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Nontrivial solutions for a Robin
problem with a nonlinear term
asymptotically linear at —oco and
superlinear at +oo

Soluciones no triviales para un problema de Robin con un término
no lineal asintético en —oo y superlineal en +oo
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AnsTrACT. In this paper we study the existence of solutions for a Robin prob-
lem, with a nonlinear term with subcritical growth respect to a variable.
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REesuMEN. En este articulo estudiamos la existencia de soluciones de un prob-
lema de Robin, con término no lineal con crecimiento subcritico respecto a una
variable.

Palabras y frases clave. Problemas de Robin, soluciones débiles, espacios de
Sobolev, funcionales, condicién de Palais-Smale, puntos criticos.
1. Introduction

In this paper, we study the existence of nontrivial solutions of the following
problem with the real parameter o # 0:
u € HY(N,-A),
(IP) -Au = f(:za u(:v)) ’ in Q )
mmu+ayu = 0, on df.
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102 RAFAEL A. CASTRO T.

Here A is the Laplace operator, € is a bounded domain in R™(n > 2) simply
connected and with smooth boundary 92. The case @ = 0 was studied by
Arcoya and Villegas in [1].

The function f: Q x R — R, satisfies the following conditions:

fo) The function f is continuous.
f1) |f(z,8)] <c(1+]s]°),Vz € 2 and Vs € R, where the exponent o is
a constant such that

l<o< 22 if n>3,
l<o<oo if n=2.

f2) There exists A > 0 such that

] lim [f(z,s)—As| =0, uniformlyin z€ Q.

f3) There exist so >0 and 6 € (0, 3) such that
0< F(z,s) < 0sf(z,s), Vz€Q, Vs>sq,

where F(z, s) fo z,t)dt is a primitive of f.

The boundary condition yju + ayu = 0 involves the trace operators: o :
HY(Q) — HY2(8Q) and 7, : HY(Q,-A) — H~1/2(89Q), where H'(Q, -A) =
{ue HYR): —Au € L*()} with the norm

1/
il 71 0,-a) = (||u||§,1(9) + ||Au||%2(n)) ,

for each u € HY(Q,-A), viu € H~Y/2(8Q) and you € HY/?(0Q). Identifying
the element ~ou with the functional vju € H~1/2(8S2) defined by

(rw,w) = / (row)wds, Vw € HY2(5Q),
an

the boundary condition makes sense in H~1/2(9Q). The mathematical dif-
ficulties that arise by involving this type of boundary conditions are in the
Condition of Palais -Smale.

2. Preliminary results

To get the results of existence Theorems 4.2 and 4.1 we will use the following
Theorem.

Theorem 2.1 (Theorem of Silva, E. A.). Let X = X; ® X2 be a real Ba-
nach space, with dim(X1) < +oo. If ® € CY(X,R) satisfies the Palais-Smale
condition and the following conditions:

I) d(u) €0, VuelX;.

II) There exists pp > 0 such that ®(u) > 0,Vu € 8B,,(0) N X2.
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 103

III) There exist e € Xo — {0} and a constant M such that
Pvt+te) <M, YveX; and Vt>0.
Then ® has at least a critical point different from zero.

Proof. See (6, Lemma 1.13, p. 460]. i

We use the decomposition of H'(f2) as orthogonal sum of two subspaces
established in [3]. We denote the sequence of eigenvalues of the problem

—Au = pu, in Q, 2.1)
| me+ovwu = 0, on 09, (2.
in the case o < 0 with {u;}52,, where
Vul? + 2d
uy = inf Jo VUl + a oo (ou)*ds <0. (2.2)
u#0 f u2
ueH1(N) Q

With X; we denote the space associated to the first eigenvalue u;, and with
Xs = Xi the orthogonal complement of X; respect to the inner product
defined by

(u,v)x = ./‘ Vu-Vv+a [ (vou)(vov)ds + k [ w, u,v€HY(Q), (2.3)
Q Jan Ja

where k is a positive constant suitably selected in [3]. Then
HY(Q) =X 8 Xz, (2.4)
and

/ |Vl +a/ (Yo)2ds = 11 / 0, VoeX;. (2.5)
Q an Q

In the case a > 0, the constant k in (2.3) is positive and arbitrary. We denote
with {0;}$2; the eigenvalues of Problem (2.1), in particular, we have

fn IVUIZ +a f,'m(%u)zds
u#0 fﬂ u?

>0. (2.6)

With Y; we denote the space associated to B; and Y = Yj- the orthogonal
complement of Y; with respect to the inner product defined by the formula
(2.3). Then

H(@)=YieY, (2.7)

and

vl

[1vof+a [ olds=p [ #, wen. . @9)
J0 an
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104 RAFAEL A. CASTRO T.

3. Condition of Palais-Smale

Following Arcoya - Villegas [1}, Figueiredo [4], and using theorems 3.1, 3.2 and
3.3 of [3] we establish the conditions under which the functional

1 « 2 1
O(u) = E/Q]Vu[2+§/an(7ou) ds—‘/QF(z,u), Yu e H (),

satisfies the Palais-Smale condition. We prove the cases a > 0 and a < 0. The
condition of Palais-Smale (P.S) affirms: any sequence {u,}22; in H*(f2) such
that |®(u,)| € ¢ and lim,_0 ®'(u,) = 0 in H™1(Q), contains a convergent
subsequence in the norm of H'(Q). In virtue of the density of C*° (Q) in
H(Q) and by the continuity of the operator vy : H(Q2) — L?(61Q2), we have
the following lemma:

Lemma 3.1. Let us suppose 8 C R™ bounded with boundary of class C'. If
u € HY(Q), ut(z) = max{u(z),0} and v~ (z) = max{—u(z),0} then
el €Y

/ 7o (u*) 70 (u”) ds = 0. (3.1)
a0

Proof. Let {un}32, be a sequence in C* () such that u, — u in H(2) then
ut —s vt and u;; — u” in H'(R), see [2]. By the continuity of the operator
Yo : HY(Q2) — L*(99) we have 7o (uf) — 70 (ut) and 7o (u;) — 70 (v7) in
L%(89) then:

/ Yo (u*) 70 (u7) ds = lim Yo (uh) Yo (uy) ds
an n—0 Ja0
= lim utu, ds
oo Jan
=0.
of
From (3.1) we have:
[ o) (ot ds = [ (aout)?ds, 32
N o
/ (you) (70u_) ds = —/ ('you_)zds. (3.3)
on o

Lemma 3.2 (Condition of Palais-Smale). If a < 0 we suppose (fo), (f1), (f2)
and (f3). In the case a > 0, moreover, we also suppose the following conditions

S1) The number A of condition (f2) is not an eigenvalue of the operator
—A with boundary condition yyu + aypu = 0.
S2) The numbers o and 0 of the conditions (f1) and (f3) are such that

1 1
c§<-+—- ifn>3 and
2 n

o<l ifn=2.
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 105

Then Yu € HY(Q) the functional
o) =3 [ vl +5 [ oupds— [ P,
2 Jq 2 Joa Ja

satisfies the condition of Palais-Smale (P.S.).

Proof. Let {u,}22, be a sequence in H!(f2) such that

1 a
2wl = |5 [ 190l + 5 [ ounts = [ Floru)
Q an Q

and Vv € H!()

<C, (34)

”

I((I)I(un)vvn = !J{'I Vu, -Vv+ a/;n(’youn)('you)ds - /Q f(.’)f, un)v < En”v” ’

(3.5)

for some constant C > 0 and €, — 0.
To show that {u,}32, has a convergent subsequence it is enough to prove
that {un}32, is bounded.

Case o < 0. We argue by contradiction. Let us consider a subsequence of
{un}52,, which we denote in the same way, such that

lim ||u,|| = +ec.

n—oo

Let 2z, = ”—::ﬂﬂ Then there exists a subsequence of {z,} which we denote in
the same way, such that

Zn = 2o weakly in H'Y(Q), z0€ HY(Q),

Zn — 2p in L3(Q),
Y02n — Y020 in LQ(OQ) , (36)
za(z) — 2zo(2) a.e. T €N,
lzn(z)] < q(z) a.e. z€eQ, qelL%(Q).

Dividing the terms of (3.5) by ||u, || and taking the limit Yo € H(2) we obtain

nhm/ f(z,un) ___/QVzo.Vv+a-/ (7020)(yov)ds . (3.7

lluall F3]9)
From (3.7) with v = 1 in 0, we get

lim M = a/ Yozpds < 4+00. (3.8)
n—oo fq |[unll a0

We obtain the desired contradiction in three steps.
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106 RAFAEL A. CASTRO T.

First step. We shall prove

2(z) =0 ae. €K, and ~z2(z)=0 ae z€0Q. (3.9)
First we prove

20(z) <0 ae. z€Q, and 72(z) <0 ae z€NN. (3.10)
Let Ot = {z € Q: z(z) > 0} and |Q*| be the measure of Lebesgue of Q7.

Choosing v = 2z in (3.7) we obtain

lim f(2, tn) —/ leo[2+a/ (7oz(f)2ds<oo. (3.11)
a+ aQ

z =
nooo for  |unl

Using conditions (f3) and (f2), for z € 2% we obtain

f(w,uﬁile)zo(m) > —(Aq(z) + K1)z0(z) . (3.12)

Indeed, condition (f3) implies the existence of a constant ¢ > 0 such that
f(z,8) > estl, Vs> sg. (3.13)
Then we can choose s* > sg such that
flz,8) > As, Vs=>s". (3.14)
On the other hand, by (f2), for £ > 0 there is s’ < 0 such that
|f(z,s) —As| <e, Vs<s and VzeQ, (3.15)
by the continuity of the function f there exists a constant K; such that
|f(z,s) — As| < Ky, Vs€(—o0,5"] and Vzell. (3.16)
From (3.14) and (3.16) we get
f(z,s) >Xs—K; Vs€eR, Vzefl (3.17)
Now, using (3.17) with z € 2% we have

f(@,un(z))20(z) | (Qun(z) = Ky)
ol 2 Ml o)

> (Azn(2) — K1)20(z)
> —(Aq(z) + Ky)zo(x) .

From (3.6) we have lim,_.o0 un(x) = 400 for a.e. z € 2+ and using (3.13) the
superlinearity of f in 4+co we have for a. e. z € Q%
[, un)a@) _ £ u)

n—teo  funl A ) n(@)7(@) = Foo.
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 107

If |Q%| > 0, by the Fatou’s Lemma, we get
f(z,un(x))

+00 = lim,  ———2(x
0+ 2n—eoo ”un” 0( )
<lim, . [ L0,
Q+ ”un”
then
lim /(= un(z)) 2o(z) = +00,
n—too Jo+  [lunl|

in contradiction with (3.11). Hence [2*| = 0 and zp(z) < 0 ae. z € Q. If
y € 09, then

1
lim —————
=0 |B(y,7) Q)| Jp.rna

See [5, p. 143]. Below we prove that

Yozo(y) = zo(r)dz < 0.

[ 2o@)dz=0= [ ~oz0(s)ds. (3.18)
Ja Joq
Let v = Lu, in (3.5) and subtracting this identity from (3.4), we obtain

/r.z {&’;"—}-un - F(x,un)}

Dividing this inequality by [|uz,|| and passing to the limit, we get
Lzan)y — F(z,un)

[2)
-2

< 2 fuall + C. (3.19)

lim dr =0. 3.20
A% ) Tan (3.20)

On the other hand, given € > 0, conditions (fp) and (f2) imply the existence
of a constant k. > 0 such that

'%f(x,s)s—F(x,s)

Using (3.21) we have

<egls|+ke, Vs<s*. (3.21)

Hzpndy,, — F(z,un) [ ua| |, Ke
< E/ — 4 —|0]
fluel o lluall ~ Nluall
un(:‘)SS'
K.
< ec+—|9Q|
[l |
and, since ¢ is arbitrary,
J(z,un) P
Ly, — Fle,u
lim g un = Flzun) 0. (3.22)
N0 Jun(z) <5 ”uﬂ”
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108 RAFAEL A. CASTRO T.

The identities (3.20) and (3.22) show that

ff-‘l-‘ unz _ F
lim Un — Flzun) g (3.23)

=00 Jo (x)> s "unli

Using (3.16) and condition (f3), we obtain

fasn)y — F(z,u,) (1 , f(@,un(z))
./u..(ac)>s “un” -/un(I)>" llunl

S (1 f f(z,un) _/‘ f(:c,un)l
“\277)% Vo Tl e Tl |
(1
2

_ - f(xvuu _ _ }
")3 { o Tl M o= nu' |

@ ={ ) et S

where

0 otherwise.

Using (3.8), (3.20) and getting the limit we have

] " K IQII
0 > lim (— \ I [ flz,u )-—/\ [Xm.ndz— okt e
n—o0 / Wa luall Ja llunll J
= (l—0> s" {a/ 'yozods—)\/zo}
2 a0 Q
— (_]i — 0) s™* {—-a/ |70z0|ds + A/ |Z()I} > 0.
2 an o
Hence

(% - 0) s* {—a An [voz0lds + /\[2 |20|} =0. (3.24)

/ ozolds = 0= [ |zol.
an Ja

Using (3.10) we have (3.9). Now, the limit (3.7) is

Then

im [ {28 o) wee HY(). (3.25)

=00 Jg ||zl

Second step. We shall prove now that

[z, un(z)) 2, < 0. (3.26)

lim sup
n—oo Q llunll
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 109

We denote:

_ flz, un(z))
hi= /u.,(x)<0 flunll b
f(xv un(x))

I = ——%n,
JO0<u, (2)<s0 llenl]

I _ / f(I, un) o
3 = TP L
un(z)>s0 lundl

Let us prove that
lim I; =0. (3.27)

n—oo

2
From condition (f2), we have lim,_, o, Eﬂz—%)_—)“-‘— =0, so, given € > 0 by the
continuity of f there exists a constant ¢, > 0 such that

[f(z,8)s — As?| < ce +¢ls|, Vs<0, (3.28)

then

I _/’ f(l’, Un)un

|Ju..<0

SCE/ dz+6/ lun| + A ul
un <0 Un <0 u, <0

Sc+(c+)\)/u§.
0

Dividing the last inequality by |u,||* and getting the limit yields (3.27), because
zn — zp in L2() and 2z9(z) = 0 a.e. = € . Let us sce that

lim I, =0. (3.29)

n—o00

i L = max {|f(z,s)| : (z,5) € 2 x [0,s0]} then

T, Un flz,u
/ f( )zn / | ( n)llun(z)l
0<un(z)<s0 [lunl 0<u,<s9o

" 2
lunll

LS()

2
[[enl

€]

INA

Therefore, lim;,_,o Iz = 0. To prove that lim,,_,., I3 = 0, first we see that

lim sup 3 <0. " (3.30)

n—00
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110 RAFAEL A. CASTRO T.

From (3.19) and (3.21) we have

‘/:"NO {F(:c, Up) — %f(:z:,u")un}

1
<[ |5
un <sg

£
f(@ un)un — F(z,un)| +c+ ‘2,“ [z

2

<[ (elun] + ko) + ¢+ 2 unl

- un <80
‘/&ma+k>+c+ el

<ceunll+c+ '5‘ lluall -

On the other hand, condition (f3) implies

(% — 9) /;080 (@, un)u, < / !%f(m,un)un —F(z,un)} .

u,.>so

So,

1 En
(E - 9) [:,,wn flz,up)upn <c+ (ce + —2—) llunll -

Dividing by ||un)|?, we obtain

f(I‘ un) En 1
z2p < + + =)
/umﬂ lunll ™ ||u,,||2 ( 2) lwnll

then lim, _, . supJ3 < 0. Hence

. :L‘ u
lim sup f Un)
n—oo Tluall

= 11m sup{h + I+ I3} < 0.

Third step. Finally we prove

im sup [ L&), g (3.31)
n—co a lluall

which contradicts (3.26). From (3.5) with v = z, and dividing by ||u,||, we get

En 2 [f( ) En
— < |z, —1- Zn)°ds + zn <
MMI.L | (oan)ids+ | Spita, < e

By taking superior limit we obtain (3.31).
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 111

Case a > 0. In this case we have that

(u,v). =/Vu-Vv+a / (vou)(vov)ds, Yu,v € H(Q),
Q Jaa

defines an inner product in H*(2) and the norm |[u|[, = v/(u,u). is equivalent
to the usual norm || - || of H!(2). As a matter of fact, from (2.6) we get
Ja? < 7 ul?, then

[ull® < (14 By Hllull? = dilull?, Yue HY(Q).
On the other hand, the inequality |[vou(|L2(a0) < c1u| implies,

lull2 < (1 + ach)ljull® = dallull®, Vue H'Y(Q).
Then

(@)™ 2 Nell® < Nlull? < dellull®,  Vue HYQ).

Henceforth, we denote the constants with the same letter ¢ and expressions
of the form ce, with £,. Using the inner product previously defined and its
associated norm, the inequalities (3.4) and (3.5) take the form

1
3 lunl?~ [ Flau)
¢}

(D' (un), v} | = |(un, v)s — /Q (=, un)v

< eplivll < Vdienlvlle = enllvll., (333)

where, lim,, .o £, = 0 and v € H!(Q).

Next we shall prove that the sequence {u,}32, is bounded. With this pur-
pose first we establish the inequality [uf||?> < ¢+ c|luz||, and second, we
prove that |ju; ||, is bounded. The desired result will follow from the equality

2 —n2
lell? = lat IS + ™ II2, Yu € H(Q).

|®(un)| = <C, (3.32)

First step. We shall prove
/ F(z,un)dr < c+ n [lunfl, +cllus|,: - (3.34)
Un 230

From (f3) we have

/ F(z,u,) < (% - 2) dl/ {f(z,up)up — 2F(z,u,)}dz. (3.35)
\" un > 50

Jun 230

From (3.32) and (3.33) we get

/ (F(@, un)tn — 2F (@, un)}dz| < ¢ + n [[un], - - (3.36)
Q
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112 RAFAEL A. CASTRO T.

Hence
/ {f(z,un)un — 2F(z,un)}dx < c+en||uall,
‘u">30

+ / 12F (2, un) — F(T, tn)tin] - (3.37)

un<80
Conditions (fo) and (f2) imply
|2F(z,s) — f(z,s)s| <c+cls|, s<0, Vzeq, (3.38)

from (3.37) and (3.38) we get

/ {f(a"a un)un - 2F($, un)} dzi <c

Un 290

+enflunll, +Heflunfl, - (3:39)

Now, from (3.35) and (3.39), we obtain (3.34).

Second step. We shall prove now that

Iz - / 2P(@, )
Up <

Making v(z) = uj; (z) in (3.33) we have

<cH+en|ug|ls+c ||u,‘,”L1 . (3.40)

<en|lunll, - (3.41)

Ny A
n

From (3.38) and (3.41) we obtain

all? = [ s

||u;||f—/ <02F(w,un) -
Un

+ / f(JI, un)un - / QF(.'B, ’U,n)
un <0

Jun<0

l -
< | ”ur—lllf —/u <0 f(xvun)un.!

| / Py (f(2, un)un — 2F(z, un)} dz

+

<enluz], +/ £ (%, n)itn — 2F (2, u5)| do

<c+enuzll, +CIlun|m :
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Third step. Next we shall verify the inequality
[[u(1? < e+ efluz], - (3.42)
From (3.32) we have

itz - [ 2FGeua)| -
up 20 |

/ 2R (z, un) ~ ”u;“fi
u, <0

I+ el - [ 2P, )

<

|WHE“A?F@WH!SQ

and with (3.40) we get

|| ~ /  2F(aw)
Un 2

2
-

<c+

/ 2F(z,u,) — ”u;l
un <0

Setellugf, -

Then the above inequality and (3.34) give

/ 2F(z,un)

un 20

/ 2F(z,uy,)
0<un (x)<20

[ 2P@u)
Un>8p I

<etelfuz], +enfu

s l? < e+effusll, +

< ctelurl +

+

oy
Therefore .
luxll, < c+cfluzll, +enlluxll, ,

since lim,,_,o, €, = 0 this inequality yields (3.42).

Fourth step. We consider the following exhaustive cases:

i) There exists a constant ¢ such that [u; (|, < c, or

ii) limn_co ||luy||, = 0o, passing to a subsequence if it would be necessary.
In case i), using (3.42) we have [[uf|, < ¢, Vn € N and, from the equality
lull? = flut? + lu=|i? Yu € HY(S), we conclude that (u,)%, is bounded.
Next let us prove that case ii) can not occur. First, from (3.28) and (3.41) we
get

2= A [ )| < el (.49

If w, = TTUEW then there exists wo € H'($2) and a subsequence from {w,}32,

that we denote in the same way, such that it converges to w, weakly in H1(Q)
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114 RAFAEL A. CASTRO T.

and strongly in L?(Q). Let us see that wg # 0. Dividing (3.43) by “u;”f we

obtain
o2 [t

Taking limit when n — oo we get

1
2

wy = —,
/n"/\

therefore wp # 0. Let us sce that A is an eigenvalue and wy its eigenfunction.
First we prove

(u7:9), = A [ uzo

From (3.33) we get

(uy,v), )\/ ujv

nun " un

o) ol (3.44)

II.

(C+5n

u:,v —-)\/u v-—/f(xun ‘5
|

< (u;,v)‘—/\/u;v—(uﬁ,v)'+/\‘/ u;v+J[Qf(m,un)v
= |(n,v) / f (@ un)v] < enllvlle
Then
(uy,v) —A/u v| < enllvf« +|(u V). —A/ u, v~ [f(x Up)v
5sn”vll.—i-“u,ﬂLl|v||.+|/\/ﬂu;v+/nf(z,un)vi. (3.45)

Next we estimate |\ [ uzv+ fq f(z,un)v|. Conditions (fo) and (f2) imply

|f(z,s)—As| < ¢, Vs<0, VzeQ. (3.46)
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using (3.46), we obtain

S T
| Jo Jao |

r |
/ f(z,un)v
un >0
r

T - . v
< [ Xenlf @) = dunl o+ [ 11 (@) |

Sc[)x“nlv]+/(2'f(x,uz)| ]
<c [ pi+ [ 17 @) 1

<c [ +e [ wlve [
Ja Ja Ja

/ {f(z,un) = Au, }v
u, <0

-+

< cllvlls + el e ollzay
where the function x,, is defined by

1 if un(z) <0
\ — n ’
X""(I"{ 0 if un(z) >0,

and p = -2 an 4= 75 21 for n > 3, and we take 1 < p < 1/06 as long as 08 < 1
for n = 2. Then we obtam (3.44). Now, dividing (3.44) by |lu;|,, we get

+ +
}w,,, /\/wn < (c“" B4 PR ”“”) oll..  (3.47)

Jlux ], [Jun |
It is evident that lim,—, o, 7<%~ = 0. From (3.42) we have lim,,_, oo

ll=n1l.

Ll _ o

llus il

R

Let us prove that

+ g
im 1eallzee _ o (3.48)

n=eo [lual]
-

Conditions (fy) and (f3) imply the existence of positive constants K and c,
such that
F(z,8) > 0Ks/% —¢;, for s>0. (3.49)

Then (3.34) and (3.49) give

./ [ut] " < Al - (3.50)
Q -
Dividing (3.50) by [luz||./® we have

L e © Ju ), e

o a1 S e e e 6
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From (S,) we have % =1+ § for some § > 0. Hence

1/6
+

lim_ / ( —'f’lli/—a) =0. (3.52)
" a \”un II-

From (S2) and the choice of p in the case n = 2 we have that 1 < po < %, then

poy 1/po
+
0< lim / ——‘ﬁ-ll-/—a
mre e\ Jfual,
1/6\ ¢
+
S lim / ——%—1'/—0 =0
nree \ e\ luall,

Therefore

poy 1/p
. |ug
fim / Y =0
SERNERN Y

Then, the limit in (3.47) yields

(W, v)s — /\/ Wnv ‘wo, V) —/\/wov =0.
Q

lim
n—oo

Hence -
(wo,v).=)\/ wov , V‘UEHI(Q),
Q

so, A is an eigenvalue of —A, with boundary condition y;u + ayu = 0. But
this contradicts hypothesis (S;). Hence, ||u; ||, cannot tend to +o0o when n —

o0. o

4. Results of existence
In this section, we establish the existence of solutions of Problem (P).

Theorem 4.1. Suppose n > 2, ¢ < 0, (fo), (f1), (f2), (f3), and let py,po be
the first and the second eigenvalues of —~A with the boundary condition of the
problem
(P) -Au = f(z,u(z)), in €,
! mutaypu = 0, on 9Q,

such that

fa) L8220 > ), vse R~ {0}, ¥z € QU.

fs) There exist £9 > 0 and p > 0 such that py < p2 — p < 2, and

(I ) <pz—p, Vse€(—ege0)— {0}, VzeQ.
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NONTRIVIAL SOLUTIONS FOR A ROBIN PROBLEM 117
Then Problem (Py) has at least one nontrivial solution.

Proof. We prove the conditions of Theorem 2.1. The functional ¢ associated
to the problem (P} is defined by

o) = 5 [ 17uP+ /wa%&jLF@mL

which satisfies the Palais-Smale condition by Lemma (3.2).
Using decomposition (2.4), H'(Q)) = X1 ® X3, we have

I) ®(u) < 0, Vu € X;. Indeed, condition (fs) implies that F(z,s) > ul§,
Vs € R, Vz € . Then for each u € X,

ww) =5 [1vuf +5 [ Gourds— [ P
=—;L;/u —/F(zu (by (2.5))
1

'2—# /u2—§/LILu =0.

II) There exists pp > 0 such that ®(u) > 0, Yu € 9Bpo(0) N X. Condition
(fs) implies

2 —
F(z,s) < (12 —p)fz—, for |s| <ep, and Vx e Q. (4.1)

On the other hand, for |s| > €, condition {f1) implies the existence of a positive
constant mg such that

|f(z,s)| < mols|®, for |s|>eo, and VzeQ. (4.2)

Now, (4.1) and (4.2) implies

2
(#2 "p)Lv if ISI <E€p,
< 2 4.
F@”-{nwﬂhifmZm, (4.3)

for any constant m and = € Q.
Using (4.3), the variational characterization of u2, the Sobolev Imbedding

Theorem, and the norm ||uljx = v/(u,u)x, where the inner product (u,v)x is
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defined in (2.3), we get for u € X,
%) = 3l - 5 [ v~ [ Flew)

k 1
> Lz - £ u?——/ W — 22— p)
2 Jjul<eo 2 Jlul>e0 2

/ cul-m / ulo*?

J]ul<€0 lulzfo

= Sl — 2 (2 + k- » [ u2—’°/ll> weom [

Jul<eo 2 -’|u|>€o
>l ot kop) [z em [ e
< Q |u|>e0 7 |u|>e0
(where ¢ = k/2¢5 ")

= 2llul ~ 52+ k- ) / o —my / fuf+1
Q lu|>eo

(m1 =c+m)

p2tk—p .
gl = S g =y [ fufo

3 (2 ) = [ e

= mylull® - maflul"*.

So,
O(u) 2 |lull (maljull = m3llu)?) , ue€ X,. (4.4)

Recalling that ¢ > 1 by condition f1, the function d : [0, +c0) — R defined by
\ 1/(a=1)

d(p) = mqp — m3p° achieves its global maximum in py = (ma ) . Then

m3u
1
®(u) > pod(po) = pg (1 - —) mg >0, Yu€dB,(0)NX,.

III) There exists e € X2 — {0} and a constant M such that
Pv+te) <M, YweX, and Vi>0.

If n > 2 the space H1(Q) is not contained in L>(f2). Let e € X be a function
which is unbounded from above, and A. the number given by
fn |Ve|? + o [oa(v0e)? dS

Ja€?
Then, ps < A and py < As. The value of A, does not change by substituting
e by te, then we suppose that e satisfies the condition

2(A. = A) /Q e? < =3 (1 —~ A, (4.6)

Ay = (4.5)
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where ) is the positive constant of condition (f2), §* = ;T:ii'lé and 4, is a positive

constant such that &1{vf|2. < |vl|2, Vv € X1 where ||v]|Le = sup, g lv(z)].
Moreover §* satisfies

5* vl < / 2, VweX:. (4.7)
Q
If v € X, we get
0= (v,e)k = / Vv-Ve+k [ ve+a [ (v6v)(v0e)ds
Q Ja Joa

= (1 + k) [ ve,
Ja
where py + & > 0, then [, ve = 0 and we obtain
/ Vv-Ve+a [ (vv)(y0€e)ds =0. (4.8
Ja Joq
From (f3) there exist ms > 0 and s; > sp such that
F(z,s) > %32 +mss'/®, Vs>s; and VzeQ. (4.9)

Conditions (fo) and (f;) imply the existence of a positive constant mg > 0
such that

F(z,s) > %sz —mgls|, Vs<s and VzeQ. (4.10)
Now, if v € X; and t > 0 then (4.5), (4.8), (4.9) and (4.10) yicld

b(v + te) = %/QIV('U +te)|* + %/(m(m)(v +te))? - /QF(x,v + te)

£2
=%u1/v2+rx\./€2—/F(z,v+te)
< Ja 2 Q Q

t2
=1#1 /v2+"TA./€2-/ F(I,U+te)
2 Ja = Q v(z)4te(x) <9y

-~ [ F(x,v + te)
Jv(z)+te(x)>s,
1 . 2 / s A / 2
< = —A | €€ —= v+te
sgm [Fegn [¢-5 [+
+me/ |v+ te] — ms [ (v + te)'/?
v(x)+te(z)<s; Ju(::)+te(:c)>.91

1 , 12 2 /
<=(m =N [ P+ =X [ e +ms | jo]
2 Q 2 Q Ja
+m6t/ le| —m5/ (v + te)*/°.

Q v(z)+te(z)>9
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From (4.7) we have

s t2
B(v +te) < 5 (11 = NlollLe +melQ [[v] 2o + F (A =2) 962
+ mgt [ lef — ms [ (v +te)'/?. (4.11)
Ja Ju(::)+te(:r)>31

Observing (4.11) we have the following cases:

Case 1. If A > A,, then

6#
®(v+te) < 5 (m — Moliee +melQ v oo

t2
+ 500 [ @amat [,
4 Q Q

where the coefficients of ||v[|2« and ¢? are negative, therefore there exists a
constant M; > 0 such that ®(v + te) < M,, Vv € X7 and Vt > 0.

Case 2. 1f 0 < A < A, and v = min {v(z) : 2 € 2} then vy + ¢ < s; or
vg+t>s1. Let t < 51— . "
o If vg = 0, from (4.11) we have

*

)
B(v +te) < (i = Mol +melf] o]

2
+s—‘(/\. —/\)/e2+m631/ |e].
2 Q Q

Since the coefficient of ||v]|2 « is negative, there is M2 > 0 such that ®(v+te) <
M.
e If vy # 0 then |vof < |lv||p= and from (4.11) we have,

= MlwlZe +melQ ]l

(51 — v0)2 (M —/\)/Qe + (51 — v0) m6/|e|

d(v+te) —(
+1
2

Using the inequality
(51 —v0)* < 2(s{ +wol?) (412)

¢=mg (|Q| + /r |e|) , (4.13)

 §

and calling

we obtain

Bo-+16) < [ G =0+ 00— / | bl

+ C”'U”Loo +Sl / e +slm6/ | |
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The coefficient of |[v]|3 is negative, therefore there exists M3 > 0 such that
d(v +te) < Ms.

o In the case t > 57 — v, let @) = {& € Q: e(x) > 1} then || > 0. Since
the function e is not bounded from above, and Q; C {z € Q : v(z)+te(z) > s1}
then (4.11) yields

5-& t2
B(v +t6) < Tr = Vol + mel9 ol + 50 =) [ &
o

+m5t/9|e| — mg||(vo + )17 (4.14)
Setting vg +t = s we have
B+ 10) < 5 = Vil +ml ol + £S5 0, -y [ &
+ mg(s — vo) /Q le] — ms|Quls'/?.
From (s — v9)? < 252 + 2||v||? and (4.13) we obtain
2o+t < (F0m -0+ 00 =0 [ &) ol +liolm
+ mgs/Q le] + 2 = N) /Q e? — m5|91|sl/0.

Since the coefficients of ||v||2. and s!/? are negative, then there exists M; > 0
such that ®(v + te) < My. If M = max{Mz, M3, M4}, then (v +te) < M
VYve Xq,and t > 0. o

In the following theorem we consider the case o > 0, and we use the following
condition (f3): the number X of condition (f2) is such that A > 3, and A # 3;,
for j =2,3,---, () is not an eigenvalue).

Theorem 4.2. Suppose: n > 2, a > 0, (fo), (f1), (f3), (f3), (S2), and the
conditions:

(f) {22 > 8, vseR- {0}, Vz €0,
(f2) there exist €9 > 0 and (8 € (81, F2) such that

f—(%’i) < B Vse(—eo,e0)—{0} VzeQ.

Then the problem

(]P‘ -Au = f(x,u(x)), in ‘Q9
2l mu+aypu = 0, on 09,

has at least a nontrivial solution.
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Proof. To prove the conditions of Theorem 2.1 we use the decomposition (2.7),
H'(Q) =Y; ® Ya. The functional ® associated to problem (P2) is

1 a2+ 2 u)ids — T, u
2w =1 [1vuP+5 [ Goupas— [ Few,

which satisfies the Palais-Smale condition by Lemma (3.2).
I) ®(u) < 0,Yu € Y;. Let u € Yi, condition (f{) and the equality (2.8),

yields
1 2, & 2
o) =z [ Va2 + % [ (yow?ds— [ Flz,u)
2 Ja 2 Jaa Q

1 /31/
<z 2 _ M1 2 _
_2ﬁ1/QU 5 QU

IT) There exists pg > 0 such that ®(u) > 0 Vu € 0B,,(0) N Y2. Condition
(fZ) implies
F(z,s) < gsz, |s| < &g, VT e€EQ. (4.15)

On the other hand, for |s| > g and = € © condition (f1) implies the existence
of a positive constant mg such that |f(z, s)] < mo|s|” and its integrals yield

|F(z,s)] < m|s|°*!, V|s|>ep and VreQ, (4.16)
for any constant m > 0. From (4.15) and (4.16), we have
F(z,s) < gsz +m|s|°t!, VseR, Vzefl. (4.17)

If u € Y; then

®(u) = %/(;Wulz + %/m('you)zds - /QF(:::, u)
— stz - [ Few

1 2 rg 2 o+1
> gtz -5 [t —m [

1
Sl = Ll = melul ™+

10 B\ 2 a+1
23 (1- %) 5l - melul*.

Since o + 1 > 2, there exist pg > 0 and a > 0 such that
d(u) >a>0, VuedBp(0)NYs.
III) There exist a function e € Y, — {0} and a constant M > 0 such that
d(v+te) <M, YveY, and Vi>0.
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Let e € Y» be a function which is unbounded from above and A, the number
defined by

_ Ja Vel +a f,q(v0e)?ds

* 3 4
A fn 2 (4.18)
then B2 < A, and A > A, or A < A,. We suppose that e satisfies the condition
2 * A
200 =N [ et <=6 1=-=], (4.19)
Q 5
where 6* > 0 is such that
8*lv)|20 < ]|v||f, Yve Y. (4.20)
For v € Y7 and k > 0 we have,
(v, u)e = (v, u)e + Kk [ vu= (BL+ k) [ vu, Yue H'(R).
Jo Ja
Making u = e we get
0=(v,e)x = (v,€) +k/ ve = (h +k)/ ve,
Q 7]
then
/ ve=20, (4.21)
Q
and
(v,e). =0. (4.22)
We also use
F(z,s) > %.92 +msst/?, Vs>s;, VreQ and (4.23)
A o —
F(z,8) > =s5° —mg|s|, Vs<s; and Vre. (4.24)

2

If v € Y7 and ¢ > 0 then using (4.18), (4.21), (4.22), (4.23) and (4.24), we
obtain

1
O(v+te) = 3 /n V(v +te)]? + g/an(’yo(v +te))? - /Q F(z,v+ te)
2
=;ﬁ1/vz+%,\. /ez—/ F(z,v+ te)
2 4] v v(x)+te(z)<sy

-

— / F(z,v+te)
v(z)+te(z)>s
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1 t2
g—ﬂ;/v2+——/\./ez—— (v + te)?
2 19 2 Q 2 vite<a

mf;/ jv + te|
vtte<sy

(v + te): — ms [ (v + te)t/?
v+te>31 -/v+te>31

/\)/v + = —A)/e +m5/|v+te|
——m5/ (v+te)1/e
+te>3

(61 - / +ms/|v|+—(A —A)/

+tm6/ le] — ms [ (v + te)'/?..
Q

vite>s

<

B

* Using A1 [ v? = |lvl|2, Yo € Y1 and (4.20) we get

B(v+te) < % (1 - é\_;) [0]12.0 + mgl o]l Loo (4.25)

2
+t—(/\,,—/\)‘/ez+tmgv/ le] — ms [ (v +te)'/®.
2 o 0 J

vtte>s

Observing (4.25) we have the following cases:

Case )\ > ),. In this case, the coefficients of [|v]|2 and t? in (4.25) are nega-
tive, therefore, there exists a constant M; > 0 such that

bdvt+te)<M] YveYr and VE>0.

Case 0 < A < A, If vo = min {v(z): z€Q} thenvp+t < s orv0+t>31
Let t < 81 — vo.
If vo = 0 then from (4.25) we have,

5 A
8o +t6) < & (1 _ B’T) 103 +msl ollze

s?
+5 O —A)/Qe2+slmsfﬂlel, (4.26)

then there exists M3 > 0 such that ®(v + te) < M3.
If vp # O then |vo| < [|v]lL= Vv € Y1. From (4.25) we have

B(v +te) < %: (1 - ;—3’};) fvli2 e + mel HollLee

+ %(81 — v0)*(As — /\)fnez + (s1 — vo)me /ﬂ le] -
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Using (4.12) and (4.13), we obtain

B(v+ te) < [‘% (1 - Z;\I) + (A - ,\)/Qeﬂ] [5]1Z.

+ el + 530 = 3) [ ¢ +oama [ el
Q Q

From (4.19) there exists M3 > 0 such that ®(v + te) < M.

In the case vp +1t > 51, let @3 = {x € 0 : e(z) > 1}. Clearly, |Q] > 0.
From (4.25) we have

é* A £2
B(v + te) < > (1 - —) [olRomel oflie + = (A - )\)/ ¢?
2 B 2 Q

+tmg [ el = mslfl (o + 1)1 (.27)
Q

Making vp + t = s, using (4.12) and (4.13), we obtain
8" A
®(v+te) < [— (1 - —) + (A — )\)/ ezJ |2 + cllv]l Lo
2\ A Q
+ sm(;/ ,6! 4+ 32(/\‘ - /\) [ e? — m_-;IQ] 'sl/o.
o) Ja

and there exists M; > O such that ®(v+te) < My, If M* = max {M;, M3, M}
then
P(v+te) <M*, Vvel; and VE>0.

]

Recalling that for n = 1 the space H!(f) is contained in L*(2), and the fact
that the above proofs require an unbounded function in H!(Q), we conclude
that theorems 4.1 and 4.2 can not be applied to the case n = 1.
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