
R evista  Colom biana de M atem áticas
Volumen 42(2008)1, páginas 73-84

A family of Kummer covers over the 
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Una familia de cubrimientos de Kummer sobre el campo de 
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A b s t r a c t .  We construct a family of Kummer covers o v e r  the Hermitian Func­
tion Field by using a class of polynomials T2 ( X , Y)  wich arises as a  generalization 
of certain simmetryc polynomials S2(AT). The number of rational places of such 
covers is often rather close to the best value listed in [6].
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R e su m e n . Construimos una familia de cubrimientos Kummer sobre el cuerpo 
de las funciones Hermitianas usando una clase de polinomios T2 (X,  Y)  que surge 
como una generalización de cierto tipo de polinomios S2(X ). E l número de lu­
gares racionales de tales cubrimientos es cercano al mejor valor que se encuentra 
en [6].

Palabras y frases clave. Campos finitos, campos de funciones algebraicas, lugares 
racionales, campos de funciones hermitianas, extensiones de Kummer.

1. Introduction

Let F9 be the finite field with q = pn elements and let C be an affine plane 
algebraic curve over the finite field ¥ q. We will denote by C (F9) the set of 
Fg-rational points of C and by g(C) its genus.

For many years the question on how many rational points a curve of genus 
g over a finite field with q elements can have, has attracted the attention of 
mathematicians. In 1940 A. Weil proved the Riemann hypothesis for curves 
over finite fields. As an immediate corollary he obtained an upper bound for
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the number of rational points on a geometrically irreducible nonsingular curve 
C of genus g over a finite field of cardinality q, namely

(Fg) < q +  1 + 2gy/q.

This bound was proved for elliptic curves (i.e., g =  1) by H. Hasse in 1933
[4]. However, the question of finding the maximum number Nq(g) of rational 
points on an irreducible nonsingular curve of genus g over a finite field Fq 
did not attract the attention of the mathematicians until Goppa introduced 
geometric codes in 1980. (See [3]).

The construction of curves with many points over F9m is often performed 
using special polynomials cr(X) € F9[X]. The goal of this paper is to consider a 
special class of polynomials Tm(X, y ), obtained as sums of products of certain 
symmetric polynomials smj( X )  defined in [1] to construct a family of Kummer 
covers over the Hermitian Function Field (Hermitian curve). These new covers 
has many places of degree one. In this way we provides explicit equations of 
curves over the field Fq2 which reach in many cases the best value listed in [6].

2. T h e  p o ly n o m ia ls  T m ( X ,Y )

In this section we give some properties of a certain class of polynomials rm(X, Y ) 
which was introduced in [2]. These polynomials arise as product of symmetric 
polynomial sm(X ) where sm(X ) = sm X q, . . .  , X qm ^  is the m-th sym­
metric elementary polynomial.

D efinition 2.1. For integers m  > 1 and j  =  1 , . . . ,  m  we define a polynomial 
sm,j(X )  € F9[X] as follows

where Sj (X \ , . . . ,  Xm) is the j-th  elementary symmetric polynomial in m  varia­
bles over Fq. We agree to define Smto(X) := 1 and smj( X )  := 0 for j  > m  
and for j  < 0.

Observe that according to with 2.1:
»-I

, m  — 2
sm,i(X) =  X  + X q + . . .  + Xo 
sm,2{X) = X '+v + X 1-^2 + ...+ X < im~ '+ f

8m,m(X) = X1+q+- +qTn~1
smj ( X ) =  0, for j  > m  

and deg (smjj ( X )) =  qm~l +  qm~2 +  . . .  -1- qm~i for 1 < j  < m.
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D efinition 2.2. For integers m >  1 and j  =  1,. . .  , m we define a polynomial 
am J(X ,Y ) e ¥ q[X,Y] as

<jm,j(X ,Y )  := sm<m(Y)smJ (J p j .

In this case we have

O-m.Opi’.y )  =  Sm,m(Y)Srn,0 ( y \  = y 1+«+ -+1m"'

Y) =  sm,m(Y)sm,! ( y )  =  X Y * m~'+ - +'> +  . . .  +  x « ” - V ”' a+- +l

<Tm,m(x,r) =  sm,m( r ) s m,ra =  x h -h-..+,— .

Observe that the polynomials sm,j(X) can be obtained from the amj(X ,  Y )  for 
appropriate values of X  or Y , more precisely we have smj(X )  =  amj(X ,  1).

D efinition 2.3. Given a sequence (ci, c2, . . . ,  Cm) of elements in ¥q, we define 
a sequence of polynomials T(CltCat.„tCm)(X ,Y )  € Fg[X, Y] by

m
^(ci,c2,...,cm)(X, Y ) — y  ' cjO’mtm—i(X ,Y ) for all m  > 1,

¿=0

where the polynomials amtrn-i(X , Y) are defined as in 2.2.

According with 2.3 we have:

r (c0,ci ){X ,Y ) = cqX  + c{Y 
nco,cuc2)(X, Y ) = coXq+1 + clX Y q +  ClX ^ r  + c2Y q+1 

nco.c i.e irtiX 'Y ) = coXq2+q+1 +  c i X ^ Y  +  a X f+ 'Y *  +

c2X q2Y q+1 + c2X qY q2+1 +  c2X Y q2+q +  c3Y q2+q+1

R em ark  2.1. First, observe that if the equality a  = Cm-i holds then we have
T ( c o ..........Cm) ( I ,y )  =  T(Cmv.MCo)(Y,X), on the other hand by taking the sequence
(1 ,-1 ,1 ,.. .)  with alternating 1 and - 1  and denoting by M(m) =  1 +  q +  
. . .  +  qm~l the exponent of the norm for the extension F9m over Fg, we have
r(i,-1,1,...)(*, 50 =  ( * - n M(m)-
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Theorem  2.1. f{2] Th 2.1). For all sequence (cq, . . .  ,cm) in Fg we have the 
following equality:

n c ....cm)(x,Y)« -  r (co.....Cm)(x,Y)  =  (X^ -  x ) nce_ Cm_t)(x ,Yy
+  ( ¥ ’> " - y ) t(c_ , .....

To see some properties of the polynomials 'T(c0,...,cm) P ^  Y) we refer to [2].

3. A  K u m m er cover over the herm itian function field

In this section we use the polynomials T(c0)...,cm) defined above to construct a 
family of function fields with many places of degree one over Fg2.

We define the function field F  =  F?2 (x ,y ,z)  over Fq2, where q is a prime 
power, by the equations

lyq + y = x q+1
zr = u (x ,y ) r | g + l ,

where u (X ,Y )  G Fg[X, Y] is the polynomial T(COiCl)C2)(X, Y) ±  c with c G F9 
and T{c0yCuC2)(X ,Y )  is defined as (2.3) associated to an appropriate sequence 
(00, 01, 02) of elements C{ G Fq, i.e., T(C0)Cl)C2)(X, Y ) = coXqJrl + c \X qY  +  
ciX Y* + c2Y<i+1.

This is a Kummer extension of degree r  of the Hermitian function field

H  =  Fga (x, y) with yq +  y = x q+1.

We compute the genus of F /F q2 by using the genus formula for Kummer ex­
tensions ([5, Prop. III.7.3]):

g(F) = 1 +  r(g(H) -  1) +  i  ^  (r ~ rp) des(p )> C1)
PGP(H)

where rp = gcd(up(u),r) for a place P  in H  with discrete valuation up in H. 
By considering the ramification of the places of degree one of H  in F  we then 
determine the number of places of degree one in F /F 92. In order to use the 
genus formula (1) for computing the genus of the Kummer extension F  of H  
we have to determinate the divisor of u in H.

Let us first recall some properties of the Hermitian function field ([5, p. 
203]).

The genus of H  is g =  ^ , the number N  =  N(H ) of places of degree 
one is N  =  q3 + 1, namely

(1) the common pole P00 of x  and y and,

(2) for each rational point (a, b) G Fg2 x ¥ q2 with bq +  b =  aq+1 there 
is a unique place Pa,b of degree one in H  such that x(Pa,b) =  a and
y { P a,b) =  b.
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The pole divisors of x  and y in H /Fq2 are

(s)oo = qPoo and {y)oo =  {q + 1 ) Poo- (2)

4. A  particular case

In this section we construct a particular Kummer cover over the hermitian 
function field. We compute the genus and the number of rational places to 
illustrate the technique we used to obtain these values.

We consider the function field F  = F92(x, y, z) over F92 with

y q +  V =  x q+l
zr = u(x,y),

where u(x,y) =  T(C0)Cl)C2)(X, Y) — 1 and T(C0)C1)C2)(X, Y) is associated to the 
sequence (1,1,0) of Fg, i.e. u(x , y) = x9+1 + x qy 4- xyq — 1 and r | q + 1. Now 
we want to compute the genus g =  g(F) and the number N(F) of places of 
degree one of F/¥q2.

4.1. T he divisor of u. By (2) we get for the pole divisor of u = x qJrl + x qy + 
xyq — 1

{u)oo =  {q2 +  2q) Poo- 
To compute the zero divisor of u in H  is much harder work. Let us first 

consider the constant field extension H = H K  where K  is the algebraic closure 
of F92. Let P  =  Pajb with a,b E K  and bq + b = aq+1 be a place of H /K  . If 
P  is a zero of u then

bq + b = aq+1 (3)
and

aq+1 + aqb + abq -  1 = 0. (4)

Lem m a 4.1.1. A place P  = Pa,b with a,b € K  and bq + b = aq+1 is a zero of 
u in H  = H K  if and only if either

i) aq~l =  1 and a3 + a2 — 1 =  0 or,
aq+2 . .j<7+1 _  i

ii) a9-1 7̂ 1 and b ---------------------- .a — ai
Proof Suppose that P  =  Pa,b is a zero of u and aq~l = 1, t hen from (3) and (4) 
follows that bq = a2- b  and a2 +  ab + abq =  1, therefore a2 + ab-f a (a2 -  b) = 1  
and a3 + a2 — 1 =  0. Conversely suppose that a,b G K  with aq~1 =  1, 
a3 +  a2 — 1 =  0 and bq + b = aq+1. Then we have

aq+1 +  aqb +  abq -  1 =  a2 +  ab + abq -  1
= a2 + a (b + bq) — 1

= a3 +  a2 -  1

which means that Pa j  is a zero of u.
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Now we consider the case aq~l ^  1. If Pa,b is a zero of u, then (3) and (4) 
implies bq = aq+1 — b and aq+1 + aqb -f a (a9*1 — b) =  1, therefore b (aq — a) =
1 -  aq+1 -  aq+2.

__ a g+2 +  a <7+i _  1
Conversely, let a,b € K  with aq~l ^  1, b = --------------------  and bq + b =a — a9

aq+1. Then aq+1 + aqb =  1 — aq+2 +  ab which implies that

a9+1 4- aqb + abq — 1 =  1 — aq+1 + ab + abq — 1
=  — aq+2 4- ab + a (aq+1 — b)
=  0

and therefore Pa,b is a zero of u in H /K  (Zi

Lemma 4.1.2 . Let a,b € K  with bq + b = aq+1. I f  Pa^ is a zero of u in H, 
then

i) / / a 9-1 =  1, then a,b 6 Fg2.
ii) I f a11-1 7̂  1, then a,b € F92 \  F9 or a3 +  a2 — 1 =  0.

Proof. If Pa>i is a zero of u in if, then from (4) follows that a2 +  ab + abq = 1 
and obviously a, b, € F92.

a9+2 _|_ ^9+! — 1
If a9-1 ^  1, from Lemma 4.1.1, b = -------------------- , therefore from (3), we

r  a - a q w
have the following equation

aq2+2q + aq2+q -  1 aq+2 + aq+1 -  1
—  „<7+1 ̂ -f--------------------- — a

aq — a9 a — aq

which implies ^aq2 — â j (a3 + a2 — l ) 9 =  0, therefore the result follows. [?i

In accordance with the previous result we should analyze the behavior of the 
polynomial f (x )  = x3+ x2 — 1, but before this, we will analyze the multiplicities 
of the zeros Pa,b of u.

Lemma 4 .1.3 . Let P  = Pa>b be a zero of u ; then t = y — b is a P-prime 
element, and 1'p(u) > 1 if and only if  b = — (a2 +  a).

Proof. Let St : H  — ► H  be the derivation of H/¥q2 with respect to t ([5, chap. 
dzIV]). Then 5t{z) =  — for z  € H, and from the P —adic power series expansion 
dt

of u with respect to t we have
du

vp{u) > 1  if and only if -y iP )  = 0. (5)dt
dv dx

From the equation yq +  y =  x9+1 follows — =  x q —- and since dy = dt we 
d 1 dt dt

have — =  — , therefore dt x q
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,dx , dx
=  xH-r- + x q + yH—dt

X^
=  1 + x q H-----.

y q

dt

Finally

du  (  b \ q
0 =  -¡¿(Pa,b) if and only if i 1 + o + -  J = 0 (6)

then the assertion follows [Zf

The following result shows the relationship among the polynomial f(x )  =  
x3 + x2 — 1 and the number of zeros of it, more precisely we have

Lem m a 4.1.4. The following properties hold
i) I f  f(x )  is separable and has all its roots in Fq, then u has q2 + 2q simple 

zeros of degree 1.
ii) I f  f(x )  has a multiple root in Fq, then u has q2 + q — 1 simple zeros of 

degree 1 and one zero of degree 1 and of multiplicity q +  1.
iii) I f  f(x )  has only one root in Fq> then u has q2 — 2 simple zeros of degree

1 and 2 multiple zeros of degree 1 and multiplicity q+  1.
iv) I f  f (x )  is irreducible over Fq, then u has q2 — q simple zeros of degree

1 and one zero of degree three and multiplicity q.

Proof.
i) Let us suppose that f(x )  =  (x — a)(x —f$)(x — 7 ) with a, ¡3 and 7  € F9.

If is a zero of u with a9-1 =  1 and a3 + a2 — 1 = 0 ,  then by 
(4.1.3) Pa,b is a multiple zero, if and only if ab =  —a3 -  a2 =  — 1 and 
therefore b =  —a~l and this implies that bq + b=  —2a-1 .

On the other hand, from (3) aq+1 =  —2o_1 if and only if a3 = —2 
this implies that a = —2 • 3- 1  and therefore p = 23 but f(x )  = (x + 
15)(x +  16)2 modulo 23 and therefore Pa,b cannot be a multiple zero.

If aq~x ^  1 then, by Lemma (4.1.3) Pa,b is a simple zero. Then we 
have q2 + 2q simple zeros of u if f (x )  is separable and has all their roots 
in Fq .

ii) Now suppose that f(x )  = (x — a)(x — (3)2 with a and /3 € Fq. This 
occur if and only if p =  23. In this case we have 2q — 1 simple zeros 
of u and one multiple zero, namely, the q zeros Pa,b corresponding to 
the pairs (a, b) with a =  a  and bq + b =  a 2, the q -  1 simple zeros 
Pa b corresponding to the pairs (a, b) with a = 0  and bq + b = fi2 with
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b 7̂  — fi2 — /3, and the corresponding to the pair (a, b) with a = fi and 
b =  —fi2 — fi which is a multiple zero of u.

If aq~l 7̂  1 then P0j6 is a simple zero of u since f ( x ) doesn’t have 
zeros outside of Fg and therefore we have q2 — q simple zeros.

Now since the degree of the zero divisor equals the degree of pole 
divisor of u , the multiple zero of u has multiplicity q +  1 .

iii) If f{x)  =  (x — a) (x 2 +  fix +  7 ) with x 2 +  fix +  7  irreducible over Fg, 
then we have q simple zeros corresponding to pairs (a, b) with a = a  
and bq + b = a 2.

1 —  1
If a9-1 ^  1 and b = -------------------- , then by (4.1.3) we have q2 —

q — 2 simple zeros and 2 multiple zeros of u, namely, the corresponding 
to the pairs (a, b) with a =

In order to prove that the multiplicity of these zeros is q -f 1, we 
compute the Pa,b—adic power series expansion of u wit respect to t = 
x — a.

Since y = b + a \t  +  a2t2 +  . . .  +  a q+\ tq+1 +  A with vp (\) > q +  1. 
Then, the equation x q+l = yq + y implies

tq+1 + atq +  aqt +  a9+1 =  bq + a xqtq +  a 2qt2q +  . . .  +  a q+1qtq2+q
+ A9 +  b +  o.\t +  ct2t2 +  . . .  +  +  A.

2
We have (*1 =  aq, a q = a — aq =  0, CKg+i =  1 and a* =  0 for i =

2, . . . ,  q — 1. This implies that u(x, y) = — (a2q+1 + aq+2 +  a9+1 +  l) +  
(2aq +  a) tq+1 +  u  where vpa b(u;) > q + 1 .

But — (a2q+1 +  aq+2 + aq+1 +  1 ) = —a (a2 + a)q +  (a9+2 +  l) =  
—abq +  abq + ab +  1 =  0 from 4.1.3 and 3, finally 2aq +  a ^  0 since 
a i  Fq.

iv) If f(x )  is irreducible over ¥ q, then the zeros of degree one of u i H
a<i+2 a9+1 _  i

are the q2 — q places Pa b with a G F„2 \  Fq and b =  ------- :------------- .’ a — aq
These zeros are simple since if b = —a2 — a, then f(a) = 0 which is a 
contradiction.

We denote these n =  q2 — q places by P i , . . . , P n. Then (u)0 =  
Pi +  . . .  +  Pn 4* A  where A  is positive divisor of degree 3q in H. In 
order to prove that A  is of the form A  =  qP with deg(P) =  3, we 
consider the constant field extension H  • Fqe/Fg6of H /¥ qi.

By lemma 4.1.3 the zero divisor of u in H-Fqe is of the form V 1 + .. .+  
Vn + rrnQi -\-m2Q2 + m 3Q3, where Qi, Q2, Q3 are the places Pa,b with 
a G Fq3, o3 +  a2 —1 =  0, b = —a2 —a and mi +7712 +  7723 =  3q. From ([5, 
III. 1.9]), conH.¥q6/H(A) =  m iQ i+ m 2Q2+m 3Q3, where conH.Fq6/H(A) 
is the conorm divisor of A  in the constant field extension H  ■ ¥ qe /H  of 
H / W q 2 .
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Now we show that A =  qP with deg(P) = 3. Assume that are 
two different zeros P, P' of u in H  with deg(P), deg(P') > 1. Then 
conH.Y b/h (P  +  P') < Qi + Q2 + Q3 wich is a contradiction since 
deg(conH.Fq6/H(P +  P')) > 4.

Hence A  =  m P  and therefore coriH.Fq6 / H{ P )  =  Q i  +  Q 2 +  Q 3 , 
deg(P) =  3 and m  — m i  =  m 2 =  m 3 =  q.

4.1.1. T he genus and th e  num ber of rational places of F /¥ q2. In order 
to determinate the genus of F/Wq2 we rewrite the formula (1) by using g(H ) =

, and we obtain

r (q2 -  q -  2) +  2 + ^  (r -  rp)deg(P)
PEP( H)

(7)

where rp = gcd(up(u),r).

T heorem  4.1.1.1. The genus g(F) of the function field F /¥ q2 satisfies:

( (r — l)(2ç — 1)

9(F) =
(2 r  — 1 )q2 — rq

+

(r -  1 )(q -  2)

(r -  1)(2 -  q) 
2

if f ( x ) is separable 
and has all their roots 
in ¥q.

if f(x )  has multiple
roots in ¥q.

if f ( x ) has only one
root in ¥q.

if f(x )  is irreducible

over ¥q,

where as in the Lemma 4-1-4 f { x ) = x 3 + x 2 — 1. 

Proof. It follows from Lemma (4.1.4) and formula (7). [ZÍ
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Theorem  4.1.1.2. The number N (F ) of rational places of the function field 
F/Fq2 satisfies:

r (q3 — q2 — 2q) 4- (g2 +  2q + l) if f(x )  is separable and
has all their roots in ¥ q. 

> r (q 2 — l) (q — 1) +  (q2 +  q) if f(x )  has multiple roots

N(F) = < in ¥q.
> r (g3 — q2) -f (g2 — l) if  f (x )  has only one

root in ¥ q.
r (q3 — Q2 +  q) +  (q2 — Q +  l) f ( x ) *s irreducible

over Fq,

where as in the Lemma 4-1.4 f{x) = x 3 + x 2 — 1.

Proof. Let P  be a place of degree one of H , then P  is either totally ramified 
with exactly one extension of degree one in F  or P  is unramified. The first 
case holds for the simple zeros of u and for the pole Pqq. The second case holds 
for the zeros P  with up(u) =  r, and for the places P  such that vp(u) =  0. 
Let us first consider the case of rational places P  =  Pa,b of the hermitian 
function field H  with up(u) = 0. If vp(u) =  0 then by ([2, Th. 2.1]), u(P) =  
aq+1 + aqb +' abq — 1 E F*. Therefore the polynomial T r — u(Pa,b) has r distinct 
roots in Fg2. Therefore there exist r extensions of degree one in F.

Now, consider the zeros with vpab(u) = r. In this case we consider the 
Pa,b—adic expansion of u with respect to t = x  — a.

Since y(Pa,b) =  then y = b + a it  + a 2t2 +  . . .  -t-c*g+i£9+1 -f A with vp (\) > 
q+ 1. On the other hand, the equation x q+1 =  yq + y implies

tq+1 +  atq +  aqt +  aq+1 =  bq + axqtq +  a 2qt2q + . . .  +  a q+1qtq*+q + Xq 
+  b +  &it +  a 2t2 +  . . .  +  +  A.

2
Therefore we have ai = aq, aq = a — aq =  0 , a g+i =  1 and £**-= 0  for i =

2, . . .  q — 1, this implies that u(x, y) = (2aq +  a)tq+1 +  u> where vpa b (a>) > q + 1.
Now, to determinate if a place of degree one in F  lies over P  we should to 

analyze the equation z r =  (2a9 +  a). Ei

R em ark  4.1.1. For q =  2 and r  =  3 we get g(F) =  7 and N (F) = 21 rational 
places, this value is the best value known. For q = 3 and we get g(F) = 24 
and N (F) =  91, this value is again the best value known, however we point 
out that the curve that appear in [6] for q2 = 9 and g = 24 was obtained by 
using methods that do not provide explicit equations of that curve.

5. Final com m ents

We concludes this work giving a table in which we consider all the possibilities 
to the polynomials T(Co C1)C2)(X, y )  for the particular case q = 3. We give the
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genus and th e  num ber o f  rational p laces o f  the function  field obtained . T h e  
colum n “E ntry” m akes reference to  th e  tab les in [6]. We point ou t th a t w e use  
Kash 3 p a ck a g e , to  com pute th is values.

E xten sion 9(F) N ( F ) E ntry

z 2 =  xA 4- x3y 4- xy3 — 1 10 49 54

z 2 — xA — x3y — xy3 4- 1 1 0 49 54

z 2 =  x2 4- x3y 4- xy3 4 -1 9 44 48
z 2 —xA — x3y — xy3 — 1 9 44 48

z 2 =  —x4 — x3y — xy3 — 1 9 44 48

z 2 =  - x A — x3y -  xy3 4- 1 10 49 54

z 2 =  —xA 4 - x3y +  xy3 — 1 9 44 48

z 2 =  —xA +  x3y 4- xy3 4- 1 10 49 54

E xten sion 9(F) N ( F ) E ntry

z A =  xA + x3y 4- xy3 — 1 24 91 91

z A =  xA — x3y — xy3 +  1 24 91 91

z A =  xA +  x3y +  xy3 4 -1 2 1 80 88
z A =  xA — x3y — xy3 — 1 2 1 80 8 8
24 =  —xA — x3y — xy3 — 1 2 1 80 88
z A =  —xA — x3y — xy3 4 -1 24 91 91

z 4 =  —xA 4- x3y 4- xy3 — 1 2 1 80 88
z A =  —xA 4- x3y 4- xy3 4 -1 24 91 91

E xten sion 9(F) N ( F ) E ntry

z 2 =  y A 4 - x3y 4 - xy3 — 1 9 48 48

z 2 =  yA — x3y — xy3 4 -1 9 48 48

z 2 =  y A +  x3y 4- xy3 4 -1 10 49 54

z 2 =  y A — x3y — xy3 — 1 10 49 54

z 2 =  —y 4 — x3y — xy3 — 1 10 49 54

z 2 =  —yA — x3y — xy 3 4 -1 9 48 48

z 2 =  —y 4 4- x3y 4- xy3 -  1 1 0 49 54

z 2 =  —yA 4- x3y 4- xy3 4- 1 9 48 48
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E xten sion 9(F) N ( F ) E ntry

— y4 + x3y +  xy3 — 1 2 1 80 88
¿ 4 =  y4 — x3y — xy3 4 - 1 24 91 91
24 =  y4 + x3y +  xy3 +  1 24 91 91
z4 =  y4 — x3y — xy3 — 1 2 1 80 8 8
z4 =  —y4 — x3y — xy3 — 1 24 91 91
¿4 =  —y4 — x3y — xy3 +  1 2 1 80 8 8
24 =  —y4 +  x3y +  xy3 — 1 24 91 91
2 4 =  —y4 4- x3y 4- xy3 4 -1 2 1 80 88
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