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Spectral properties of compressible
stratified flows

Propiedades espectrales de los flujos estratificados comprimibles

ANDREI GINIATOULLINE!, CESAR HERNANDEZ!

'Universidad de los Andes, Bogotd, Colombia

ABsTrRACT. For bounded and unbounded domains in R3, we establish the lo-
calization and the structure of the spectrum of normal vibrations described by
systems of partial differential equations modelling small displacements of com-
pressible stratified fluid in the homogeneous gravity field. We also compare the
spectral properties of gravitational and rotational operators. Our main result
is the construction of Weyl sequence for the essential spectrum, which is an
explicit form of non-uniqueness of the solutions.
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REsUMEN. Para los dominios acotados y no-acotados en R®, estudiamos la
localizacién y la estructura del espectro de las vibraciones normales que se
describen mediante sistemas de ecuaciones en derivadas parciales que modelan
los movimientos pequefios de un liquido estratificado comprensible en el campo
gravitacional homogéneo. También comparamos las propiedades espectrales de
los operadores rotacionales y gravitacionales. Nuestro resultado principal es la
construccién de la sucesién de Weyl para el especiro esencial, la cual representa
explicitamente la no-unicidad de las soluciones.

Palabras y frases clave. Ecuaciones diferenciales parciales, espectro esencial, es-
pacios de Sobolev, liquido estratificado, ondas internas.
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1. Introduction

The objective of this paper is to study the structure and the localization of the

spectrum of partial differential operators which arise in the description of small

motions of an exponentially stratified compressible fluid in the gravity field.
We consider a system of equations in the form

X
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p. dt ta =

Bu
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in the domain {x € @ C R%}, t > 0, where ¥ (z,t) is a velocity field with
.components uj,u2,us, the functlon p(z,t) is the scalar field of the dynamic
pressure, p(z,t) is the dynamycal density and p,,g, N are positive constants.
The equations (1.1) are deduced in [3] under the assumption that the function
of stationary distribution of density is performed by the function p,e~~%3,

The system (1.1) was studied from different angles, some of the results may
be found in [10], [12], 18], [9], [11], [7]. Particularly, the smoothness of the
solution of stratified system for the case of the intrusion was studied in [18].
The isolated case of uniqueness of solutions for stratified fluid in a class of
increasing functions was considered in [9). The case of essential spectrum for
ideal (non-compressible) fluid was considered in [10], [12]. The general smooth-
ness of solutions was considered in [11]. The essential spectrum for rotational
(non-stratified) ideal and compressible flows was considered in [17], and mathe-
matical properties for different problems concerning rotational fluids were con-
sidered in [20] and [16).

Without loss of generality, we may assume ¢ =1 and p. =1 in (1.1), which
can be achieved by introducing new unknown functions and renaming them as
follows:

U= p.u, pi=gp.

Thus, we obtain the system

G+ =0
Gar 2o

. a7";’L+p+(,,—3;";=0 . (1.2)
%‘E—N"’u;;:O

| FHE a2+ =0
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SPECTRAL PROPERTIES OF COMPRESSIBLE STRATIFIED FLOWS 335

Let us observe certain mathematical similarity of the incompressible case of the
system (1.2) and the system which describes rotational motions of ideal fluid
over the vertical axis (J = (0,0,w)):

23 o d -

%%+wxv+Vp = 0
duy . Ouz , Ov; —_ N
o tIto, = 0

Particularly, we would like to compare the scalar form of the two systems

9 (0% 0 0% , (0% 8%

(s ras) v (ara) - o
i N I AL
o2 \ 02 0xi ' 912 t ozt 7

and their corresponding singular solutions ([12]):

Nt|zs]
[Edl

/ Jo (a) da

(et) = 5 |-‘B3|

. AT
E(z,t) = W -0/‘ Jo (@) da .

This mathematical analogy between gravitational and rotational waves, may
lead to the corresponding analogy in spectral propertics.

In [17] we proved that the essential spectrum of normal vibrations generated
by rotational inner waves for compressible fluids, is the interval of the real axis
[~w,w] for bounded domains, and it was the whole axis R! for the case 2 = R3.
Thus, it seems appropriate to express the conjecture that the operators gene-
rated by (1.2) should possess spectral properties, analogous to the rotational
system. Here we prove that this conjecture is true.

2. Spectral problem formulation

Let © be a bounded domain in R® and let us consider the boundary condition
U - T|sq = 0 for the system (1.2). We consider the following problem of
normal vibrations

U (z,t) = V(z)e ™™
p(z,t) = Nug(z)e ™ (2.1)
p(z,t) = ws(z)e ™ ,AeC.
We denote v = (v, vz, v3, V4, Us) and write the system (1.2) in the matrix form
Ly =0, (2.2)
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where
L=M-\
and
{0 0o 0 0 &)
0 0 0 0 &
M = 0 0 0 N Z
T3
0 0 -N 0 O
a3

a 9 0 0
9z1 Bz Jz3

Now, let us define the main symbol L° () of the operator L. According to [8],
[1], we can choose the numbers s; =¢; =0 for,j=.1,2,3,4and s =t5 =1,
such that the elements /;; in the matrix L will have the differential order not
greater than s; 4+ ;. In this way, the main symbol takes the following form:

-2 0 0 0 &

0 =) 0 0 &
L&) = 0 0 - N & |,

0 0 -N =X 0

& & & 0 0

and thus
detL® (€) = A (A2 [¢f” + N7 [¢'7), (2.3)

where [¢')° = €7 + €2.
We can sce that if A ¢ [—iN,iN}, then for every £ # 0 we have detL? (§) # 0
and, consequently, the operator L is elliptic in sense of Douglis-Nirenberg.
Our aim is to investigate the spectrum of the operator M. Let us define the
domain of the operator M as follows:
_ 7€L2(Q)|3f€L2(Q)
pun=1{ (0 oo e va o)

where (-,-) is an inner product in Ly (2) and W3 (2) is a Sobolev space with
the norm

~

} x W (Q) x W (@),

1

Wz = | [ (V57 + 7)o

Y]

First, we will show that M is skew-selfadjoint and thus its spectrum will belong
to the imaginary axis. Then, we will find its structure and localization either
for bounded domains Q C R3, or for the whole space R3.

From the physical point of view, the separation of variables (2.1) serves as
a tool to establish the possibility to represent every non-stationary process
described by (1.2) as a linear superposition of the normal vibrations. The
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knowledge of the spectrum of normal vibrations may be very useful for studying
the stability of the flows. Also, the spectrum of operator M is important in
the investigation of weakly non-linear flows, since the bifurcation points where
the small non-linear solutions arise, belong to the spectrum of linear normal
vibrations, i.e., to the spectrum of operator M.

3. Spectral problem solution for compressible fluid
Lemma 3.0.1. The operator M is skew-selfadjoint.

Proof. We observe first that, for compressible fluid, the Lemma cannot be
proved by using the projection of L, (£2) onto the space of the solenoidal fields,
as it was done in [10], [12]. Here we will use directly the definition of an adjoint
operator.

Since M can be represented as M = My + B, where B is an anti-symmetric
bounded operator

00 0 00
00 0 00
B=|loo o N 0],
00 -N 00
\0 0 0 00

then it is sufficient to verify the skew-selfadjointness for the operator My with
the domain D (M) = D (M).
Let u,7 € D (My). Integrating by parts, we obtain

(Mo, D) = (Vus, V) + (div®,vs) = —(div?,us) — (¥, Vus) = — (&%, Mov).
Now, we shall prove the equality

D (Mg) = D (My).
First, we verify that D (Mg§) C D (M). Since the operator Mp is not acting
on the fourth component of the vector 4, then, without loss of generality, we
may consider us =v4 = f4 =0. _

Let v € D (M). It means that v € L (2) and that there exists f € Ly ()
such that
(Mo, 7) = (af) for all & € D (M) :
(Mo, ) = (Vus, @) + (div ¥, vs) = (T, F ) + (us, fi).

Let % = (0,0,0,0, us), us € Wy (Q). For such & we have

(VU5, ‘U) = (u5, f5) .

Now, take i = (u1,uz,u3,0,0). For such u we obtain

(dive,vs) = (T;,?) .
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338 ANDREI GINIATOULLINE & CESAR HERNANDEZ

It follows from the last relation that vs has a weak gradient from L, (Q) and
vs € W} (Q). Finally, D(Mg) C D(Mg). The reciprocal inclusion can be
proved analogously and thus the lemma is proved. o

We recall that the essential spectrum is composed of the points belonging to
the continuous spectrum, limit points of the point spectrum and the eigenvalues
of infinite multiplicity ([14], [19]). We shall use the following criterion which is
attributed to Weyl ([14], [19]) : a necessary and sufficient condition that a real
finite value u be a point of the essential spectrum of a self-adjoint operator 4
is that there exist a sequence of elements z, € D (A) such that

leall =1, @0, [(4=pDanl—0. (3.1)

Theorem 3.1. The essential spectrum of the operator M is the interval of the
imaginary azis (—iN,iN].

Proof. From Lemma 3.1 we know that the spectrum of the operator M belongs
to the imaginary axis. Taking into account (2.3), we consider Ag € (—iN,iN)\
{0} and choose a vector £ # 0 such that

M€ + 11 (A8 + V%) =o.
Therefore, there exists the vector n = (71, 72,73, 74, 7s) such that L°(¢)np=0:

=dom+&ms = 0
—Xom +&ms = 0
Ao+ Nny+&ns = 0 . (3.2)
~Nmnz—=Aoms = 0
Gm+&m+iams = 0
Solving (3.2) with respect to 1, we obtain one of possible solutions:

r
m = §';
m o= £

T m = jgf‘—:ﬁr
m = F;%
s = 1

We observe that n; #0,1=1,2,3,4,5.
Now, let C§°(£2) be a space of smooth functions with compact support in
and let us choose a function

wi@) €@, [ Ri@dz=1.
lzl<1
We fix g € 2 and define
'll)k(.’l:)‘:k%’d)o(k(l‘—zu)), E=1,2..
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One can easily see that, starting from certain k,

Oy

¥k — 1.
e Clk,

L2(92)

= 22
Cik7,
La2(?)

2
J

8%y,
”’d’k”r,,(n) =1, ‘ ’ -

where the constants C} # 0 do not depend on k.
We define the Weyl sequence

a* = (uf,uf, u§, uf, ¢%)
as follows:

u; (z) = njeika(z.ﬂ (wk + TS!E_, %“;—:) ,i=1,2,3

k = ik (z,£)
ub(z) = e .

4(z) 774' | :/)A (3.3)
F@) = - bt 0

(x,8) = z& +z282+ 7383 =12,

Now we have to show that the sequence (3.3) actually satisfies all the conditions
(3.1).

For the functions (3.3), the weak convegrence to zcro follows from the weak
convergence to zero of the functions e™*’(*:€) and the estimates ||1x|| La@) = b

61’,‘ Lg(n) )
The condition [|z,|| = 1, actually, is equivalent to the condition that the

norms of the Weyl sequence are separated from zero, and, it is sufficient to
prove that at least the norms of one of the coordinates of the field u* are
separated from zero. Let us consider the first coordinate

i OYy

’ll.f (:IJ) = ﬂleik:’ (z'e}i,l{/'k + nleik:,(z.s)-l;;g—la—l‘l (34)

For the second term in the sum (3.4) we have

I

oy

Im|

e ¢ O]l _
7| = lim—
Ly k—ook lfll

ne K3€, Oz

lim =
k—o0 La

However, for the first term we obtain
ik3(z
"The o '6)¢k”L = | l¢ell, = Iml| # 0.
2
Now, it remains to verify that ||(M — XoI) || £, — 0 Let us denote

¥ = (M = xol) T~
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For the first component fff we have

. 9
[ W L o
9z,

M < 1) ek (7.6) _a_T‘bi

- [ k(28 _ L
(=Adom +&1)e Yk 3 ( & P

i (dom i#? (z.6) Wk
k3 \ & +1) Oz,

since —Aom + €1 = 0, wlnch follows from the first equation of (3.2). Thus, we
have

)

Const awk
k haihdhiead —
”fl ”Lg(ﬂ) = k3 651;1 La(9) k—o0 0.
Analogously,
. dq*
k= _puf e 2 =
f2 oty + 61‘2
= — ‘Ikabv't‘f) i .i._ }-07}2 1k3(z,f)% ——
(—Aom2 +&2) e Yk =13 ( & +1 9z,
@ ()\07)2 )eik:’(z,f)%’
52 6:52
and
Const || 0y
1720 Ly < K 022 ||y kTome O

In a similar way we have

aq*

dz3
0 3 - A
= (=Xoms + Nny + &) e =8y, I% ( oM 1) .

€3
_ (M + 1) ot (z.) Tk

f& = —Xou§ + Nuf + 2

ik (z.6) Ok
dzs

k3\ & O3’
and thus '
. Const || O
k —
(1£3 ”Lg{ﬂ} = 2 || 8zs Lo 20
For the fourth component we have the expression
ff = —Nuf-Jog* =

: Nf}g 3 ag!J;L
- (- N ik (z,€) i otk (z.6) _
(=Aons — Nms)e Yk~ 73 & ey
t N3 exks(z £y Z ¥k O

K& Oz3’
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which is followed by the estimate

Const || Oy
k — —
”f4 ”L,(Q) =3 Oz @) kjoo 0.
To evaluate f¥, we use the last equation of (3.2)
Eim +ame + &3 =0
which leads to
—
ff'f = divu* - /\oqk =
itz inj Yy
e VR Apty 4+ ) = —=
k3 i=1 EJ' (')Ij
Finally, we obtain the estimate
Ci G
/5 ”L,(n} St T 0. (3.5)

We have verified that for A € (—=iN,iN) \ {0} the functions defined by (3.3)
actually represent a Weyl sequence. Since the essential spectrum is a closed
set, the points A =0, A = £i{N, belong to it.

It was proved in {13] that the essential spectrum of the operator M is equal
to QU S, where

Q = {) € C: (M — Al is not elliptic in sense of Douglis-Nirenherg}

and
= A € C\ @: the boundary conditions of the operator (M — AI) 1
- do not satisfy Lopatinsky conditions )

We have seen that for A ¢ [~iN,iN] the system M — Al is elliptic in sense
of Douglis-Nirenberg Let us prove that, for this case, the boundary condition
| an = 0 satisfy Lopatinsky conditions.
Here we remind that the Lopatinsky conditions (see [13]) consist of the linear
independence of the rows of the matrix

G (:c,g,'r) L (E, 'r)
with respect to the module M+ (E, 'r), for ‘Z’ # 0.

Here z = (2‘1,1:2, 13) (flv E?v 63) g (61152) LO (5) is the matrix of the
algebraic complements of the main symbol matrix L° (¢), G (z,§) is the symbol

of the matrix G (z, D) which defines the boundary conditions, M+ (E ‘7-)
11 (T —Tj (’-)), Tj (E) are the roots of the equation det L ({. ) = ( with

positive imaginary part.
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Since A ¢ [—iN,iN], then we can introduce the parameter a # 0 as

2 _ (M +N?
YETe )

so that the equation det L (§) = 0 takes the form
¢ +€ =o0. (3.6)
In the upper half of the complex plane, the equation has only one root
T =1ialf'|.

Let us choose a local system of coordinates so that &; =1, £& = 0.
Then, we have

Mt (g,'r) =7 —1ia,

-A 0 0 01
0 -A 0 0 0
Lo7) = 0 0 -2 N 7 ,
0 0 ~-N -2 0
1 0 7 0 0
—a?r? 0 A2r —ANT A(A% 4+ N7y
—~ 0 -22(1+7%) -N? @ 0 0
LO(T) = - A2y 0 -7 AN A%r
ANT 0 —NXx =2%(1+73) AN
A (A% 4 N?) 0 A1 ~A2Nr A2 (A% + N2

If we write the boundary conditions in form
G (,p)lag =0
we obtain immediately that
G = (n1,n9,n3,0,0) .
and G is a vector row. Since ZB(T) is a matrix whose size is 5 x 5, then GL(7)

is a row with five components. In other terms, the Lopatinsky condition is
satisfied, which completes the proof.

Now, let us consider the system (2.2) in 2 = R3. For the normal vibrations
problem we have the system
(M*-XDu=0,
where the matrix M™* is the same matrix M, and the domain of M* is defined
as

-2 3 3\ .
o= S IBL By b <vaie

Theorem 3.2. The essential spectrum of the operator M* is the whole imag-
inary axis. Moreover, the points A such that A ¢ [—iN,iN], belong to the
continuous spectrum of the operator M*.
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Proof. Let A € [—iN,iN]. We note first that, due to the inclusion theorem
W$ (R3) — C (R?), for all ¢ € W (R®) we have the property: llllilrgogo (x) = 0.

Thus, for every 1, @2 € W2 (Rs) the integration by parts is valid:

dyy /'E)r.pz

L podr = — | =20, dx.

dx; p20z dz; PAEE
Ra

Therefore, by Lemma 3.1 we obtain the skew-selfadjointness for the operator
M*, and, using the same Weyl sequence as in Theorem 3.1, we have that
A € [-iN,iN] belongs to the essential spectrum.

It is easy to see that the system (2.2) is equivalent to the scalar equation

8%y O%u A2 %,

2 Tzt e NegE A

0r?  Oz; A2+ N?0zj
Now, let us consider A € (—ioo, —iN) U (iN,i00). In this case, the equation

(3.7) is elliptic. Thus, changing the scale in z3, we can perform the equation
(3.7) as

R3

=0, (3.7)

Au—Nu=0. '

3
From [7], [22] we have that the continuous spectrum of the Laplace operator
acting in W7 (R®), is composed if the points A% € (—0,0]. Thus, the points
X € (—io0,ic0) form the continuous spectrum of the differential operator in
(3.7) when it is equivalent to the Laplace operator, in other terms, when A €
(=00, —iN)U (iNV,i00). Finally, we have that the points A € [-iN,iN] belong
to the essential spectrum of M*, and the points A € (—ioo, —iN) U (ilV,i00)
belong to the continuous spectrum of M*, and thus the Theorem is proved.

Acknowledgement. The authors express their gratitude and acknowledge-
ment to Fondo de Investigaciones de la Facultad de Ciencias de la Universidad
de los Andes.

References

{1} Acmon, S., DougLis, A., AND NIRENBERG, L. Estimates near the boundary for solutions
of elliptic differential equations. Comm. Pure and Appl. Mathematics 17 (1964), 35-92.

[2] Bocovski, M. Decomposition of l2. Dokl. Akad. Nauk. 286 (1986), 781-786. (in Rus-

sian).

BREKHOVSKIH, A., AND GONCHAROV, V. Introduction to the mechanics of continuous

media. Nauka, Moscow, 1982. (in Russian).

CALDERON, A., AND ZYGMUND, A. On singular integrals. Amer.J.Math. 78 (1956), 289

309.

[5] Copson, E. T. Asymptotic Expansions. CUP, Cambridge, 2004.

[6] GaBov, S., AND SVEsHNIKOV, A. Dynamic problems for the stratified fluids. Nauka,
Moscow, 1986. (in Russian).

[7] GINIATOULLIN, A. An introduction to spectral theory. R. T. Edwards, Philadelphia, 2005.

[8] GINIATOULLINE, A. Sobre los sistemas elipticos en el sentido de Petrovski y en el sentido
de Douglis-Nirenberg. Lect. Mat. 17 (1996), 37-47.

(3

=

{4

Revista Colombiana de Matem4ticas

s



344

0

10]

(11]

(12)
(13]

(14]
(15}

(16]
(17
(18)

[19]
20]

21)

(22]

ANDREI GINIATOULLINE & CESAR HERNANDEZ

GINIATOULLINE, A. On the uniqueness of solutions in the class of increasing functions for
a system describing the dynamics of a viscous weakly stratified fluid in three dimensional
space. Rev. Colombiana Mat. 31 (1997), 71-76.

GINIATOULLINE, A. On the essential spectrum of the operators generated by PDE systems
of stratified fluids. Internat. J. Computer Research 12 (2003), 63-72.

GINIATOULLINE, A. Essential spectrum of the operators generated by PDE systems of
stratified fluids and Ip-estimates for the solutions. Intern. J. Comput. Science and Appl.
2 (2005), 38-56.

GINIATOULLINE, A., AND RINCON, C. On the spectrum of normal vibrations for stratified
fluids. Computational Fluid Dynamics J. 13 (2004), 273-281.

GruBs, G., AND GEYMONAT, G. The essential spectrum of elliptic systems of mixed
order. Math. Ann. 227 (1977), 247-276.

KATO, T. Perturbation theory for linear operators. Springer, Berlin, 1966.
KOLMOGOROV, A., AND FOMIN, S. Eléments de la théorie des fonctions et de l'analise
fonctionelle. MIR, Moscu, 1977.

MASLENNIKOVA, V. About asymptotic decay of the solutions of Sobolev viscous system.
Mat. Sbornik 134 (1973), 49-60.

MASLENNIKOVA, V., AND GINIATOULLINE, A. Spectral properties of operators for systems
of hydrodynamics. Siberian Math. J. 29 (1988}, 812-824.

MASLENNIKOVA, V., AND GINIATOULLINE, A. On the intrusion problem in a viscous
stratified fluid for three space variables. Math. Notes 51 (1992), 374-379.

RiEsz, F., AND B.Sz.-NAG. Functional Analysis. Fr.Ungar, N.Y., 1972.

SOBOLEV, S. On a new problem of mathematical physics. Izv. Akad. Nauk. Ser. Mat.
18 (1954), 7-50. (in Russian).

SZEKERS-ZENKOVIC, S. Construction of the fundamental solution for the operator of
inner waves. Dokl. Akad. Nauk. 246 (1979), 286-288. (in Russian).

TALENTI, G. Spectrum of the laplace operator acting in I, (r™). Symposia Mathematica,
Istituto Nazionale di Alta Matematica 7 (1971).

(Recibido en octubre de 2006. Aceptado en septiembre de 2007)

DEPARTAMENTO DE MATEMATICAS
UNIVERSIDAD DE LOS ANDES

CRA. 1 EsTE No. 18A-10
BocoTA, COLOMBIA

e-matil: aginiatoQuniandes.edu.co

DEPARTAMENTO DE MATEMATICAS
UNIVERSIDAD DE LOS ANDES

Cra. 1 EsTE No. 18A-10
BoGcoTA, COLOMBIA

e-mail: cesa-herCuniandes.edu.co

Volumen 41, Nimero 2, Afio 2007



	Spectral properties of compressible stratified flows

	Andrei Giniatoulline1, César Hernández1 Universidad de los Andes, Bogotá, Colombia

	(1.1)


	£{x't) = î^\ I J^da'

	£{X’t] = 4ïkw\ J Jo^da- 0

	(Vu5, ~v) = (u5,f5).

	Afe2 + n2 (Ag + Af2)=0.

	t/>o(x) e C£°(ft), J ipl (x) dx = 1.

	rnetk3{x’°xpk =\m\ \\i>k\\L2 = \m\ ^ 0.



	IWIU, *Const

	dx:.

	a2in2+e32=o.


	d <"*> - {(1, v5iV, K ^ wife}x *? (fi3)* w ■

	/tH* = -/&



