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ABsTrAcT. In this paper we use the theory of compensated compactness cou-
pled with some basic ideas of the Kinetic formulation to establish an existence
theorem for global entropy solutions to the non-strictly hyperbolic system with
a source.
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ResumeN. En este articulo usamos la teoria de la compacidad compensada
asociada con algunas ideas basicas de formulacién Kinetica para establecer un
teorema de existencia para soluciones de entropia global del sistema no estric-
tamente hiperbélico con fuente
{ Pt (uw): = U(p,u,z,t)
us + ('uT + P(p))t = V(p: u,zx, t)

1. Introduction

In this paper, we are concerned with the following Cauchy problem (1.1), (1.2)
for the nonlinear, inhomogeneous, non-strictly hyperbolic system
P+ (pu)I = U(p,u,z,t)
u? (1.1)
ug + (—2— + P(p))z = V(p,u,z,1)

(p(‘T: 0)7“‘(1::0)) = (pO(m)sUO(x)) (1'2)
53
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or,

1l

{ v+ f(V)x H(v,z,t) (1.3)

v]i=o = vo(z,t)

where f(v) = (pu, v+ P(p))T, H(v,z,t) = (U(p,u,2,t),V (p,u,7,1))T, v =
(o, u)T, uo(z) and po(z) > 0(% 0) are bounded measurable functions. For
polytropic gas, P(p) = §p™1, 8 = =5} and r > 3 is a constant.

System (1.1) is a model of gas dynamics of nonconservative form with a
source. For instance, if H(v,z,t) = (0, a(z,t))7, a(z, t) represents body force,
usually gravity acting on all the fluid in any volume, when

H(v,z,t) = (—%ﬂh 0) ,

the Cauchy problem models transonic nozzle flow through a variable-area duct.
An essential feature of the system is a non-strictly hyperbolicity, that is, a
pair of wave speed coalesce on the vacuum p = 0.
The homogeneous system corresponding to system (1.1) is

.r Pt+(Pu)z = 0 e R
Vuw+ (S +Pp). = 0 (14)

System (1.4) was first derived by S.Earnshaw [4] in 1858 for isentropic flow,
where p denotes the density, u the velocity and P(p) the pressure of fluid. As to
the study of the existence of global weak solutions for the Cauchy problem (1.4),
(1.2), we can see [3, 10, 13]. Diperna [3] is the first one to study the Cauchy
problem for the case of 1 < r < 3 by using the Glimm’s scheme method [5].
However,for the case r > 3, the strict hyperbolicity of system (1.4) fails since
p could be zero at a finite time. In order to use the theory of compensated
compactness, Lu[10] added a small perturbation § to the nonlinear function
P(p) so that system (1.4) has a strictly convex entropy for any fixed § > 0
and hence both strong and weak entropy-entropy flux pairs of the perturbation
system of (1.4) satisfy the H~! compactness condition. Therefore the existence
of entropy solutions is obtained for this perturbation system. Later in [13], Lu
constructed three groups strong-weak entropy combination, and solved this
problem completely.

The results concerned of the existence of global weak solution for the general
inhomogeneous hyperbolic system comparatively less, which have been found
in the works [1, 2, 6, 9]. In [9], T.P. Liu first studied existence and qualita-
tive behavior of solutions for near constant data to resonant systems of this
type by using Glimm’s random choice method [5]. Chen and Glimm [1] intro-
duced a Godunov shock capturing scheme to obtain L™ estimates and compen-
sated compactness of corresponding approximate solutions to the compressible
euler equations with geometrical structure. Their method incorporates natu-
ral building blocks from Riemann solutions and the existence theory of global
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weak entropy solutions for measurable initial data in L°°; Klingenberg and Lu’s
method in [6] is vanishing viscosity together with compensated compactness.
In this paper, we use the theory of compensated compactness coupled with
some basic ideas of the Kinetic formulation from (7, 8, 13] to establish an ex-
istence theorem for global entropy solutions to a more general inhomogeneous,
non-strictly hyperbolic system (1.1),(1.2). The main results are as follows:
We assume that the functions U and V satisfy the following conditions:

Al Both U and V are continuous functions, and

V |p=0 or u=0=10 (1.5)
A2 There exists a continuous function F(w, z) and constants hg > 0, such
that
X(w,2,1,t) £ F(w,2) Y(w,2,z,t) > ~F(w,z), (1.6)
forw—2z2>0,0 <t< hp, where
( X(w,z,z,t) = 6" U(p,u,z,t) + V(p,2,2,8)| 0 b o
p=(272)?% u=2gt
Y(w,z,z,t) = —0p°"'U(p,u,z,t) +V(p,2,z,t)|

p=(252)b u=2g2
wF(w,z) < ®(r)\r+c, zF(w,z) < ®(r)r+c, (1.7)

where c is a positive constant, r = v/w? + 22 and ®(r) is a nondecreas-
ing positive function of r > 0 satisfying the condition T;’{% =
A3 °
|H (v, z,t) — H(v1,7,t)| < Cx lva —n1]|”, 0<o<1 (1.8)

Remark 1.1. For (U,V) = (a(z,t)p, a(z,t)u), (0,a(z,t)) and (0, afx,t)u
In ([u| + 1)), where |a(z,t)|] < ap < oo, it is easy to check that they satisfy the
condition (A1-A3).

Theorem 1.1. Assume that the conditions (A1-A3) hold and the initial data
(po(z),up(x)) be bounded measurable and po(x) > 0, then the Cauchy problem
(1.1)-(1.2) has a global bounded entropy solution.

Remark 1.2. A pair of functions (p(z,t), u(x,t)) is called an entropy weak
solution of the Cauchy problem (1.1)-(1.2) if

I J32(pg(, B)e + (pu)d(z, t)s +Ulpu,a, t)¢) dzdt
+F = po(z)p(z,0)dzdt = 0

‘ j:o f::’ (u¢(z, ), + (‘—‘; + P(p)) o(z,t) + Ulp,u,z, t)d)) dzdt
+f_ up(z)¢(z,0)dzdt = 0
for any test function ¢(z,t) € Co(R x R*) and
1 (p(z,1), u(z,1)), + a (p(z, 1), u(z,1)), <0 (1.9)
in the sense of distributions for any convez entropy 1(p,u) of system (1.1).
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The rest of this paper is organized as follows: In Section 2, we give a priori-
L*° estimate for the approximate solutions of the Cauchy problem (1.1),(1.2).
In Sections 3 and 4, we use this estimate coupled with some basic ideas of
Kinetic formulation in (7, 8, 13] to prove the main theorem.

2. L™ estimates of viscosity solutions

To prove theorem, we first consider the following perturbation system
pe+ ((P - 6)”):: = U(pa u,z, t)
i ug + (~“2—2 + fap 6%(t — J)tr_sdt) = V(p,u,z,t)

where § > 0 is the perturbation constant.
By simple calculations,two eigenvalues of system (2.1) are

M=u—00""1p—-08), l=u+6""1(p-3), (2.2)

and the two corresponding Riemann invariants are the same as system (1.1)

(2.1)

z=u—p", w=u+/p’ (2.3)

Adding viscosity terms to the right-hand side of the (2.1) yields the following
parabolic system:

pet((p—0)u)e = Ulpu,z,t)+€pzs 04
ug + (!‘2—’ + [§60%(t - 6)t"‘3dt) = V(p,u,zx,t) + cuz, (2.4)
with the initial data
(p°(z,0), u*(z,0)) = (5, u5), (25)
where
1 [t T — )
po(z) = ;f H( . y) (po(y) + 8)dy (2.6)
1 +o0 T—y
E(x) = = H d
i@ =1 [ 8 (22w
and H(z) is a mollifier.
Therefore, by virtue of the condition in theorem, we have:
(5(z), ug(z)) € C5° x C5° 2.7)
1662l + 146 ()l < llpo(2) o + llo(2)]lo + & (28)

and
(po(x), u5(x)) — (po(z), u0(z)) a. e on R
We first give the L™ estimate of the viscosity solution for perturbation
system {2.1).
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Lemma 2.1. Assume that the conditions in Theorem 1.1 are satisfied and
the solutions (p°%(z,t), u®%(z,t)) of the Cauchy problem (2.4), (2.5) exist in
R x [0,+00), then (p*(z,t),u’(z,t)) satisfy the following estimates:

w (pe“s(:c, t), us’ (, t)) < M(T), (2.9)
z (p9%(z, ), u%(z, ) = —M(T),
where M(T) is a constant independent of €,8 for arbitrary fized T > 0.
For simplicity, in the following we still take (p,u) for (pc"s, us"s).
Proof. We multiply (2.4) by (wp,w,,) and (2,, z,) respectively, and we obtain:
we + Aqwz = Ewpz — 0(0 — 1)p% 22 +0p0 Wip,u,z,t) + V{p,u,z,t)
< Wz + X(w, 2, T,t)
< €Wzz + F(w, 2); (2.10)
and
2+ Mzg = €220 +€0(0 — 1)p%2p2 — 00°~ U (p,u,z,t) + V(p,u, x,t)
> €2gp + Y{(w, 2,2,t)
> €2z — F(w, 2). (2.11)
For the inequality

wy + Aowz < Wz + Fw, 2), (2.12)
we make the transformation w = ¢(v), where the function ¢ satisfies the equa-
tion ffm 37‘1\7*57—) = In{, then we have .

'), 2, | Fw2)
< ) 7 . 213
Vg + /\21)1; S € '¢, ('U) ('v ) + Vrx + ¢ (’U) ( )
Also let v = 9e*, X > 0, we have the inequality
7 ( V) o2 ae_ yo F (W z) et
Vg + Aol — €0z, < Uz)e™ — Ao+ : 2.14

If © takes its greatest value at some interior point (2o, to), suppose that #(zo, to) >
e~Mo (in fact, if < e%, then v = de** < eMt~%) < 1. By virtue of the
continuity and monotonicity of ¢, we can get the boundedness of w). Then on
the basis of (2.14), we have at this point ¢ > 0, ¥z = 0, 9z, < 0, hence

F(w,z) =
AU l{.’ro,to)< ¢ ('U') » I(IG tg)

A’l)q&l(’l}) I(xo.to)s F(w’ Z)e—,\t I(Io,to) (216)

—Mo_ we have v(zp,tp) = 1 and hence

(2.15)

Since by assumption: 3(zo,%p) > e
W(x(),t()) > 0.
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Multiplying (2.16) by w (zo,%p), we obtain:
w/\vdy'(v) = @(r)r — ¢ |(z0,t0)< 0 (2.17)
Since ¢”(”)ﬂ—v’z‘l¢—mj =1 we have,
 wa(0) (A - v’i) <C (2.18)
namely for A > V2,

CeMto
w($07 to) <

= 3(0) (A= v2er)

Also by virtue of the condition (2.7), (2.8) and the Theorem 2.1 in [11], we
have

(2.19)

w(z,0) < M,I llim w(x,t) = 0. (2.20)
Z|—0o0
Hence there exists a R > 0, such that if |z| > R, for arbitrary T and ¢ € [0, T},
we have w(z,t) < M.

According to all of the above, we obtain the estimate w (p(z,t), u(z,t)) <
M(T) for arbitrary (z,t) € (—o0,+00) X [0,7]. Similarly we can get the
estimates z (p(z,t),u(x,t)) > —M(T). This completes the proof of Lemm?
2.1. ©

From lemma 2.1, we can obtain the following lemma directly.

Lemma 2.2. If the conditions in Theorem 1.1 are satisfied, the solutions of
the cauchy problem (2.4), (2.5) have a prior-L® estimate for arbitrary T > 0
and t € (0,7,

§ < p0 < M(T), |u(z,t)] < M(T) (2.21)

where M(T) is a positive constant depending only on the initial data end fired
T.

Notice that the system (1.1) has a strictly convex entropy

1 r—1
. __ .2 r—1
nt=gut =0 l)p . (2.22)

Consequently we have the following lemma:

Lemma 2.3. If the conditions in Theorem 1.1 are satisfied, then for arbitrary
r—3

fized € > 0, /20 (p°°) 7 p% and \/EuS® are uniformly bounded in L2, (R x

Rt) in the sense of distribution.
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3. Entropy Waves

This section is concerned with entropy wave for the system (1.1).
One family of weak entropies of system (1.1) (also system (2.1)) is given by

mlov) = [ 9€)Go (0,6 ~u)dg (3.1)
R
and the weak entropy flux qo of system (1.1) associated with 7 is
wlp.v) = [ &) 106+ (1~ 0l Golp, — u)d (32)

two families of strong entropies of system (1.1) are given as follows (cf.[7, 8,
13])

12(pu) = [ 9(O0G(p,€ — u)ie (33)
R
and the strong entropy fluxes g+ of system (1.1) associated with 74 are
ax(p.) = [ 90106 + (1~ 0)u) G (o, ~ whde (3.4)

where g(£) is a smooth function with a compact support set in (—o0, +00) and
the fundamental solutions

( Golpt—u) = [w—8&E-2}
Gilpt—u) = (E-2)Me-w)} (3.5)
G-(p—u) = (wW—O z-83%

and A = ﬂ% > —1. Here we use the notation z. = max(0, z).

Lemma 3.1. For the viscosity solutions (p‘*e(z,t),uf"s(z, t)) of the Cauchy
problem (2.4) and (2.5), if the entropy n(p,u) of system (1.1) satisfies that

7p(0,u) =0, Q’g—(f:,%“—), i=0,1,2,3 (3.6)
are bounded in 0 < p < M, |u| < M, then
1 (07 (=, 1), u(2,1)), + ¢ (5 (z,1),u(z, 1)), 3.7)

is compact in Hl‘aé (R x R*) as € and & tends to zero, where q is the entropy
fluz of system (1.1) associated with 7.

Lemma 3.2. For the viscosity solutions (p**(z, t),us%(z,t)) of the Cauchy
problem (2.4) and (2.5)

n; (0% (z, ), u™’(z, 1)), + g (p°%(z, ), u%(z,8)) _, §=1,2,3 (3.8)
are compact in Hi,:(R x R*) as € and § tends to zero, where
2)0 [° (s +2)*~1s*ds
fil(l — s2)Mds

C= (3.9)
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m=n++Cno, m=n-+Cn, m=n4y-—17-, (3.10)
N+, 7o being given by (8.1),(3.3), and q; are corresponding entropy fluzes of n;.
Proof. See [13]. ]

4. Proof of Theorem 1.1

In this section, we are going to prove Theorem 1.1 by using the estimate in
Section 2 together with some ideas of Kinetic Formulation in [7, 8, 13].

Consider a compactly supported probability measure v on R%2. By using
Lemma 3.2,we have the following measure equation:

<y >< Y, g > — <V >V, g >=< V105 — 0 > (4.1)
i)j = 112)3

- By virtue of the arbitrariness of the function g and h, we have

Gi(&1) [662 4+ (1 - 0)u|G;(&2) — Gs(&2) (06 + (1 - 8)u]Gi(%)
Gi(&1)[062 + (1 — 0)uG;(&2) — G;(&)[061 + (1 — 0)u|G;(&1)
= (& — &)Gi(&H)G;(&2) (4.2)

where G; are fundamental solutions corresponding to the entropies 7; and
G(€) = [G(p,u ~ £)dv, (p,u) indicate the usual integration with respect to
the Young measure.

In what follows, we shall prove that the positive measures v, ; must be Dirac
measures by using compensated compactness theory. Now we discuss it from

two respects. Let

& = inf  w(pu), €&~=  sup  z(p,u) (4.3)
(pru)€supprs=,, (p,u)Esupprz,:

Proof. Casé 1: & <&,
If & < &4, we choose G; = Gj = G3 and &,&; € (£4,00). Since G_(£;) =
G_(&) = 0, we may rewrite (4.2) as

o | G+(§1)G+(&2) ]] __1 [uG+(§2) — uG+(§1)] . (4.4)
1-0|G4(&) G+(&) -8 | G(&) Gi(&)
Similarly

(4.5)

0 [GL(&I)GL(&E) _1J: 1 [uG_(sz)_uG-(&)'
1-6 |G_(&) G-(&) &-6 |G (&) OC-@&).

for 611 62 € (—OO, 5—)
As done in [8, 13], we can obtain

uCi@ , 4 9C-(O)

) oo are both non-increasing.
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However,
g = l ‘h'.G.!..{E) lim uG+(E) §|- +£—
% TLE) e GO © 2
GO ¢y 2O (4.6)

ST e G

D) “G_(E) -
then O] and ey & both constant on &3 € (£4,00), & € (—00,£-).

Let I,(€) be a nonnegative smooth function with compact set in (—21, 1
and I,(£) — 1 as o — 0%, ¥,(£) > 0 be a unit mass mollifier, denote Gz =
(G*1,) * ¥4, using (4.4), (4.5) again, we have

G (6)G%(€) = Ga(&) Ga(€). (4.7)
Letting & — & in (4.7), we get
CEOr = (C5@) (48)
which implies that
3
( a(8) —GaI(E)) =0 (4.9)

on (w, z) € supp v and hence GZ(w, z,£) — — G5 (€) = 0 on the support of vy,
and by letting a — 0, so does G4 (w, 2,£) = Gx(£). This shows that vz, is a
Dirac mass.

Case 2: £_ > &,

If £&_ > &4 similarly we have that

uG.(£2) uG-(61) (4.10)
G+(&) ' G-(&)

are both non-increasing for & € (£—,00), & € (—00,&4).
However since the following estimates from (4.6),

lim uG+(f) =%, lim uG-©) =1, (4.11)
¢~ G4 () ¢——0 G_(£)
we have the following inequality
uG(6-) J uG-(&+) (4.12)
G+(6-) = <r—(£+)

Now we choose G; = G1, G; = G2 and & = &2 = £ in (4.2) to obtain
uG4(€)G_(€) + CuGo(§) G-(§) +CuG(§) Go(§)

= uG_(§) G+(€)+CuGo(t) G4+(§)+CuG_(§) Go(§) (4.13)
where C is given by (3.9).
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Let

wy = sup w(p,u), z_= inf z(p,u). (4.14)
(p,u)Esupprz ¢ (p/u)€Esupprz,e

If we choose € € (§_,w..), then uG_(£) = G_(£) = 0 and hence by (4.13)

4G (@) _ uGol®) ws)
G(&)  Go(8)
for £ € (£-,w+). In particular,
w0 () _ uGole) w6)
G+(€-)  Golg-)
Similarly, if choosing £ € (2_,&+), we have

G_(§) _ uGo(§) (4.17)
G-(&)  Gol)
for £ € (2-,&+). In particular,
G_(&+) _ uGo(€+) (4.18)

G_(&)  Gol&r)
using (4.13), we have

W@ | G , 505 Gold
G+(€) G+(6) G+(§) G-(¢)
uG_ (E) . CUGO(E) + CUG—(E) GO(&) ) (419)

-

G-(8) G-(&) G-(§) G+(§)

Below we use €10 to indicate the right limit and £~° the left limit at £. Letting
& — £€_ in (4.19) and using (4.16), we have

uG1 (&) (1 +CGo(£-)) _uG_ (£2°) ( cGE) (4.20)

GrE) Gre)) G (€ G+&))’
which implies
uG4(§) _ uG-(£°)
G+(6-) G- (¢29
Similarly, letting £ — &4 in (4.19) and using (4.18), we have

uGy (61°) _ uG-(&+) (4.22)
Gy (61°)  G-(6+)

(4.21)
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Let G; = G; = G, in (4.2). By the same treatment in Case 1, we have that

4616 is non-increasing for £ € (£4,£_). However

Gi1(€)
im UGl(g) - “G+('f—)! {423)
8- Gi(§)  Ga(é-)
where (4.16) is used in the last equality, and

o 4G1E) _ uG_(£+), (4.24)
=4+ G1(8) G-(¢4)

where (4.18) and (4.22) are used in the last equality. Thus

uG(€)  uG-(&+) (4.25)
G+(£—) - G—(f‘f‘)

(4.25) and (4.12) imply that"g%(g) is a constant for £ € (£4,00) and Pg-;%
+ —

is a constant for £ € (—00,¢_). Hence Young measure v is also a Dirac mass
from the proof in Case 1. This is contrary to the assumption £ < &_ since
w > z. Therefore only Case 1, i. e., £& > £_ is permitted, and v is a Dirac
mass. So we end the proof of the Theorem 1.1.
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