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R e s u m e n . Nosotros consideramos un nuevo sistema integrable de quinto or
den. Obtenemos las soluciones exactas de dicho sistema por el método tanh 
generalizado.

1. In trod u ction

The knowledge of closed form solutions of nonlinear PDEs facilitates the testing 
of numerical solvers, and aids in the stability analysis of solutions. There are a 
number of methods for the construction of exact solutions to differential partial 
differential equations of the mathematical physics [1], [2], [3], [4] [5], [6],[6], [9],
[10]. Travelling wave solutions of many nonlinear PDEs, from solitons theory 
can by expressed as polynomials of the hyperbolic tangent and secant functions. 
In this brief note, we present exact solutions for the new fifth-order integrable 
system using the generalized tanh method.

2. M ikhailov—N ovikov—W ang sy stem

Mikhailov-Novikov-Wang system [8], [12] reads



We search for exact solutions of system (2.1) in the form

u(x,t) = u(0
w(x , t )=w(£)  (2.2)
£ =  x  +  A t.

As a result system (2.1) reduces to the nonlinear system ordinary differential 
equation

I \ v ' ( 0  -  v<5>(f) +  2(Mí)t;<3>({) + 50«'(í)t>"(í) -  80v2(()v '(í) -  w'(() =  0
i  A«/(f) + 6i«(í)t/"(í) + 2t>"(t)w'(t) -  96»(£Mi)«'(?) -  16«/(Í)o2(Í) = 0.

(2.3)
We obtain

tu'(í) =  Ar'K) -  +  20t)(í)v<3>(5) +  50v'(()v"(() -  S0v2(t)v '((). (2.4)

The first equation of (2.3) can be written as follows:

Ao(0 -  i/4)(i) +  20»(í)»"(í) +  15 ((u'(€))2) -  y  (v3m  -  </>(«)) =  o.

(2.5)
Integrating (2.5) once with respect to £ we get

At>(í) -  t><4)(í) + 20»(í)»"(í) + 15 -  J o 3(0  -  MO = C, (2.6)
where c is integration constant. As we look for the exact solutions of special 
form, we set c =  0 for simplicity. Therefore

«>(«) =  A«(f) -  v<4)(i) +  20v(í)o"(í) +  15 (o'« ) )2 -  y v 3(i). (2.7)

Substituting (2.4) and (2.7) into second equation of (2.3), we obtain after sim
plifications the following ordinary differential equation:

AV(?) -  At)<5> +  26Au(£)»'"(í) +  52Xv'(£)v"(0 -  192Au2(i)u '(i)

-  2v"(f)v(5,(f) +  160»(í)t/'(íV "(í) +  100w'(5)(t>"(f))2

-  2880w2(£)ti'(i)o"(£) +  16v2(OviTj) -  480u3(£)v'"(Z) +  3840t>4(í)« '(Í)

-  6d'"(í)í.(4) + 90(v'(í))V"(f) +  9 6 v ( ( )v '(^ W ~ 1440v(O(v'(i)f
=  0. (2.8)

To obtain exact solution for equation (2.8), we use the generalized tanh 
method [10] which consist of the following five steps:

step 1
We consider solutions of (2.8) in the form

m

<’( f ) = £ ‘W m  (2-9)
fc=0
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(2.10)

(2 .11)

— \/^Â;tanh (y/—k£) k < 0
k — \ /^ c o t h  ( V —kÇ) k <  0.

The exponent m  must be determined by balancing the linear term of the highest 
order with the nonlinear term in (2.8). We obtain m = 2.

step 2
Substituting (2.9) into (2.8) and using (2.10) we obtain a polynomial in </>(£). 
Equating the coefficients of this polynomial to zero, we get the following system 
of algebraic equations:

(1) —16 k3 X a\ + kX2 a\ +  52 k2 X ao a\ +  256 k3 ao2 a\ — 192 k X ao2 ai — 
960 k2 ao3 ai +  3840 k ao4 ai +180 k4 a i3 —1440 k3 ao a\3 — 256 k5 ai a2 +  
104 k3 A ai a2 +  2176 k4 ao a\ a2 — 5760 k3 ao2 ai a2 +  400 k5 a\ a22 =  0.

(2) —136A:2Aai 4- A2ai +  208 k Xaoai  +  2176fc2ao2ai — 192Aao2ai — 
3840 k ao3 ai +3840 ao4 ai +3912 k3 ai3 —192 k X a \ 3 —18720 k2 ao a i3 +  
23040 k ao2 a \3 — 5824 k4 ai a2 +  1196 k2 X a\ a2 +  37120 k3 ao ai a2 — 
1152 A: A ao ai a2—66240 k2 ao2 ai a2+46080 k ao3 ai a2—15840 A;3a i3a2+ 
22048 kA ai a22 — 51840 A:3 ao ai a22 =  0.

(3) —256 k4ai2 +156 fc2 A a i2+2688 k3ao a i2—384 k X aoai2—8640 k2ao2a \2 
+15360 fc a03 a j2 -1440 k3 a i4 -  272 fc3 A a2 +  2 A: A2 a2 +  416 k2 X a0a2 +  
4352 k3 a02 a2-384 A:A a02 a2-7680 A:2 ao3a2+7680 A: a04a2+5136 k4 a ! 2 
a2 — 20160 A;3 ao a i2 a2 — 2624 A:5 a22 +  208 k3 X a22 +  8192 k4 ao a22 — 
11520 k3 a02 a22 +  800 A;5 a23 =  0.

(4) a i4 —1232 A:2 A a2 +  2 A2 a2 +1040 k X ao a2 +19712 k2 ao2 a2 — 384 A ao2 
a2 — 19200A:ao3a2 +  7680ao4 a2 +  51344 A:3 a i2 a2 — 768A;Aai2a2 — 
146880 k2 ao a i2 a2 +  92160 k ao2 a i2 a2 — 26176 k4 a22 +1456 k2 X a22 +  
71168 k3 ao a22 — 768 A; A ao a22 — 80640 A:2 ao2 a22 +  30720 A: ao3 a22 — 
48960 A:3 a i2 a22 +  21152 A;4 a23 -  34560 A:3 a0 a23 =  0.

(5) —240 kXai -h 156 A ao a\ +  3840 k ao2 a\ — 2880 ao3 ai +  14112 k2 a i3 — 
192 A a i3 — 38880 A: ao a i3 +  23040 ao2 a i3 +  3840 k a i5 — 27008 k3 ai a2 +  
2392 A: A ai a2 +122624 k2 ao a\ a2 — 1152 A ao ai a2 —132480 A: ao2 a\ a2 +  
46080 ao3 a\ a2 — 92640 k2 a i3 a2 +  76800 k ao a i3 a2 +151168 A:3 ai a22 — 
960 k X ai a22 -  296640 A:2 a0 ai a22 +  115200 k a02 ax a22 -  57600 A;3 ai 
a23 =  0.

(6) -1856 A:3 a j2 +  416 A; A a i2 +12928 k2 a0 a i2 -  384 A a0 a j2 -  23040 k a02 
a i2 +15360 a03 a i2 -11040 k2 ax4 +15360 k a0 -120  A ax +.1920 a02 ai +
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17464 k a i3 -  21600 a0 a i3 +  3840 ax5 -  49664 k2 ai a2 +  1300 A ax a2 +  
144128 k ao ai a2 — 72000 ao2 ai a2 — 147360 fc a i3 a2 +  76800 ao a i3 a2 +  
356320 A:2ai a22 — 960 Aai a22 —466560 A: aoai a22 + 115200 ao2ai a22 +  
53760 k a i3 a22 -  265920 A:2 ax a23 +  107520 fc a0 ax a23 =  0.

(7) -4288 k2 a i2 +  260 A a i2 4-18304 k a 0a!2- 14400 a02 a i2 -19680 k a 24 +  
15360 ao a i4 —1680 k A a2 +  624 A ao a2 +  26880 A; ao2 a2 —11520 ao3 a2 +  
142928 k2 a i2 a2 — 768 A a i2 a2 — 256320 fc ao a i2 a2 +  92160 ao2 a i2 a2 +  
23040 fc a i4 a2 -  87680 A;3 a22 +  2496 A: A a22 +185856 A:2 a0 a22 -  768 A a0 
a22 -  138240 fc a02 a22 +  30720 a03 a22 -  247680 k2 a i2 a22 +138240 k a0 
a i2a22+ 116736 k3 a23- 384 A: A a23- 172800 A;2 a0 a23+46080 k a02 a23-  
23040 A:3 a24 =  0.

(8) -4032 k a t2+8064 a0 a i2 -10080 a x4 -  720 A a2+11520 a02 a2+153392 k 
a i2 a2 -  129600 a0 a i2 a2 +  23040 a x4 a2 -  133248 k2 a22 +  1248 A a22 +  
192000 k ao a22 -  69120 a02 a22 -  365760 k ax2 a22 +138240 a0 a i2 a22 +  
246144 k2 a23 -  384 A a23 -  253440 k a0 a23 +46080 a02 a23 +  61440 A: a i2 
a23 -  99840 A:2 a24 +  30720 fc a0 a24 =  0.

(9) -12096 ai a2 +  119808 ai a22 -  164160 ai a23 +  34560 a1 a24 =  0.
(10) 7084ai3—40320 A:ai a2+56448aoai a2—70560ai3a2+346608A:ai a22— 

221760a0 ai a22 +  53760a i3 a22 -  372480 ka \ a23 +  107520 a0 ai a23 +  
34560 fc ai a24 =  0.

(11) -25920 a22 +  73440 a23 -  57600 a24 +  7680 a25 =  0
(12) -1344 a i2 +  56672 a i2 a2 -  95040 k a22 +  69120a0 a22 -167040 a j2 a22 +  

223200 k a23 -115200 a0 a23+61440 ax2 a23 -134400 k a24+ 30720 a0 a24 
+7680 A: a25 =  0.

step 3:
Upon solving the above system with respect to the unknowns k, A, ao, ai, a2, 
and using the elimination method of Wu [11] and the Mathematica software
[7], we consider only the following solutions:

3 y/X
ai =  0, a2 = - ,  k = ±V% ao =

(The other solutions of the above system are given by ai =  0, a2 =  0, k, A, ao 
arbitrary constants. But this case is not interesting).

step 4 •
According to (2.11) and taking into account the results of the previous step 
(solutions of the system of algebraic equations) after simplifications, we restrict 
ourselves to considering only the following solutions for (2.8) :
For A > 0,

(1) «i«) =  ̂  + jv'Acot2 (Aii). --

(2) »2(0 = ~  + jV ^ c o th 2 (A if)  .
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(3) t/3(0  =  ^\/A tan2 (A*e) •

(4) v4(f) =  +  ^\/A tanh2 (A*f) . 

step 5 :
We obtain solutions for system (2.1). By (2.2) and (2.7), the solutions for 
u(x,t)  and w(x, t ) axe given by (for A > 0):

(1 ) ui(x, t)  =  +  ^\/Acot2 ^A*(x4- A£)̂
A§

wi (x,t) =  —

(2 )  U 2 ( x ,  t ) =  +  ^ \ / A c o t h 2 ^A< ( x  +  A i)^  .

A ̂
W2{x,t) =  — —

(3) u3(x,t) = ~  ^\/A tan2 ^A* (x + Xt)j .

. . At 
m( x ,  t) =  —

(4) u4(x,£) = +  ^\/A tanh2 ^A* (x  4- At )j  .

A ̂W4(x,t) = ---—
0

Remark 1 : One also can consider solutions with k =  — y/X.
Remark 2: In the case w(x, t ) =  0, system (2.1) is reduced to well-known 
Kaup-Kupershmidt equation [6], [8], [9], [12]

ut =  tixxxxx 20u2ijji -  50uxUxx 4" 80u Ux (2.12)
which is a particular case of a class of fifth order PDEs with four parameters

Uf ”1* pUxxxxx “t* 'yUUxxx ”1“ -f" Q.U Ux =  0 (2.13)
which has known solutions in some cases:

• For a  =  30, 0 =  20, 7 =  10, p = 1 [6].
• For a = 5, 0  =  5, 7 =  5, p = 1 (2.13) reduces to Sawada and Kotera 

(SK) equation [6].
• For a = 20, (3 =  25, 7 =  10, p =  1 [6].

Remark 3: A plenty of exact solutions for the Kaup-Kupershmidt equation can 
be found using the inverse scattering transform for the corresponding spectral 
problem [13]. In [8], Sergyeyev present a zero curuature representation ZC R  
for the M-N-W system. Knowing a Z C R  involving an essential (spectral) 
parameter enables one to use the inverse scattering transform and construct 
plenty of exact solutions for the system in question, including multisoliton and 
finite-gap solutions [8].



124 CÉSAR A. GÓMEZ S.

Acknowledgments: I want to express my gratitude to professor A. Sinitsyn
for his enthusiastic guidance and help. I also would like to express my sincere
thanks to the anonymous referee for the comments suggestions and corrections
that have improved the presentation of this paper.

R eferen ces
[1] R. C o n t e  & M . M u s e t t e ,  Link betwen solitary waves and projective Riccati 

equations, J. Phys. A Math. 25  (1992), 5609-5623.
[2] E. I n c  & M. E r g Ü t ,  New Exact Tavelling Wave Solutions for Compound KdV- 

Bureers Equation in M athem atical Physics, Applied Mathematics E-Notes 2 
(2002), 45-50.

[3] J .  M e i, H. Z h a n g  & D. J i a n g ,  New exact solutions for a Reaction-DifFusion 
equation and a Quasi-Camassa-Holm Equation, Applied Mathematics E-Notes 4 
(2004), 85-91.

[4] Z. Y a n , The Riccati equation with variable coefficients expansion al
gorithm to find more exact solutions of nonlinear differential equation, 
Comput. Phys. Comm. 152  (2003) 1, 1-8. Preprint version available at 
h t t p ://www.mmrc. i s s . a c . cn/pub/mm22.p d f /2 0 .pdf

[5] Z. Y a n , An improved algebra method and its applications in nonlinear wave eua- 
tions, Chaos Solitons Fractals 21 (2004) 4, 1013-1021. Preprint version available 
at h t t p ://www.mmrc. i s s . a c . cn/pub/mm22.p d f /1 9 .pdf

[6] D . B a ld w in ,  U. G o k t a s ,  W . H e r e m a n ,  L. H o n g ,  R .S. M a r t i n o  &: 
J .C .M i l l e r ,  Symbolic com putation of exact solutions expressible in hyperbolic 
and elliptic functions for nonlinear PD Fs, J. Symbolic Compt. 3 7  (2004) 6, 669-  
705; Preprint version: n lin .S I /0 2 0 1 0 0 8 (arX iv .o rg )

[7] A . S a l a s  & C. G o m e z , El Software m athematica en la busqueda de soluciones 
exactas de ecuaciones diferenciales no lineales en derivadas parciales mediante la 
ecuación de Riccati, Memorias Primer Seminario Internacional de Tecnologías 
en Educación Matemática, Universidad Pedagógica Nacional 1 (2005), 379-387

[8] A . SERGYEYEV, Zero curvature representation for a  new fifth-order inte
grable system , to  appear in Fund. Prink. Mat. 12  2006 (in Russian); Eng
lish translation to appear in J. Math. Sci.; preprint version (in English): 
n l i n . S I/0604064 ( a r X iv . o rg )

[9] N .A . K u d r y a s h o v ,  Nonlinear differential equations w ith exact solutions ex
pressed via the Weierstrass function, Z. Naturforsch. A 59 (2004) 7-8, 443-454. 
Preprint version: n lin .C D /0312035 (arX iv .o rg )

[10] E. F a n  & Y .C . H o n , Generalized tanh Method Extended to Special Types of 
Nonlinear Equations, Z. Naturforsch. A 57(2002) 8, 692-700.

[11] L. Z h i, Y . N o t a k e ,  H. K a i ,  M .T . N o d a  ¿  K . I. S h i r a i s h i ,  Hibrid m ethod for 
solving Polinomial Equations, NLA99: Computer algebra (Saitama, 1999), 9 1 -  
104, Josai Math. Monogr. 2, Josai Univ. Sakado, 2000. Preprint version available 
at h t t p ://www.mmrc. i s s . a c . c n /~ lz h i/P u b lic a t io n s /a tc m 9 9 .p d f

[12] A .V . M ik h a il o v , V. N o v ik o v  & J .P . W a n g , On clasification of integrable non- 
evolutionary equation, Preprint: n lin .S I /0 6 0 1 0 4 6  (arX iv .o rg )

[13] D .J . K a u p , On the inverse scattering problem for cubic eingevalue problems of 
the class (f>xxx +  6q(f>x + 6r0  =  A<f>, Stud. Appl. Math. 62 (1980), 189-216.

http://www.mmrc.iss.ac.cn/pub/mm22.pdf/20.pdf
http://www.mmrc.iss.ac.cn/pub/mm22.pdf/19.pdf
http://www.mmrc.iss.ac.cn/~lzhi/Publications/atcm99.pdf


EXACT SOLUTIONS FOR A NEW FIFTH-ORDER. 125

(Recibido en junio de 2006. Aceptado en septiembre de 2006)

D ep a r ta m en to  d e  M a te m á tic a s  
U n iv ersid a d  N a c io n a l d e  C o lom b ia  

C r. 30 C l l .  45 
B o g o tá ,  C o lom b ia  

e-mail: cagom ezsiQ unal. edu . co




	Exact solutions for a new fifth-order integrable system

	Universidad Nacional de Colombia, Bogotá

	1.	Introduction

	2.	Mikhailov—Novikov—Wang system

	-	2v"(f)v(5,(f) + 160»(í)t/'(íV"(í) + 100w'(5)(t>"(f))2


	= 0. (2.8)

	<’(f)=£‘Wm	(2-9)

	(2.11)

	(2)	U2(x, t) = + ^\/Acoth2 ^A< (x + Ai)^ .

	A ^

	A ^

	References





