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Nontrivial solutions for a Robin 
problem with a nonlinear term 

asymptotically linear at — oo and 
superlinear at +00

Soluciones no triviales para un problema de Robin con un termino 
no lineai asintotico en —oo y superlineal en +00

U n iv e rs id a d  In d u str ia l de S an tan d e r, B ucaram an g a , C olom bia

A b s t r a c t .  In this paper we study the existence of solutions for a Robin prob
lem, with a nonlinear term with subcritical growth respect to a variable.
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R e s u m e n . En este artículo estudiamos la existencia de soluciones de un prob
lema de Robin, con término no lineal con crecimiento subcrítico respecto a una 
variable.

Palabras y frases clave. Problemas de Robin, soluciones débiles, espacios de 
Sobolev, funcionales, condición de Palais-Smale, puntos críticos.

In this paper, we study the existence of nontrivial solutions of the following 
problem with the real parameter a  /  0:

R a f a e l  A . C a s t r o  T . 1,a

1. Introduction

(P)
« € A ),
,u =  f (x ,u(x)) ,  in ÍÍ,

0 ,

a Supported by CAPES (Brazil) and DIF de Ciencias (UIS) -  Codigo CB001.
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102 RAFAEL A. CASTRO T.

Here A is the Laplace operator, f2 is a bounded domain in Rn(n > 2) simply 
connected and with smooth boundary d£l. The case a  =  0 was studied by 
Arcoya and Villegas in [1 ].

The function /  : x R —► R, satisfies the following conditions:
/o) The function f  is continuous.
/i) |/(rc,s)| < c(l 4- |s|ff), Vrr G and Vs € R, where the exponent a is 

a constant such that

fs) There exist so >  0 and 9 € (0, such that

0 < F(x , s) < 9sf(x,  s ) , Vx € Q, Vs > so >

. where F(x, s) =  f*  f (x , t )d t  is a primitive of /.

The boundary condition j \U +  ajou  =  0 involves the trace operators: 70 : 
i f 1 (ft) -> H ^ 2{dn) and 71 : H l ( Q , - A )  -+ i f ” 1/2(9fi), where H 1 ^ - A) =  
{ti G i/ 1 (i2) : — Au  G L2(f2)} with the norm

for each u G -A ), 7 1 U G H ~ 1 / 2(dCt) and 7 0u G i f 1/2(df2). Identifying
the element 70u with the functional JqU G H ~ 1 2̂(dfl) defined by

ficulties that arise by involving this type of boundary conditions are in the 
Condition of Palais -Smale.

To get the results of existence Theorems 4.2 and 4.1 we will use the following 
Theorem.

Theorem 2 .1  (Theorem of Silva, E. A.). Let X  =  X \  © X 2 be a real Ba- 
nach space, with dim(Xi) < + 00. If 3> G C ^ X jR ) satisfies the Palais-Smale 
condition and the following conditions:

1 < a  < if n >  3,
1 < <7 < 00 if n =  2 .

f 2) There exists A > 0 such that

lim [f ( x , s) — As] =  0, uniformly in x G f 2 .

the boundary condition makes sense in H  1 / 2(dQ). The mathematical dif-

2. Prelim inary results

I) * ( u ) < o ,  V u e X i .
II) There exists po > 0 such that $>(u) > 0, Vu G dBP0(0) fl X 2.
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 103

III) There exist e G X 2 — {0} and a constant M  such that 

$(u +  te) < M , Vv € X i  and Vi > 0.

Then $  has at least a critical point different from zero.

Proof. See [6, Lemma 1.13, p. 460].

We use the decomposition of as orthogonal sum of two subspaces
established in [3]. We denote the sequence of eigenvalues of the problem

f —Au =  /in, in Q, ,2 ^
I 71 u +  cryoti =  0, on dfl, ' ’

in the case a <  0 with where

,nf f n  |Vu|2 + a  f ^ p u f d s  <  Q

“1° Jo uug/z^n)

With X\  we denote the space associated to the first eigenvalue ¿¿1 , and with 
X 2 =  X i  the orthogonal complement of X \  respect to the inner product 
defined by

(u,v)k =  / Vu-Vv +  a  / (jou)(7ov)ds +  k / u v , u,t> G t f 1^ ) , (2.3) 
in  Jon Jn

where A; is a positive constant suitably selected in [3]. Then

H 1 { Q ) = X  i © X 2 , (2.4)

and

[  I V ^|2 +  a  [  (70 <p)2ds =  pi [  ip2 , V i p e X  1 . (2.5)
Jn Jdn Jn

In the case a  >  0, the constant k in (2.3) is positive and arbitrary. We denote 
with {/3j}^ :1 the eigenvalues of Problem (2.1), in particular, we have

inf f n \ V u f  +  a f  M *ds  > o  {

"1 ° J o uu € H 1 (n )

With Y\ we denote the space associated to ß\  and Y2 =  Y^- the orthogonal 
complement of Yi with respect to the inner product defined by the formula 
(2.3). Then

H 1 (Q) =  Y1 ®Y 2 , (2.7)

and

[  |V^|2 +  a  [  (70(p)2ds =  ßi [  cp2 , Vv? £ Y\ . . (2.8)
./an
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104 RAFAEL A. CASTRO T.

3. Condition o f Palais-Sm ale

Following Arcoya- Villegas [1], Figueiredo [4], and using theorems 3.1, 3.2 and 
3.3 of [3] we establish the conditions under which the functional

®(u) =  \  f  lV w |2 +  ?  f  (7ou)2d s -  [  F ( x , u ) ,  V u e H l ( n ) ,  
z Jn 1  Jon Jn

satisfies the Palais-Smale condition. We prove the cases a  >  0 and a < 0. The
condition of Palais-Smale (P.S) affirms: any sequence in such
that |i>(wn)| < c and lim^oo 4>'(tin) =  0 in H ~1 (i2), contains a convergent
subsequence in the norm of H '(ft). In virtue of the density of C°° (¿i) in
H ! (i2) and by the continuity of the operator 70 : H 1 {£l) —► L2(dQ), we have
the following lemma:
Lemma 3 .1 . Let us suppose f i c R "  bounded with boundary of class C 1 . If 
u € H l (il), u+ (x) =  max{u(x),0} and u~(x) =  max{—u(x), 0} then

x£il

[  7o {u+) 70 (u~) ds =  0. (3.1)
Jd n

Proof Let be a sequence in C°° (f2) such that un — > u in H '(ft) then
— > u+ and u~ — > u~ in //'(Q), see [2]. By the continuity of the operator

70 : H '(ft) —» L2\df2) we have 70 (u+) —► 70 (u+) and 70 (u~) — ► 70 (u~) in 
L2(dQ) then:

/ 7o (u+ ) 70 (w- ) ds =  lim / 70 (uj) 70 k )  ds 
Jon n~*°° Jan

— lim / u„u~ds 
n~*°° Jon'an

= 0 .
EÍ

From (3.1) we have:

[  (7ow) (70u+) d s =  [  (70w+)2 ds, (3.2)
Jan Jan

/ (70«) (7ow~) ds =  -  / (70u~)2 ds.  (3.3)
Jan Jan

Lemma 3.2 (Condition of Palais-Smale). If a  < 0 we suppose (/o), (/1), {f2)
and (/ij). In the case a  >  0, moreover, we also suppose the following conditions

51) The number A of condition (f2) is not an eigenvalue of the operator 
—A with boundary condition 71 u +  ajou  =  0.

52) The numbers a  and 6 of the conditions (/1 ) and (/s) are such that

<j Q < \  +  — if n > 3 and
2 n

<jQ < 1 if n =  2 .
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$ (w) =  ^ /  |Vu|2 +  ^  f  (70 u f d s -  f  F(x, u) , 
z  ̂ Von Jn

satisfies the condition of Palais-Smale (P.S.).

Proof Let be a sequence in H l (Q) such that

l$(wn)| =  |^ [  |Vun|2 + ^  [  (70U n f d s -  [  F(x,Un)
Iz Jn 1  Jon Jn

and Vu G H'ifl)

\ ($' {un) ,v ) \  =  \ V u n - V v  +  a  /  {'Y0Un)(y0v)ds  -  /  f ( x , u n)v  
\Jn Jon Jn

NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM

Then V u  G H 1(Q,) the functional

105

< C ,  (3.4)

< £nlM| , 
(3.5)

for some constant C >  0 and en —> 0+.
To show that {u„ } “ =1 has a convergent subsequence it is enough to prove 

that is bounded.

Case a < 0. We argue by contradiction. Let us consider a subsequence of 
{« „}“  j, which we denote in the same way, such that

lim |K|| =  + 00.n—*00

Let zn =  ]i^y- Then there exists a subsequence of {zn} which we denote in 
the same way, such that

_X Zo weakly in 20 e  i / 1 (ft)
Zn - * Zo in L 2 ( f t ) ,

l0Zn — ► I 0 Z0 in L2(dQ) ,
Zn(x ) - * Zo{x) a.e. X  G ft ,

zn(x)\ < q{x) a.e. X  G ft , q e L 2(Q).

Dividing the terms of (3.5) by ||un|| and taking the limit Vî; G i f 1 (ft) we obtain

lim j  ^ y 2~ T ~ v =  [  V z 0 -Vv- \ -a . [  (joz0){'y0v )ds . (3.7) 
n~*°°Jn llwn|| Jn Jon

From (3.7) with v =  1 in ft, we get

lim [  =  a  f  jozods < + 00. (3.8)
n^°°J n llwn|| Jen

We obtain the desired contradiction in three steps.
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First step. We shall prove

zQ(x) =  0 a.e. x e  Q,, and 7020(2) =  0 a.e. x € dQ.  (3.9) 

First we prove

z q ( x )  < 0 a.e. and yoZo(x) <  0 a.e. x € dVt. (3.10)

Let f2+ =  {x e  : z0(x) >  0} and |fi+ | be the measure of Lebesgue of f2+ . 
Choosing v =  Zq in (3.7) we obtain

lim [  Tp * z° =  [  l^ zo\2 + a f  ( l o zo ) 2 d s < c o .  (3.11) 
n-*'x>Jn+ Jq+ Jan

Using conditions (fs) and (/2), for x E we obtain

f (x,u„(x^ zo(x) ^  +  Ki)zo{x)  (3 .12)
II «nil

Indeed, condition (fa) implies the existence of a constant c > 0 such that

/(x, s) >  cs^- 1 , Vs>5o- (3.13)

Then we can choose s* > sq such that

f ( x , s ) > X s , Vs > s* . (3-14)

On the other hand, by ( f2), for e > 0 there is s' <  0 such that

|/(x, s) — As| < e , Vs < s' and Vx G fI, (3.15)

by the continuity of the function /  there exists a constant K \  such that

|/(x, s) -  As| < K \ , Vs e  (—oo, s*] and Vx G . (3.16) 

From (3.14) and (3.16) we get

f ( x , s ) > X s - K 1 Vs € R, VxgH. (3.17)

Now, using (3.17) with x € we have

f ( x , u n(x))z0(x) ^ (Aun(x) — K\)
-----------ii— ii--------------- ----------- ii— n--------- ^ l 1 )\\u n\\ llun||

> (Xzn(x) -  K 1 )z0(x)
> -(A q(x) +  K i ) z 0( x ) .

From (3.6) we have lim n-^ un(x) =  -f oo for a.e. x € and using (3.13) the 
superlinearity of /  in -f-oo we have for a. e. x €

lim -  lim f e ) z„(l)zo W  =  + 0 0 .
n —>+oo \\Un \\ n —>oo Un(x)
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 107

If |f2+ | > 0, by the Fatou’s Lemma, we get

f ( x , u n(x))
+00 Í  l im  f {x ,Un(x)) _

/  l i l ï ï n —>oo il h z q ( x )
Jn+ llwn||

f  f {x ,u n)
— i iS in —>oo I H i) z o {x )  )

Jil+ ll̂ nll
then

lim [
n—+4-00 J n .

f ( x , u n(x))
Z0{x) =  + 0 0 ,

ll^nl
in contradiction with (3.11). Hence |f2+ | = 0 and zo(x) < 0 a.e. x  € Q. If 
y € 5f2, then

70^0(2/) =  lim rrr:— \  [  z0(x)dx < 0.
r—>o |B(y,r)flfi)| J B (y,r)nn

See [5, p. 143]. Below we prove that

/  zo(x)dx =  0 =  /  'yoZo(s)ds. (3.18)
J  ft JdClidii

Let v =  \ u n in (3.5) and subtracting this identity from (3.4), we obtain

I -  F(x ,un) < f  IKII + C .

Dividing this inequality by ||un|| and passing to the limit, we get

% - " ^ n ~  F{X, Un)lim f
n—*oo J

dx =  0.

(3.19)

(3.20)

On the other hand, given e > 0, conditions (/o) and (/2) imply the existence 
of a constant k e > 0 such that

- f ( x i s ) s -  F(x,s) <  e|s| +  ke , Vs < s* . (3.21)

Using (3.21) we have

f(x,Un) u n _  F ( x ,U n )

u „ (x )< s*
/ I «nil -  i i l M  IM I 1 1

< ec-f K k
■|ß|

and, since £ is arbitrary,

lim f
“>°° Jun(x)<s•

f(X? n)Un -  F (X , Un )

lim 1 i(I)Sil. 2 IM I =  0 . (3.22)
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108 RAFAEL A. CASTRO T.

The identities (3.20) and (3.22) show that

i i ^ i u n - F ( x , u n)
lim f

n—">° °  Jun(x)>s*
=  0 . (3.23)

Using (3.16) and condition (/a), we obtain

F(x,un) ( 1  \ „ f  f ( x ,u n(x))f  2 " Un F ( x , u n) ^  / 1  _  A ^  i
J u n(x)>s* llwn|i \ 2  /  Jun(x)>s‘

^ / I  * (  i  f { x , U n) f  / (Z /Z ln )^

-  \2  " V s \ J n  IKII y„n(,)<.. IK II J

s  Q  - ® ) s' { L  _  A/ n Xn2n “  i f i i |n |}  ’

where

, v _  f 1  if  u n (x) <  s*-,
Xn{x) — o otherwise.

U sing (3.8), (3.20) and getting the lim it we have

-  ti—kx) V2 )  \ J n IKH Jn IK II J

= { ¡ - 9) s { a L ' ,oz°d s - x i zo}

— — 0 ^  s* J  Itô oMs +  X J  |z0| j  ^  0 .

Hence

Then

^ — 0  ̂ s* a  J  I'yoZolds +  A J  |zo|| — 0 - (3.24)

/ \lfoZo\ds =  0 =  / |z0| •
Jan Jn

Using (3.10) we have (3.9). Now, the limit (3.7) is

lim [  /lf 1S  =  0, Vjj € H 1 (ù).  (3.25)
n-*°°Jiì IKII

Second step. We shall prove now that

lim sup [  (3.26)
n^°° Jn IKII

Volumen 42, Número 2, Año 2008



NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 109

We denote:

f (x,  Un{x))
(i)<0 II “ »i Ih = SJ  Ur

T _  [  f ( x ,u n(x))_
I  II II ^ n  ’

* '0 < u n (x )< s o  l l ^ ^ l l

h  = Í  Un) ~ 
iu„(

Let us prove that

l(x )> s0 llu nl

lim Ii =  0 .
n —*00

(3.27)

From condition (/2), we have lim,s_ _ 00 A-- =  0, so, given e > 0 by the
continuity of /  there exists a constant c£ >  0 such that

then

[/(x, s)s — As21 < c£ +  er|s|, Vs < 0, (3.28)

/ f ( x , u n)un <Ce d x + £  \un\ + \  U2n 
l ' / i i „ < 0  J  u n <  0 J u n <  0 J u n <  0

< c +  (c +  A) [  u2 .
J n

Dividing the last inequality by ||wn||2 and getting the limit yields (3.27), because 
zn —i” zq in L2(Q) and zq(x) =  0 a.e. i G f i .  Let us see that’

lim I2 =  0 .n—*00 (3.29)

If L =  max {I f (x,  s)| : (x, s) € ii x [0, so]} then

/Jo<un(x
f  {x, Un) 

<un(x)<so  11 *̂11
s /J 0<un

\f(x,Un)\
Un{x) I

<

< u n< s0 ||wn| 

Lsq
llu n |

■ \ Q \ .

Therefore, limn—oo I2 =  0. To prove that limn_oo J3 =  0, first we see that

lim sup I3 <  0.
n—►oo

(3.30)
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From (3.19) and (3.21) we have
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/ ¡ F ( x ,u n) - ^ - f ( x , u n)un 1 
\ J u n > s 0 l  ¿  J

<-JJun<
-/(x, un)un -  F(x,Un) + c + y  IK !

< [  (e\un\ +  k£) +  c +  —  ||wn||
J u n <so

< j  [£\un\ +  ke) +  c +  — \\un\\

<  C£  | K | |  +  C +  y  | | u „ | |  .

On the other hand, condition (fo) implies

[  f {x ,Un)un < f  I  )-f{x,Un)un -  F(x,Un) 
J Jun>So Jun>So I

So,

f ( x , u n)un < c + ( c e +  y )  ||u„|| .

Dividing by ||un||2> we obtain

/  ' + ( « *  + 1 ) *
J u n > s 0 l l u n | |  ||w n | |  ^  l l u r i | |

then limn_>oo sup/3 < 0. Hence 

f { x , u n)
lim sup /

n_>0° Jn llunl
zn =  lim sup{7i + h  +  -̂3} < 0

(3.31)

Third step. Finally we prove

f  f { x , u n) 
lim sup / —7.— ¡7—.zn =  1 ,

n^ ° °  Jn  II II

which contradicts (3.26). From (3.5) with v — z n and dividing by ||un||, we get

£ n  ^  f  2 1  f  /  \2  j  , f  f { x , U n) ^ En71--- n ^ / 2n 1 _ a  / (70zn) d s +  —¡j--- ¡j—Z„ < j.--- 77 •IM I Jn Jan Jn IKII IKII

By taking superior limit we obtain (3.31).
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 111

Case a  > 0. In this case we have that

(u,u)* =  /  Vw-Vv +  a  /  (jou)(j0v)ds , Vu, v € i f 1 (ft) ,
./n ./an

defines an inner product in and the norm ||u||* = y/(u,u)^ is equivalent
to the usual norm |j • || of H 1(f2). As a matter of fact, from (2.6) we get 
IqU2 < then

IMI2 <  ( n - O M l i  = d i \ \ u t ,  Vu e H \ n ) .

On the other hand, the inequality ||7ou|U2(an) < cilMI implies,

Hull* < (1 +  ac5)||u||2 =  d2|M |2 , Vu € H l (Q) .

Then

(¿ i)“ 1/2N I 2 < M i  < M W t . v« € H \ n ) .
Henceforth, we denote the constants with the same letter c and expressions 

of the form cen with en. Using the inner product previously defined and its 
associated norm, the inequalities (3.4) and (3.5) take the form

l*(«»)l = 

($ '(u„),t/)| =

ì  IKII? -  [  F{x,un) 
¿ Jn

(u„,v)* -  /  f { x ,u n)v 
Jn

< C ,

< e'JMI < y/Tie'n\\v\\m =  e„||ü||*,

(3.32)

(3.33)

where, l imn— = 0 and v e H 1(ft).
Next we shall prove that the sequence {un}“=1 is bounded. With this pur

pose first we establish the inequality ||u£||2 < c -f c ||?x~||  ̂ and second, we 
prove that ||u^||„ is bounded. The desired result will follow from the equality
IMI* = ll«+ll* + ll«- lli> Vu € /^(ft).
First step. We shall prove

F(x, un)dx < c  + en ||«nlL +  c||w“ ||L1 .L (3.34)
*tin >So

From (/■}) we have

[  F(x,un) <  ( ^ - 2 )  f  { f ( x ,u n)un - 2 F ( x , u n) }d x .  (3.35) 
Jun>«0 \  /  Jun>s0

From (3.32) and (3.33) we get

{f ( x , un)un -  2F(x, un)}dx < c  + en \\un\\m . • (3.36)
L
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112 RAFAEL A. CASTRO T.

Hence

I  \ . f  (*®» ^ n ) ^ n  2 F ( x ,  Un)}dx ^  C En  | | ^ n  I I*
J un>s o

+  / ¡2 F ( x ,u n ) -  f ( x , u n)un l 
J un<s0

Conditions (/o) and (/2) imply

|2F(x, s) — /(x, s)s| < c +  c|s|, s < 0 ,  Vx G f t , 

from (3.37) and (3.38) we get

J" { f  (x,Un)'U’Ji 2F(x, Uji)j- dx
Un>s 0

< c

+ £n ||Un||* +  C ||^n ([¿,1

Now, from (3.35) and (3.39), we obtain (3.34).

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Second step. We shall prove now that

ilWrc II* _  [  %F{x,Un) < C + £n||un ||* + C ||lfn ||̂ ! .
J u„ <0

Making v ( x ) =  u~(x)  in (3.33) we have

Ilun | | ! - /  f {x ,Un)Un < £ n \ \ u ~ \ l  .
Jun< 0

From (3.38) and (3.41) we obtain

U ~ \ \ l ~  [  2F(x,U„) =  h n \ \ l ~  [  f { x , U n)Un
Jun< 0 Jun< 0

+  / f ( x , u n)un -  / 2 F ( x ,  ltn)
Jun< 0 Jun<0

^ \ \ \ Un \ \ l -  [  f { x , U n)un \
I Jun< 0 I

+  / {/(X> un)«n -  2F(x, W„)} dx 
I«/ u„<0

< £ „ | | u ~ | | # +  /  |/ (x , wn ) « „  -  2 F ( x ,  u n)| dx  
J un<0

<  C  +  £ n  l t n  +  c  | | u n IL1
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 1 1 3

Third step. Next we shall verify the inequality

iJII < c + c 11«: (3.42)

-  1121

Prom (3.32) we have

I K I I  I -  Í  2 F ( x , n J - \ f  2F( x , un) -  \\u~
J u n >0 I IJ  u n <0

d  K l l !  +  I K I l ! -  f  2F(x,Un)
I Jn

= IItínII* -  Í  2^(2;,^)! < C ,
Jn I

and with (3.40) we get

\ K W l ~  [  2F(x,un)
J u n > 0

< c  + \ [  2F(x,un) — ||un ¡I
w u „ < 0

<  C +  C | |li^

Then the above inequality and (3.34) give

IKIlf ^ c + c l k l l .  +  | /  2F(x ,un) 
I</Un >0

^ C+CIK IL  + /Jo

+ \ f  2F (x ,u n) 
\Ju„>80 I

^  C + C \\U ñ L + £ n \ \ K

0 < t in ( i )< a o
2 F(x ,un)

Therefore
K l l !  < c  +  c ||u „  I I , + £ „  | |u i | | ,  ,

since limn_>00 £„ =  0 this inequality yields (3.42).

Fourth step. We consider the following exhaustive cases:
i) There exists a constant c such that II* ^  c> or

ii) /¿mn_>00 llu'D, =  00, passing to a subsequence if it would be necessary.
In case i), using (3.42) we have Hu+I^ < c, Vn e  N and, from the equality 
||u||2 =  ||u+||2 +  ||u“ ||2 Vu € H l (Q), we conclude that (un)£Li is bounded. 
Next let us prove that case ii) can not occur. First, from (3.28) and (3.41) we 
get

I K | | ! - a / *  ('u~)2 < c  +  c | |u - | |^  (3.43)
Jn

If wn =  jp » jj-  then there exists w0 € i f 1 (ft) and a subsequence from {iun}£Li 

that we denote in the same way, such that it converges to wc weakly in H l (Q)
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and strongly in L2(Q). Let us see that wq ^  0. Dividing (3.43) by ||û ||* we 
obtain

2

1 — A [  I < -  — 2 +
Jn I Unii \Un

Taking limit when n —» oo we get

L w l = ^ '

therefore w0 ^  0. Let us see that A is an eigenvalue and w0 its eigenfunction. 
First we prove

[  u n v  < (c +  e„ +  ||u+|| + +  c||u+||*p„) HI* .  (3.44) 
Jn

From (3.33) we get

( u ~ , v ) ^ - X  f  u~v -  (u+.u)^-A f  u - v -  f  f { x , u n)v\ <
%J ÇI I Í7 */ i"2 I

(u",u)% -  A [  u ~ v -  (u í ,u )*+A  I u ~ v +  I f ( x , u n)v  
Jn Jn Jn

(Un,v), -  /  f ( x , U n)
Jn

<

Then

(lt~,t>) -  A [ U n V < £n|MI* +  (*4 >v)* -  A j Un V -  / f { x , U n ) v  
Jn I Jn Jn

<£nlMI* +  |K IU M I*  +  |A [  u ~ v +  [  f ( x ,u n)v I . (3.45)
I Jn Jn I

Next we estimate |A f Qu~v +  f n f ( x , u n)v |. Conditions (/o) and (/2) imply

\f(x, s) — As| < c, Vs <  0, Vx 6 Í2. (3.46)
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A I un v -f- I f  (x , un)vI ^ / { f  (x, un) XunJv
I Jfl J fi | |«/un<0

NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM

using (3.46), we obtain

1 1 5

+ /  f ( x , u n)v\1J 'un>0 1

* )
Xun\ f ( x , un) -  Aun|

n
M  + /  | / ( z . « n ) |  M  Jn

< c i  Xun\v\ +  [  | f ( x , u  
Jn Jn í ) i M

< c I  \v \+  [ \ f ( x , u + ) \  
J n J n

M
< c í  \v\ +  c í  \v\ +  c í  

Jn Jn Jn l « Í T
^ c |H |* + c | |u + | |^  ||u||L,, 

where the function \ u n is defined by

v (T\ _ /  1 if un( x ) <  0 ,
Xu" 1 0 if un(i(x) > 0 ,

and p =  q =  for n >  3, and we take 1 < p < 1/aO as long as aO <  1 
for n =  2. Then we obtain (3.44). Now, dividing (3.44) by ||u~||,, we get

{wn,v) .  -  X J  wnv < ^ C + g n  +  I K L  +  J K W I p A  m I

\Un \U„ \ Un
(3.47)

It is evident that lim^oo =  0. From (3.42) we have limn_>00 =  0.
Ilun||. Il«n 11-

Let us prove that

lim H r  = 0 .  (3.48)
n_+°° llu«IL

Conditions (/o) and (/3) imply the existence of positive constants K  and c2 
such that

F(x, s) >  OKs1/0 — c2 , for s >  0.
Then (3.34) and (3.49) give

[  \uZ\1/0 < c  +  en ||u+||,+c||un II, 
Jn

(3.49)

(3.50)

Dividing (3.50) by UunH*^70 we have

i/o <
~ \ \ l / o 0

\ \ < l +
\Un- 11^ -1 (3.51)
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From  ( S 2 ) we have 4 j  =  1  +  ö for some 5 > 0. Hence

lim í ( j % -
n- ° %  l \\uñ\\ /CT

1/0

= 0 . (3.52)

From (S2) and the choice of p in the case n — 2 we have that 1 < pa < | , then
p<7\ Í/P̂

< lim
n —+00

=  0 .

Therefore

lim
n —*oo L

p o \  \ Jp

« V
=  0 .

Then, the limit in (3.47) yields

lim K . u ) *  -  A / = (■wq, v)* -  A / woü =  0
n —»oo Jn 1 Jn

Hence
( iu o ,^ ) *  =  A /  w q v , W v e H 1 ^ ) ,

Jn
so, A is an eigenvalue of —A, with boundary condition 71 u +  «70 u — 0. But 
this contradicts hypothesis (Si). Hence, ||ŵ ||* cannot tend to +00 when n —»
00.

4. R esu lts o f existence

In this section, we establish the existence of solutions of Problem (P).

Theorem 4 .1. Suppose n >  2, a  <  0, ( f o ) , { f i ) , ( h ) A h ) ,  and, let /ii,^2 be 
the first and the second eigenvalues of —A with the boundary condition of the 
problem

—A u =  /(x, u(x)), in fi,
7iu +  a 7ow =  0 , on 90 ,

such that
h )  ^  > W, Vs e R -  {0}, Vx € n.
fs) There exist £0 > 0 and p >  0 such that fii < ¡12 — P < ^2 , and

V s  €  ( - £ „ , £ < > ) - { 0 } ,  V x e f i .

(Pi)
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Then Problem (Pi) has at least one nontrivial solution.

Proof. We prove the conditions of Theorem 2.1. The functional <I> associated 
to the problem (Pi) is defined by

$ (“ ) =  \  [  |Vu|2 +  ^  [  (^0u)2d s -  [  F(x, u) , 
i  Jn z Jon Jn

which satisfies the Palais-Smale condition by Lemma (3.2).
Using decomposition (2.4), H 1(ft) =  X\  © X 2, we have

2
i) $(«) < 0, Vu G X\.  Indeed, condition (ft) implies that F(x,s)  > / i iy ,  

Vs G E, 'ix G ft. Then for each u G l i

$ (w) =  \  [  I Vul2 +  ?  [  (7ou)2ds -  [  F(x, u)
* Jo. 1  Jon Jq

= [  u 2 ~ [  F (x ’u) (by (2-5)) ̂ Jsi Jo.

“2- l w / n “2 = o -

II) There exists po > 0 such that $(u) > 0, Vu G dBpo(0) fl X 2. Condition 
( /5) implies

s2 -
F(x,s)  < (p2 ~ P )~2 ’ for l5l < £ o, and Vx G f t . (4.1)

On the other hand, for |s| > £0, condition (fi)  implies the existence of a positive 
constant mo such that

|/(z ,s )l < m 0\s\a , for |s |> £ o , and V xG ft. (4.2)

Now, (4.1) and (4.2) implies

F ( x , s ) <  (  !p H ^ 0 ’ (4-3)[ m|s| , if |s |> £ 0 ,

for any constant m  and iG f t .
Using (4.3), the variational characterization of p,2, the Sobolev Imbedding 

Theorem, and the norm ||u||fc =  ^ ( u , u ) k, where the inner product (u,v)k is
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$ ( w )  =  ¿ I M I I -  % [ u2~ ( F(x’u)
«2 - | /  2 - p )

^ ^ V|u|<eo ^ •'M>eo

f  • u2 — m f  M *7* 1 
j \u  |< e0 *'N >£o

=  xlMI? -  \{^2 +  k - p )  f  u 2 - ^ [  u2 — m f  I u
^  >/ |u |<eo J \ u \>eo * 'M > e o

> ^IMIfc- 1(^2 + k - p )  f u 2 - c  [  \u\a+1- m [  |u |c
J n  J\u\>eo  *'M>eo

(where c =  k/2£q~1)

= h \ u Wl ~ 1(^2 + k -  p) [  u2 — mj [  \u\a 
z z Jn  */|wl>£o

defined in (2.3), we get for u E X 2,

r-f-1i“ i
i|>£0

(mi = c  + m)

-  5 W ‘ "  ^ T T k f  l|u|l‘ ~ m i j a |ur+1

> - (  lltill2 -  772i /  l d ff+1|u||2 - m i  f  |i 
Jn

= m.4!|ti|l2 -  m3 ||w |r+1
So,

$ ( u )  >  ||u|| (m 4||u|| -  m 3 ||w||°') , u E X 2 . (4.4)

Recalling that a  >  1  by condition f \ , the function d  : [0, + 00) —> R  defined by
/ \ l/(a—1)

d(p)  =  m^p  — map*7 achieves its global maximum in po — f ) • Then

$(w) > pod(po)  =  po ^  > 0, VuE d B Po( 0) n x 2 .

Ill) There exists e E X 2 — { 0 }  and a constant M  such that

i>(v +  te) <  M , Vv G X i and V i > 0 .

If n > 2 the space JfT1 (f2) is not contained in L°°(Q). Let e G X 2 be a function 
which is unbounded from above, and A* the number given by

\ J n !Vel2 +  « J 3n(7oe)2<fe , .
f „ e *  ' ( 5

Then, p,2 < A* and fi\ < A*. The value of A* does not change by substituting 
e by te, then we suppose that e satisfies the condition

2(A, -  A) f  e2 <  -S 'f a  -  A), (4.6)
Jn
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where A is the positive constant of condition ( /2), S* =  ^  and 5i is a positive 
constant such that tfilMl^oo < IMI^, Vv G X\  where =  supx€jy |z;(a;)|.
Moreover <5* satisfies

V v e X i .  (4.7)
Jn

If v G X\  we get

0 =  (v,e)fc= /  V v - V e  + k ve + a  (7o^)(toe)ds 
Jn Jn Jon

= (m + k) ve,
J n

where /¿i + k > 0, then f Qve = 0 and we obtain

/  Vv  • Ve  + a  /  (7of)(7oe)ds =  0. (4.8)
Jn Jon

From (/ij) there exist ms > 0 and si > so such that

F(x,s) > ^ s 2 +  mss1/6 , Vs > si and V x€i2 . (4.9)

Conditions ( /0) and ( /2) imply the existence of a positive constant m6 > 0 
such that

F(x,s) > ^ s 2 -  m6|s | , Vs < si and V zG ii. (4.10)

Now, if v G X \  and t > 0 then (4.5), (4.8), (4.9) and (4.10) yield

$ ( u  +  £e) =  i  [  \V(v + te)\2 +  ^  [  (70(i; +  ¿ e ))2 -  f  F{x,v +  te)
2 7n Jan Jn

=  i/xi f  v2 + t-  A* / e 2 -  f  F{x,v + te)
* Jn 1 Jn Jn

= f  v2 + l- \ *  f  e2 -  f  F(x, v + te)
& J n  "  J n  J  v(x)+te(x)<3i

-  [  F(x ,v  + te)
J  v(x)-\-te(x)> s\

A ^ I / +ti x ' l / - ^ L ( v + t e ?

+ 7726 [  \v + te\ — ms [  (v + te)1/ 0
Jv( x)+te(x)<s i  Jv(x)+te(x)>s i

< -  A) /  v2 + 4-(A* -  A) f  e2 + m6 f  \v\
2 Jn * Jn Jn

+  m6i f  \e\ - m 5 [  (v + te)1/d.
J n  Jv(x)+te(x)>s  1
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$(u +  te) <  -  A)|M|£,oo +  m6|fl| |M|l~ +  ir(A* -  A) [  e2
z z Jn

+  m Qt f  \e\ — m5 f  (v +  te)l / 9 . (4-11)
J n  J v ( x ) + t e ( x ) > s i

Observing (4.11) we have the following cases:

Case 1. If A > A*, then
5*

$(v  +  te) < — (fii -  A)|Mli~ +  m6|ft| ||u||l~
¿2

From (4.7) we have

+  r̂-(A* -  A) [  e2 +  m 6t [  |e|, 
¿ Jn Jn

where the coefficients of Ill'll2« and t2 are negative, therefore there exists a 
constant M\  > 0 such that $(i> +  te) < M\ ,  Vv € X\  and Vi > 0.

Case 2. If 0 < A < A*, and vq =  min (v(x) : i e f i }  then Vo +  t <  si  or 
Vo + 1 > s\.  Let t < S\ — Vq.

•  If vq =  0, from (4.11) we have
S*

$(v  +  te) <  — (/¿i -  A)|M|£oo +  m6|ft| ||u||l«>2
.-2 

+  1tt(A* — A) í  e2 +  m6si Í  \e\. 
¿ Jn Jn

Since the coefficient of ||u||2 is negative, there is M2 >  0 such that $(v  +  te) <  
M2.

•  If Vo 0 then |i>o| < |MU°° and from (4.11) we have,
Ô*

$(v + te) < — (m -  A)|H||oo + m 6|ft| |M |l~

+  ^(si -  ^o)2(A* -  A) f  e2 +  (si -  v0)m6 [  \e\. . 
z Jn Jn

Using the inequality

(si -  v0)2 < 2 ( s j  +  |v0|2) , (4.12)

and calling

c =  m6 \̂Cl\ +  J  |e|̂  , (4.13)

we obtain

&(v +  te) < Y (m -  A) +  (A* -  A) e2j Ibllioo

4- c||v||loo +  s2(A* -  A) / e2 +  s i m 6 / |< 
Jn Jn
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The coefficient of |M|2«> is negative, therefore there exists M3 > 0 such that 
<!>(v +  te) < M3.

•  In the case t  > s\ — vq, let fti =  {x  G ft : e(x) >  1} then |fti| > 0. Since 
the function e is not bounded from above, and fti C {x  G ft : v(x) +  te(x) >  s i} 
then (4.11) yields

$(v +  te) <  y (/ii -  A)|M|£oo +  m6|ft| ||u||l~ +  y  (A* -  A) f  e2
J

+  m6t [  \e\ -  ra5|fti|(t>0 +  i)1/<?. (4-14)
Jn

Setting vo +  t =  s w e  have

$(u +  te) < -  A)||i;||ioo 4- m6|ft| |M|l«> +  ^ - r ^ - ( A *  -  A) [  e2
* 1  Jn

+  m6( s - v 0) / |e |  -  m5|fti|s1/<?.
Jn

From (s — v q ) 2 <  2s2 +  2||v||̂ oo and (4.13) we obtain

$(v +  te) < (in -  A) +  (A, -  A) e2^ ||v||2,<» +  c|M|l~

+  m6s [  \e\ +  s2(A* — A) [  e2 -  m5|fti|s1/<?.
Jn Jn

Since the coefficients of |M|2«> and s 1/0 are negative, then there exists M4 > 0 
such that $(v  +  te) < M4. If M  =  max{M2, M3,M 4}, then i>(i> +  te) < M  
Vv G Xi ,  and t >  0.

In the following theorem we consider the case a  > 0, and we use the following 
condition (f2 ): the number A of condition (f2) is such that A > f3\, and A 7- flj, 
for j  =  2,3, • • • , (A is not an eigenvalue).

Theorem 4.2. Suppose: n >  2, a  >  0, (/o), (/1), (/a), (f2 ), (S2), and the 
conditions:

( / ; )  ^  > a , vs € r —{o}, vx € n ,
(fg) there exist £0 > 0 and P G (P\,P2) such that

l ^ l A < / 3  Vs G (—So, £0) — {0} Vx G ft . 
s

Then the problem

f -Aw =  f (x,  u(x)) , in f t ,
' 2' 7iu +  o;7ou =  0 , on 5ft,

has at least a nontrivial solution.

NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 121
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Proof. To prove the conditions of Theorem 2.1 we use the decomposition (2.7), 
H l (Ct) — Y\ © >2- The functional $  associated to problem (P2) is

®(u) =  I  f  |Vu|2 +  ^  [  (70u f d s -  f  F(x ,u ) ,
 ̂Jo, * Jon Jn

which satisfies the Palais-Smale condition by Lemma (3.2).
I) $(u) < 0,Vu G Yi. Let u G Yi , condition (/4*) and the equality (2.8), 

yields

$0 0  =  i  f  | Vu|2 +  ^  [  (70u)2ds -  [  F{x, u)
* Jn * Van -/n

A ^ ! / - 0i L u 2 = ° -
II) There exists po > 0 such that $(u) > 0 Vu G 8 BPo(0) fl Y2. Condition 

(/5*) implies

F ( x , s ) < ^ s 2 , |s| < ? V xG i i .  (4-15)

On the other hand, for |s| > £0 and x G Cl condition (/1) implies the existence 
of a positive constant mo such that \f{x, s)| < mo|s|<7 and its integrals yield

\F(x, s)| < m|s|<7+1, V|s| > £0 and V xG f i ,  (4.16)

for any constant m  >  0. From (4.15) and (4.16), we have

F(x,s)  < | s 2 +  m |* r+1, V s e R ,  V x e U .  (4.17)

If u G y2 then

$(u ) =  \  f  lVul2 +  77 [  (7ou f d s -  [  F(x,u)
2 Ju 1 Jan Jn

= l\\u\\2m-  J ^ F (x ,u )

L u 2 ~ m b ^ a+1

> ¿ h ;  -  ^ i m i *  -  m c i n r 1

Since or +  1 > 2, there exist po >  0 and a >  0 such that 

3>(u) > a >  0, Vu G 8Bpo{0) H Y2 •

III) There exist a function e G Yi — {0} and a constant M  >  0 such that

<J?(u 4-te) < M , Vv G Yi and Vi > 0.

122 RAFAEL A. CASTRO T.
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Let e € 72 be a function which is unbounded from above and A* the number 
defined by

_ Jn lVe]2 +  QJaQ(7oe)2ds
r _2 ’

Jn e
then /?2 <  A* and A > A* or A < A*. We suppose that e satisfies the condition 

2 ( A . - A ) j f e 2 < - < S * ( l - - ^  , (4.1.9)

where 8* > 0 is such that

i*IHIico<|H i; f Vue Vi. (4.20)

For v G Y\ and k >  0 we have,

(v, u)k =  (v, u)m+ k  / vu =  (/?i +  &) / , Vm G .
./n Jn

Making u =  e we get

0 =  (u, e)fc =  (v, e ) * + k  ve =  (0 i +  fc) / t/e,
./n

NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 123

then

f  ve =  0 , (4.21)
Jn

and

(v,e)*=0 .  (4.22)

We also use

F(x, 5) > ^ s2 +  7715s1/0 , Vs > s i , Vx G Í2 and (4.23)

F(x,s)  > ^ s2 — m6|s|, Vs < si and Vx G Í2. (4.24)

If v G Yi and t >  0 then using (4.18), (4.21), (4.22), (4.23) and (4.24), we 
obtain

§(v  +  te) =  ]- [  |V(u -f té)\2 -+ ^  [  ('y0(v +  te))2 -  [  F(x,v  +  te)
¿ Jn ¿ Jen Jn

=  f  +  Í  e* ~ Í  F(x,v  +  te)
 ̂ Jn "  «'ii J v(x)+te(x)<si

— I F(x, v +  te)
Jv(x)+te(x)>s 1
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<\pi  f  y2+ V A* f e2~ \  /  (v + te )2" " >/f2  ̂ */v+te<si

+  m6 /  |u +  ie|
./ v+te<si

~ ?  /  (t> +  ie)2 - m 5 f  (v +  te)1 /0 
" J v + t e > s \  J v - \ - t e > s i

< -  A) [  V2 +  ^r{\* -  \ )  [  e2 +  m 6 [  |v +  te|
2 J a 2 Jn Jn

- m 5 j  (v +  te)1/0 
J v + t e > s \

< t; (0i -  A) [  y2 + me [  M + ^r(A* ~ A) /  e22 Jn Jn z Jn

+  tm 6 f  \e\ - m 5 i  (v +  te)1/ 0 .
J n  J v + t e > s x

Using /?i f n v2 =  |M|2, Vv G Yi and (4.20) we get

$(u +  ie) < y  ^1 -  «vllioo +  meliiHMU00 (4.25)

+  tt(A* -  A) f  e2 +  ¿mg [  | e | -m 5 f  (v +  te)1,e.
2  J i i  J v + t e > s  i

Observing (4.25) we have the following cases:

Case A > A*. In this case, the coefficients of \\v\\2LOO and t2 in (4.25) are nega
tive, therefore, there exists a constant M f >  0 such that

$(u + te) <  M {  Vv G Y\ and V t > 0 .

Case 0 < A < A*. If vo =  min {^(x) : x G ii}  then vo +  t < si or vq + 1 > s\.  
Let t <  s i — vo.

If vo =  0 then from (4.25) we have,

<&(v +  te) <  y  ^1 -  +  m6|fi| IM|l~

+  tMA* -  A) [  e2 +  s i m 6 f  \e\, (4.26)
2 Jn Jn

then there exists > 0 such that <&(v +  te) <  M%-

If v0 ^  0 then |v0| < Vv G Yi- From (4.25) we have

$ ( 1; +  t e ) < ^ ( l -  Ibliioo +  m6|ii| ||u||l~

+  ^(si -  v0)2(A* -  A) I e2 +  (si -  v0)m6 / \e\.
2 Jn Jn
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Using (4.12) and (4.13), we obtain
" s$(t; -f- te) < l l -1- i )  + (A-~A)/ / ] IN

+ c||u ||l~  +  s i(A* -  A) [  e2 + sim 6 f  |e|.
Jn Jn

From (4.19) there exists M3 > 0 such that $(v  +  te) < M3 .
In the case vq + 1 > si, let Qi = {x e : e(x) > 1}. Clearly, |fti| > 0. 

From (4.25) we have

$(u + ie) < y  ^1 -  ||u||ioom6|i2| |M |l~  +  y  (A* -  A) ^  e2

+  trriQ [  \e\ -  m5|fti| (t/o + t )1/0 . (4.27)
Jn

Making vq + 1 =  5, using (4.12) and (4.13), we obtain

$(u +  te) < [ y  ( l  -  + (A* -  A) e2j \\v\\loo + c\\v\\Loo

+ sm6 f  \e\ 4- s2(A* -  A) f  e2 -  |s1/0.
Jn J n

and there exists M l  > 0 such that Q(v+te) < M4. If M* =  max {M£ , M3 , M4 }
then

$(v  4- te) < M *, Vv € Y\ and Vt > 0.
Ef

Recalling that for n =  1 the space i f 1 (ft) is contained in L°°(ft), and the fact 
that the above proofs require an unbounded function in H 1(Q), we conclude 
that theorems 4.1 and 4.2 can not be applied to the case n = 1.
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