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A b s t r a c t . Alperin’s Weight Conjecture was originally formulated for alge­
braically closed fields (see cite [1]). For some families of groups -  such as the 
symmetric groups -  it is known to hold for arbitrary fields (see cite [2]), so it 
is reasonable to ask whether this conjecture holds for arbitrary fields, and in 
particular, if it holds for finite fields. We wrote computer software in M A G M A  
(see cite [8]) to test Alperin’s Weight Conjecture for finite fields, and tested this 
software on groups of small order and the prime fields whose characteristics di­
vide the order of the groups. We found no counterexamples to this version of 
Alperin’s Conjecture for groups of order up to 100.
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ware, computational.
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R e s u m e n . L a conjetura de pesos de Alperin fue formulada originalmente para 
campos algebraicamente cerrados. Para algunas familias de grupos -com o por 
ejemplo los grupos simétricos- esta Conjetura es válida para todos los cam­
pos, y  en particular, para los campos finitos. E s razonable preguntar si dicha 
Conjetura permanecerá válida para todos los grupos y  todos los campos, y  
en particular para los campos finitos. En  este artículo verificamos (usando 
M A G M A ) la Conjetura de Pesos de Alperin para todos los grupos de orden 
menor o igual a 100 y  todos los campos primos cuyas características dividen el 
orden de cada grupo.
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Palabras y frases clave. Grupo de representaciones, conjetura de Alperin, peso, 
software, computacional.

1. In trod u ction

In the modern representation theory of groups, Alperin’s Weight Conjecture 
remains as one of the most important and difficult open problems. This con­
jecture was originally formulated for algebraically closed fields of prime char­
acteristic, as it appears on [1]. However, for some families of groups (such 
as the symmetric groups) Alperin’s Conjecture is known to hold for arbitrary 
fields (see [2]). A natural question to ask is whether the conjecture will hold 
in general for all finite groups and all fields. The first step towards answering 
this question is to consider the case of the finite fields, particularly the prime 
fields. In other words, is it true that, given an arbitrary finite group, Alperin’s 
Conjecture holds for all the prime fields whose characteristics divide the order 
of that group? We approached this problem from a computacional perspective.

We wrote computer software in Magma (see [8]) to test Alperin’s Conjecture 
for finite fields. We ran our software on all the groups in Magma’s library of 
small groups up to order 100, and on the appropriate prime fields. We found 
no counterexamples to this finite version of Alperin’s Conjecture.

In Section 2 we define the basic concepts and formulate Alperin’s Conjecture. 
In Section 3 we describe the software that we wrote, and we present the results 
that we obtained using our software.

2. A lp er in ’s C on jectu re

We give the definition of weight and formulate Alperin’s Conjecture in its most 
general form. We also mention some classes of groups for which it is known to 
be valid.

Throughout this section, G will be a finite group, p a prime number, and 
k an algebraically closed field of characteristic p , unless otherwise stated. All 
our modules will be finite dimensional over k.

Definition 2 .1 .  A weight for kG is a pair (Q, S) where Q is a p-subgroup 
and S is a simple module for k[Nc{Q)] which is projective when regarded as a 
module for k[NG{Q)/Q\• We sometimes refer to S as a weight module, and Q 
as its weight subgroup.

R em ark  2.2. Since S is k[N (Q)]-simple and Q is a p-subgroup of Ng {Q), it 
follows that Q acts trivially on S, so S is also a k[Ng {Q)/Q]-module and the 
definition makes sense. Moreover, S is k[Nc{Q)/Q]-simple as well.

R em ark 2 .3. If we replace S by an isomorphic k[NG(Q)\~module we consider 
this the same weight, and we make the same identification when we replace Q 
by a conjugate subgroup (so that the normalizers mil be conjugate, too).

Now we can formulate the main problem that we shall discuss in this section.

Volumen 41, Número 2, Año 2007



FINITE VERSION OF ALPERIN’S CONJECTURE 327

Conjecture 2 .3 .1  (Alperin’s Conjecture). The number of weights for kG 
equals the number of simple kG-modules.

A stronger version of the preceding statement is that there is a bijection 
within each block of the group algebra.

Definition 2.4. If (Q, S) is a weight for kG, then S belongs to a block b of 
Ng (Q) and this block corresponds with a block D of G via the Brauer corre­
spondence; hence we can say that the weight (Q, 5) belongs to the block B of 
kG so the weights are partitioned into blocks.

Conjecture 2 .4 .1 (Alperin’s Conjecture, Block Form). The number of weights 
in a block of kG equals the number of simple modules in the block.

This version of the conjecture implies the original one, as it can be obtained 
by summing the equalities from the stronger conjecture over the blocks. This 
stronger conjecture has been proved when G is a:

•  Finite group of Lie type and characteristic/? (Cabanes, [9]).
•  Soluble group (Okuyama). j,
•  Symmetric group (Alperin and Fong, [2]). f-
•  GL{n,q), p odd and p does not divide q (Alperin and Fong, [2]).
•  GL(n, q), p =  2 and q odd (An, [3]). \ \ 

The conjecture has also been checked in a variety of other cases (see [4], [5], [6], [T]).

3. Softw are

Here is the software that we wrote to test Alperin’s Conjecture experimentally.
/*  Magma rou tin es to  t e s t  A lp erin ’s Conjecture on f i n i t e  f i e ld s .

Let G be a f in i t e  group, F a f i e ld .

/ * ------------------------------------------------------------------------------------------- */

number_of_simple_projective_modules := function(G ,F)
/*  Return the number of simple p ro jectiv e  modules fo r  FG. * /

t r iv  := sub< G I [Identity(G )] >; 
regular_mod := Perm utationM odule(G,triv,F); 
proj_mod := IndecomposableSummands(regular_mod);

answer := 0;
irrmod := IrreducibleM odules(G, F ); 
fo r  m in  irrmod do

fo r  pj in  proj_mod do
i f  Dimension(m) eq Dimension(pj) then
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i f  IsIsom orphic(m ,pj) then  
answer +:= 1; 
break; 

end i f ; 
end i f ; 

end for; 
end for;

return answer; 
end function;

highest_power := fu n ction (p ,n )
/*  Return the h igh est power of p d iv id in g  n. * /

answer := 1;
bool, qqu := IsD iv is ib le B y (n ,p ); 
while bool do 

answer *:= p;
b oo l, qqu := IsD iv is ib leB y (q q u ,p ); 

end w hile;

return answer; 
end function;

number_of„weights := function(G ,F)
/*  Return the number of w eights fo r  FG. * /

p := C h a ra c ter is tic (F );
pn := highest_power(p,O rder(G ));
subcc := SubgroupClasses(G : OrderDividing := p n );

answer := 0;
fo r  subb in  subcc do

qgp := Nonnalizer(G,subb‘subgroup) /  subb‘subgroup 
answer +:= num ber_of_sim ple_projective.m odules( qgp 

end for;

return answer; 
end function;
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how_many_irreducibles := function(G ,F) 
return #IrreducibleM odules(G ,F); 

end function;

test_conjecture_group := function(G .F)
i f  IsNormal(G,SylowSubgroup(G,Characteristic(F))) then 

return true; 
e ls e

return (number_of.weights(G,F) eq how_many_irreducibles(G,F)) 
end i f ;  

end function;

test_conjecture_order := function(n )  
f la g  := true; 
counterex := [**];

i f  IsPrimePower(n) then  
return tru e , counterex; 

end i f ;

lgrp  := SmallGroups(n); 
pprimes := F a c to r iza tio n (n ); 
f f ie ld s  := □ ; 
fo r  pp in  pprimes do

A ppend("ffields, G F (pp[lJ)); 
end for;

fo r  G in  lgrp do 
i f  1 eq 1 then

fo r  f f  in  f f ie ld s  do
i f  n ot(test_con jectu re_grou p(G ,ff)) then

Append(“counterex,<IdentifyG roup(G ),G ,ff>); 
f la g  := fa ls e ;
//r e tu r n  fa ls e ;  

end i f ;  
end for; 

end i f ;  
end for; 
i f  f la g  then

return tru e , counterex; 
e ls e

return f a l s e ,  counterex; 
end i f ;  

end function;
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t t r y  := fu nction(a,b) 
counter := [* * ] ; 
fo r  n := a to b do

f la g ,  in fo  := test_con jecture_ord er(n ); 
i f  n o t(flag ) then

Append("counter, < n ,in fo>); 
end i f  ; 

end fo r ;

i f  #counter eq 0 then 
return tru e ; 

e lse
return counter; 

end i f  ; 
end function;

Here is the data we gathered running our software on the library of small 
groups of Magma. We examined all groups of order less than or equal to 100, 
and for each of these groups, all the prime fields whose characteristics divide 
the order of the group. It took a little over fifteen minutes to get these results. 
> t t r y ( 2 , 100); 
true

Prom this we can see that there are no counterexamples to Alperin’s Weight 
Conjecture for groups of order up to 100 and their prime fields.

4. E p ilogue

We believe Alperin’s Conjecture to be true for all finite groups and all fields. We 
intend to streamline our software to run it on more groups, including several 
sporadic simple groups. This paper is the core of the MSc Thesis of Adán 
Cortés-Medina, which was supervised by Luis Valero-Elizondo.

Acknowledgm ents. We are grateful to Alberto G. Raggi-Cárdenas for point­
ing out a simplification in our algorithm, namely, that Alperin’s Conjecture 
is true for any field of characteristic p if the group G has only one Sylow p- 
subgroup.

R eferen ces
[1] ALPERIN , J. L. Weights for finite groups. In The Areata Conference on Representations of 

F inite Groups (Providence, R.I.), no. 47 in Proceedings of symposia in pure mathematics, 
American Mathematical Society, pp. 369-379.

Volumen 41, Número 2, Año 2007



FINITE VERSION OF ALPERIN’S CONJECTURE 331

[2] ALPERIN, J. L., a n d  F o n g ,  P. Weights for symmetric and general linear groups. Journal 
of Algebra 131 (1990), 2-22.

[3] An, J. B. 2 weights for general linear groups. J. Algebra 149 (1992), 500-527.
[4] An, J. B. 2 weights for unitary groups. Trans. Amer. Math. Soc 339 (1993), 251-278.
[5] An, J. B. Weights for the simple Ree groups 2<72(<Z2)- New Zealand J. Math 22 (1993), 

1- 8 .
[6] An, J. B. Weights for the Steinberg triality groups 3d4(q). Math Z. 218 (1995), 273-290.
[7] An, J. B., a n d  CONDER, M. The Alperin and Dade conjectures for the simple Mathieu 

groups. Comm. Algebra 23 (1995), 2797-2823.
[8] B o s m a , W ., C a n n o n , J., a n d  P l a y o u s t ,  C . The Magma algebra system. The computa­

tional algebra group, http://m agm a.m aths.usyd.edu.au/m agm a/, 2007.
[9] CABANES, M. Brauer morphism between modular Hecke algebras. Journal of Algebra 115 

(1988), 1-31.

(Recibido en septiembre de 2006. Aceptado en agosto de 2007)

In s t it u t o  d e  F ísic a  y  M a t e m á t ic a s  
U n iv e r s id a d  M ic h o a c a n a  d e  S a n  N ic o l á s  d e  H id a l g o  

E d if ic io  “B ” , P l a n t a  B a j a , C .P .  580G 0, 
M o r e l ia , M ic h , M é x ic o

e-mail: acme®ifm.umich.mx

F a c u l t a d  d e  C i e n c i a s  F í s i c o - M a t e m á t i c a s  
U n iv e r s id a d  M i c h o a c a n a  d e  S a n  N i c o l á s  d e  H i d a l g o  

E d i f i c i o  “B ” , P l a n t a  B a j a ,  C .P .  5 8 0 6 0 ,  
M o r e l i a ,  M ic h , M é x i c o  

e-mail: valeroQfismat.umich.mx

Revista Colombiana de Matemáticas

http://magma.maths.usyd.edu.au/magma/



	A computacional verification of Alperin’s weight conjecture for groups of small order and their prime fields

	Universidad Michoacana de San Nicolás de Hidalgo, Morelia, México

	1. Introduction

	2.	Alperin’s Conjecture

	4.	Epilogue

	References




