
by € By satisfying go (b2) = ba, since g is an epimorphism.

Furthermore, there exists an unique a; € A; with ¥ (a2) = by, since U5 is
isomorphism. Putting a3 = f, (a2) we have ¥3 (a3) = P30 fy{az) = g2 (b2) =
b3, and therefore ¥3 is an epimorphism. This finishes the proof.

Lemma 2.2. Let us consider the following commutative diagram of objets and
morphism of Grup.

R A S 7

1‘1’1 1\11 l‘l’z
0 » Hy —2 o H « 2 H, « 0
IfL=L@ Ly, H=H @ H; and V,, Y2 are isomorphisms, then ¥ is an
isomorphism.

Proof. 1t is similar to the proof of previous lemma. ]
Theorem 2.1 (Exact Homology Sequence). If the sequence
0 » K’ T‘K F:K'; » 0 (1)

is exact in the category COM, then for every n, there erists a connection
homomorphism 6, : Ho(K") — H,_1(K'), such that the sequence

’ tn In 17
R — Hn(K) —— Hy(K) —— n(K ) f2)

S Hp(K') ——s \
is exact.
Remark 2.1. The eract sequence (2) is called homology sequence of (1).

For the proof of theorem 2.1 see for example [15].

2.1. Singular homology with coefficients Z. One of the reasons for which
the group of the integers has been consistently considered and has played a
privileged role as coefficient group for homology is that the homology and co-
homology groups of a geometric complex with arbitrary coefficients or value
group are completely determined by its homology groups with integer coeffi-
cients.

Therefore, it is sufficient to consider the homology (simplicial or singular)
with coefficients Z. The theorems in this paper can be applied to groups
homology with arbitrary value group G.

Once said this, given ¢ € Z, let us consider the free abelian group S,(X)
generated by set of all singular ¢g-simplices of topological space X. We put, as
usual, Sg(X) = 0 for ¢ < 0. The following results are classical (see [10], [14],
or [15] for the proofs).
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Proposition 2.1. The sequence

2
s Sgr (X) L 5, (X) Syt (X) —— -

is an object of the category COM. It is called the singular complez of X and
is denoted by S (X).
Theorem 2.2. If X is an object of Top, such that X is a single point, then

i ] 0 fora Ao,
FN= | Z, forg=0 .

Theorem 2.3 (Excision). Let (X, A) be an object of Top? and U C A. If
U C:L then U can be excised from pair (X, A).

Theorem 2.4. Let (X, A) be an object of Top? and U C A. Let us consider
V c U. If V is a deformation retract of U and V' can be ezcised of pair (X, A),
then U also can be excised from pair (X, A).

Theorem 2.5. For n € N and g > 0, we have that

Z,sig=n ,

H,,(S"):{ 0,sig#n .

Theorem 2.6. Given m,n € N, let us consider S® V 8™, the wedge sum of
spheres S™ and S™. For each q > 0 we have
Z®Z,ifg=n=m,

Ho(S” vS™) = { 0 in any other case.

Corollary 2.1. Forq>0:

8
H, (\75?)={Ez’if"=“’

\j=1 / ‘Osif'??énr

m
where \/ S} is the wedge sum of S, m times.

J=1
k m
b) If k < m the inclusion \/ S} — \/ S} induces a monomorphism in
j=1 ~ j=1
homology.

One might want to see a concrete (relative) cycle whose homology class gen-
erates H,(B,,S™?), such cycles are usually called fundamental cycles. There
is a very simple one, namely

Proposition 2.2. The identity map 1, : B* — B"™ is a cycle mod S*~1,
whose homology class (1,] is a generator of H,(B",S"™1) 2 H,_,(S"~1) % Z.
Its boundary 8(1,) is a cycle on S™}, whose homology class is a generator of
Hn—l (an, So).
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2.2. Higher homotopy groups. It is well known that for every continuous
maps f,g: (SX,*) — (Y,y0), the set [(SX, *), (Y, yo)] can be given structure
of a group if we define the product [f].[g] by [f].[g] := [A’ o (f V g) o 1t/], where
W :S8X — SX Vv SX is given by

2tAz)V{(1Ax),if0<L
if

! —_
#aAz)_{(lAnﬂv@t—lvﬂ,

<}
<t<1

t
1
2
and the map A’ : Y VY — Y, satisfies A'(y V) =y = A'(yo V y):
Furthermore, the identity of this group is the class [yo] of the constant map
and the inverse is given-by [f]~! := [f ov/'], where v/ : §X — SX is given by
Vitvz)=(1-t)vaz, tel, a:eX
Using that S(S™~!) = S”, the n-th homotopy group is defined by

Hn(y7 yO) = [(Ssn—l’*)’ (Y7 yO)] 1= [(Sn,SO), (),y yO)]

With this formulation IT, (Y, yo) is object of Grup for n > 1 and is object
of AG for n > 2. Similarly, if (X, A,z0) is an object of (Top? %), the n-
th homotopy group of (X, A, z¢), II.(X, A, zo) is object of Grup for n > 2
and object of AG for n > 3. Furthermore, the homotopy class of a function
flsn-1 : S*71 — A in II,—1(A, zo) only depends on f, thus we can define
) an : HH(X7A)3:0) — Hn_l(A,.’L'()) given by 8n([f]) = [f/s”"l]'

This morphism is a homomorphism whenever n > 1, and if ¢ : (4,z9) —
(X, o) is the inclusion map, QX = (X, xz0)®" %), P(X;zo, A) is the space of
paths in X starting at zo and ending in A, and p’ : QX — P(X;xo,A) is
given by p'(w) = (zo,w); then II,—1(QX,wo) — Hn_1(P(X;20,4),wo) is a
homomorphism.

On the other hand, the map ¢ : P(X; zo, A) — A defined by g{w) = w(1) is
continuous and if f € hom(zep,«) ((§*~, s0), (X, Zo)) and we consider the space

Pf = {(S,UJ) € Sn—l x P(X;iL‘(],A) : f(S) = w(l)}7

then the continuous map 6 : Py — A defined by §((s,w)) = f(s) induces

a continuous map f : (S*"1,s0) — P(X;zo,A) given by f(s) = 8((s,w)),
where w(l) = f(s), for all s € S*~1. Therefore, there exists a continuous

map gy : : (CS™1,8™1 50) —> (X, A, o) associated to f, since there exists an
one-one correspondence

[(Csn—l’sn—l, SO): (X’ A7 2:0)] H[(Sn_lv 30)1 (P(X;:L‘g, A),UJO)]
=II,—1(P(X; 9, A), wop)-

But we have a homeomorphism k : CS"~! — B, defined by h(s A t) =
ts+ (1 —t)sp, t € I, s € S*71, therefore gjo h~! € hom(zop2,4) ((Br,S™1, 50),
(X, A, z0)) and j, : IIn_1 (X, 20) — a1 (X, A, z0) given by j.([f]) = [g7 0
h~1] is a homomorphism.



ON THE HUREWICZ THEOREM FOR WEDGE SUM OF SPHERES 27

Hence we obtain that the following longer sequence

D Ia(X, A, z0) —2s Mao1(A,0) —— Moy (X, 7o)

I T, 4(X, A, z9) ——
is exact.
Such sequence is called the homotopy exact sequence associated to (X, 4, z¢).
In particular, putting A = {20}, we have II,(X,z¢) & II.(X, {zo},z0), for
n>0.
The reader is referred to [10] or [23] for the proofs of the above statements.

2.3. CW-.complexes. One of the difficulties for computing homotopy groups
is that given two arbitrary topological spaces X and Y, it is difficult to construct
any continuous map f: X — Y. In this section we will only try with a class
of spaces built up step by step out of simple building blocks, as simplicial
complexes, for example. The advantage of trying with these spaces is that we
might hope to construct continuous maps step by step, extending them over
the building blocks one at a time. Such spaces are called CW-complexes.

Let us mention some properties relative to CW-complexes (see [10],[14], [15]
or [23]) which we will need in the Section 3; we will assume that all the spaces
considered are Hausdorff.

Proposition 2.3. If K is a CW-complex on X, then any compact subset S C
X meets only a finite number of interiors of cells.

The reader is referred to [23] for the proof of this proposition.

Lemma 2.3. Let K be a cell complex on X. If L is a subcomplex of K,
then L is a cell complez of |L| and if K is a CW-complex on X, then L is a
CW-complez on |L|.

Notice that the above lemma implies that for each skeleton K@, |[K™| is a
subcomplex. And combining the results of Proposition 2.3 and Lemma 2.3, it
is deduced that if K is a CW-complex on X, then every compact set S C X is
contained in a finite subcomplex. It is easy to verify that

Proposition 2.4. If K is a CW-complex on X and L is a subcomplez, then
|L| is a closed subspace of X.

So far we have taken the point of view that the space X is given and K
is a prescription for cutting X up into cells. Now, we will give an algorithm
that will allow us to build X cell by cell; successively “gluing” on new cells,
therefore we will work in (Top, *), although the methods can be adapted for
Top. Given (X, zo) an object of (T'op,x) and g : S*~! — X a continuous map,
then we can form the mapping cone of g, X U, CS™~!. The result is called X
with an n-cell attached. The map g is called the attaching map of the cell. The
protection ¢ : XVCS"™! — XU, CS™~1 restricts to CS™~! gives a continuous
map f = g/csn-1 : CS"! — X U, CS™~! which on the interior of CS"~!
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is a homeomorphism. So that f : (By,S"!) — (X U, CS"‘I,X) is the
characteristic map of the cell e = ¢ (CS§"!) = X |J, CS™!, since CS"~! ~ B,

and f(S"7!) = g/csn-1 (S877) =g (S"71) = X.
More generally if we have continuous map g : \/SE~! — X, of wedge

sum of (n — 1)-spheres into X, then the mapping cone X |, C (V Sg"l) =

XU, (V CS““) is called X with n-cells attached. The subset g (CS?™?) is

the n-cell e} and its attaching map g/sn 1. The characteristic map f3 of e is
=gq/ csn-1- Attaching a 0-cell will mean adding a disjoint point.

Lemma 2.4 (Lemma 5.11, [23]). Let K be an finite CW-complez on X, whose
cells have dimension at most n—1. Attach n-cells e, o € Jy,, by attaching maps

oSl — X and let K' = KJ{e?: @ € J,.}. Then K’ is a CW-complex
on X Uy,.; VCSE™

Proposition 2.5 (Proposition 5.12, [23]). Let us suppose that {zo} = X! C
X0c...c X" c X™! C-.-is a sequence of spaces such that X™ is obtained

from X™~1 by attaching n-cells, n > 0. If we give X = |J X" the weak

n>-—1
topology, i.e. S C X is closed iff SN X™ is closed in X™, for each n > —1,
then K = { all cells } is a CW- complez on X.

Thus we have given ourselves the opportunity of building CW-complexes to
our own specifications. The generalized notion of CW-complex is as follows.

Definition 2.1. Let (X, A) object of Top?, a relative CW-complez on (X, A)
is a sequence of topological spaces
A=(XA'cX,Ac---cX,A"c (X, A" c-..c X,
such that (X,A)" is obtained from (X, A)"_1 by attaching n-cells, n > 0;
X= U (X,A)" and X has the weak topology: S C X is closed iff SN(X, A)"
n>—1 i
is closed in (X, A)", for alln > —1.
We say that the relative CW-complez on (X, A) is n-finite if (X, A)" =
and (X, A" £ X

Theorem 2.7. If e} is a n-cell of a CW-complex K on a topological space
X and f7: (B, S"1) — (e;,e.g) is its characteristic map, then H,(fT) :
H, (B*,S"1) — H, (en,eg) is isomorphism.

Proof. For any fixed 0 < 7 < 1, let us consider B := {z € B" : 7 < [|z|| < 1}
and V" :={z € R" : r < [|z]| £ 2}.
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We have that S*~! is a deformation retract of B?, H : B xJ — B, given by
H(z,t) = t"%" +(1 — t) z is a homotopy rel §"~! between the identity map 1p,
and g : B? — S"1, given by g(z) = ﬂ';—ﬂ Also Bré and Y* are homeomorphic,
since ¥7: Y" — B%, given by ¥7(z) = £ is a homeomorphism.

We define the homotopy H' : f2 (BF) x I — f2 (B?) by means of the
commutative diagram

BrxI —2, Br

o

fr@r)x 1 — fn(mr)

H'(y,t) = fl o H(z,t) if y = f7 (z), since fg/Bo" is homeomorphism. For the
continuity and good definition of H' see [23]. Obviously H’ determines that
e is a deformation retract of fZ (B}'). We obtain by this way the following
diagram

H, (B",§"') —— H.(B",B})
lHn(fz) lHn(fL') @)
H, ( eg,e.g)' L H,(en f2(BTY)

.

Since BF C¥;* B} and T3 (BF) C int(f20 U (V") = int(f2(BE)), apply-
ing the theorem 2.3 we have that B? and f? (B?) can be excised, respectively,
of the pairs (B",Y;") & (B",B}) and (el, f2 o ¥F(Yy)) (eg, o (Bg)).
Consequently,

H,(B",B}) = H,(B" < B},B} \ B})
|tz [ 4)
Hy (2. /2 (B})) —— Ha(ez~f2 @), /2 (B) ~ f2(BD)

Using that f:/Bo" is homeomorphism, we have that Hn(fz) : Ha(B" \B7, BE
BT) — H, (eg < f2(B), f7 (13;) < fo (maf;)) is isomorphism. Combining
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the diagrams (3) and (4), we obtain

H, (Bn,sn—l) H_"(IL"), H, (gg,e.g)
Hy ; n i n
H,(B",Br) U, H, (e2, f2(Br))

|= |=

Ha(B" ~ B, B} ~BY) —— H, (3~ f2(®), /2 (B}) ~ /2 (BD))

7

This finishes the proof. o

Theorem 2.8. If K is a CW-compler on X such that its n-skeleton K™ is
obtained attaching to K™~} a finite collection of n-cells, n > 0. Then

0, if g#n,
Hq(IK"!aIK""I)={ @z, if g=n,

a€Jn
where J,, C N is a finite set, whose quantity of terms coincides with the quantity
of n-cells attached to K™.
Corollary 2.2. If K is a CW-complez on X such that its n-skeleton K™ is
obtained attaching to K™~ a finite collection of n-cells, n > 0. Then

i) Hy,(K")=0, ¥ ¢>n.
ii) Ho(|K"|) = Hq(X), V g<n.
iii) There erists an epimorphism between Hy, (|K™|) and Hy (|K™!|).

Theorem 2.9 (Theorem 6.11, [23]). Let K be a CW-complez on X and 1 :
|K™| — X the inclusion of n-skeleton, n > 0. Then I1,(?) : I (|K™|,z0) —
I, (X, zo) is an isomorphism for ¢ < n and an epimorphism for ¢ = n.

Theorem 2.10 (Corollary 6.14, [23]). If K be a CW-complez on X and (X, zo)

is n-connected, then we can find a CW-complez K with (I_{) = Zg and a

homotopy equivalence f : (X,z0) — (lf{ l ,:'z':o).

3. The Hurewicz theorem for wedge sum of spheres

There are always natural morphisms from homotopy groups to homology groups,
defined in the following way: if (X, A, zo) is an object of (T'0p?, %), I, (X, 4, zo),
for n > 0 is its homotopy group and [f] € II, (X, 4,zg), then the map
f:(B™,S"1,s0) — (X, A, o) induces a homomorphism

H.(f): H, (IB",S""I,SO) — H, (X, A, o)
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between H, (B",S""!,s0) and Hn(X, A, xo). Since H,, (B",S"!,50) & Z and
Z is cyclic group, if we denote by e a fixed generator of H, (B",S""1, 50), then
we can define the morphism ¥,,(x, 4) := ¥n : IIn (X, 4,70) — H, (X, A,x0)
by ,([f]) = Ha(f) (e).

It is clear that ¥, is well-defined, since if we have a homotopy f = g through
maps (]B",S"_l,so) (X, A,zo) then H,(f) = Hpn(g). The morphism ¥,
is called Hurewicz map.

Proposition 3.1. The Hurewicz map ¥, : I, (X, A,zp) — Hp (X, A, x0) is
homomorphism.

!

Proof. It suffices to show that for continuous maps f,g : (B",S""!,so)
(X,A,z0), the induced homomorphism on homology satisfy H.(f + g)
Hyn(f) + Hx(g), for if this the case then U,([f + g]) = Ha(f + g)(e)
Ho(£)(€) + Hnl9)() = Tn([£)) + n(lg]).

Letr :B" — B" V]B" be the map collapsing the equatorial S*~! to a point,
and q;,¢q; : B" VB®™ — B" be the quotient maps onto the two summands,
collapsing the other summand to a point. We then have a diagram

Hn(X; A,.’Eo)

Ha(f Vy)T

Hp(c)
_

Hn(Bn,Sn—l,So) Hn(IB" Vv IB",S"—I \" Sn_l,SO \ So)

Hn(Ql)QHn(q2)lE

Hy(B",8™1, s0) ® Hn(B",8", 50)

The homomorphism H,,(g:)®H,(g2) is an isomorphism with inverse Hn(31)+
H,(i2) where i; and 42 are the inclusions of the two summands B" < B" v B".
Since the composites q; or and g2 or are homotopic to the identity map through
maps (B",S""1, s9) — (B™,S™"1, 59), the composition H,(g1)®Hn(g2)oHn(c)
is the diagonal map z — (z,z). From the equalities (f V g)oi; = f and
(f V g) o iz = g we deduce that H,(f V g) o (Hn(i1) + Hn(i2)) sends (z,0) to

H,.(f)(z) and (0,z) to H,(g)(z), hence (z,z) to H,(f)(z) + Ho(g9)(z). Thus
the composition across the top of the diagram is z +» H,(f)(z) + Hn(g)(z).
On the other hand, f + g = (f V g) o, so this composition is also Hn(f + g[)ﬂ’

Taking A = {z¢}, we have a special case of ¥, x : II, (X, z9) — Hn(X, o),
since I, (X, {zo0}, To) = II.(X, z0). Another elementary property of Hurewicz
homomorphisms is that they are natural: If (X, A, xo), (Y, B,yo) are objects
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of (T'op?,+) and f € hom(zp2,4)((X, A4, z0), (Y, B,yo)) then f induces a com-
mutative diagram as the following

I, (X, A, 7o) —=Y 1, (Y, B, v0)

wn(x,ml | ¥a(Y,B)

Ha (X, A,20) 229 H, (v, B, yo)

Proposition 3.2. The Hurewicz homomorphism

T, : 1, (\7 s;) — H, (\7 s;)
=1 =1

is an isomorphism, for each m > 1.

Proof. The proof is by induction on m. For m = 1, we have that Z =
11, (8", so) LN H, (S™,sg) & Z. So that, it is enough to show that ¥, is
epimorphism. In fact, if 0, € H, (S®,s0) is a fixed generator of H, (S™,sg)
then o, : A, — A,/0(Ap) = S, putting f = 1s« we have T,([f]) =
H, (f)(on) = on. Therefore, ¥,, is epimorphism and consequently, the induced
homomorphism U,:Z —7Zis epimorphism. Since all epimorphism Z — Z
is isomorphism then ¥,, is isomorphism.

Now, let us suppose that the proposition holds for m — 1 and let us consider
the following commutative diagram

. ™m . m—1
0— MY =9 m(VS;-‘) wo Hn(v SS—‘) —0
j=1 =1

Sy, L 2N Eliﬂ
. m .
0— H,(") =8 Hn(vs;> W) (\/sn) —0
j=1 =1
-1
where ¢ : S® — V S? and V 87 — V S} are respectively, the inclusion
i=1 j=1 =1

maps of S* and V ST at V S?. Then ¢; : II, (S™) 3 H, (S") and @3 :

V S") — H, l S"} are both isomorphisms. The proof is complete

when we apply Lemma 2 2 to the above diagram. o
Corollary 3.1. Given K a finite CW-complez on a (n — 1)-connected space
X ; such that its n-skeleton K™ is obtained attaching to K™~ ! a finite collection
of n-cells, then

‘I,n(IK"I) :Hn (|K™|) — Ha ([K™)
is an isomorphism.
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Proof. From the theorem 2.10 we can suppose that the (n — 1)-skeleton K™

hY

is a point, consequently |K"| ~ \/ SZ, H,(|K"|) = H,,{ Vv Sg) and
a€J, \QEJn
\

\
I, (|K*)) 2 O,| V S?|. Now, by the proposition 3.2 II, | V SZ | =
aEJn aEJn )

Hy, ( V 82 ]. Therefore, ¥,(xn)) : Hn (JK™|) =, H, (|K")) is an isomor-
aEJn

phism. o]

Proposition 3.3. If K a finite CW-complex on a (n — 1)-connected space X ;
such that its (n+1)-skeleton K™+ is obtained attaching to K™ a finite collection
of (n + 1)-cells, then Upnyy : Moy (|K™2|,|K™|) — Hng1 (K™Y, |K™) is
an epimorphism.

Proof. Given &,41 a fixed generator of Hy,41 (B"*!1,8") = Z. As consequence

of theorem 2.8 Hny1 (K™, |[K™) & @ Hns1(eZ*?,ept?), then
acJ,

v, ®
Opir (K™Y, |K™) —= Hnq (K™Y, |K7) 2 Hpp1(elt!,entl).

Now, given a (n + 1)-cell e2*!, considering its characteristic map f2*1, as
a consequence of Theorem 2.7 we have that

Huia (F57) : Ho (841,87) % Hos (3%,5%))

AP
is isomorphism. We can choose 71, generators of Hy 41 (eg“, e’;“) such that

Hpp1 (f2+1) (€nt1) = 7, since Hny1 (f71!) sends generators onto generators.
But from the definition of Wny1: Wny1 [f21!] = Hps1 (f31) (€ns1) = -
Therefore, ¥, is an epimorphism. o/}

We conclude with our alternative proof of the Hurewicz Theorem for wedge
sum of spheres.

Theorem 3.1 (Hurewicz Theorem). Given K a finite CW-complez on a (n —
1)-connected space X; such that its n-skeleton K™ is obtained attaching to
K7™=1 4 finite collection of n-cells, then ¥, x : I1, (X, z0) — Hn (X,x0) is an
isomorphism.

Proof. Using Corollary 2.2 and Theorem 2.9 we have
I, (|K™*|,30) —— L, (X, o)
‘I’ann-f-l.l' lv‘l’nx

H, (|[K™+|,20) —— Hn (X, T0)-
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Thus our problem is reduced to show that ¥, |gn+1 is an isomorphism. From
the theorems 2.8 and 2.9 we know that Hy, (|K™*!|,|K™[) = 0 and II, (i) :
I, (|K™|,z0) — Hy, (|[K™*!|, 7o) is an isomorphism. Hence, when we consider
the homotopy and homology exact sequences of pair (|[K"*+![,|K™|), we obtain
the following commutative diagram

. Mgy (K™Y, [K™]) —— L ([K™))

O (K™) —— 0

l‘l’n-i-l(lxn-*'l"lK"') l\I’"IKnl l‘l‘"IKn+1|

w = Hpy1 (K™Y, |K™) —— Ha(K"|) —— Ha(K™"'[) —— 0

By Proposition 3.3, q’n+1(|l("+‘|.11{"|) is an epimorphism and by Corollary 3.1,
W, kn is an isomorphism. Then applying Lemma 2.1 to the above commutative
diagram we obtain that ¥, |xn+1| is an isomorphism; this completes the proof. ]
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