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Regularity of the solutions for a Robin
problem and some applications

Regularidad de las soluciones para un problema de Robin y algunas
aplicaciones
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ABSTRACT. In this paper we study the regularity of the solutions for a Robin
problem, with a nonlinear term with sub-critical growth respect to a variable.
We establish the Sobolev space H!(§2) as the orthogonal sum of two subspaces,
and we give the first step to demonstrate the existence of solutions of our

problem.
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ResuMEN. En este articulo estudiamos la regularidad de las soluciones de un
problema de Robin, con término no lineal con crecimiento subcritico respecto
a una variable. Expresamos el espacio de Sobolev H 1(2) como la suma de
dos subespacios dando el primer paso para la demostracién de existencia de
soluciones de nuestro problema.
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128 RAFAEL A. CASTRO T.

1. Introduction

We examine the regularity of the solutions to the problem

( u € HYQ,-A),
® ! —Au = f(z,ulz)), in 9,
l’hu+a’70u = 0, on 0,

here —A is the Laplacian operator, Q is a bounded domain in R*(n > 2)
simply connected and with smooth boundary d9Q2. The function f : OxR - R,
satisfies the conditions:

fo) The function f is continuous.
f1) There exists a constant ¢ > 0 such that

|f(z,8)| <c(1+]s]7), vzeQ and VseR,
where the exponent ¢ is a constant such that
l<o<2Z if n>3;
l<o<oo if n=2.
The boundary condition y;u + ayou = 0 involves the trace operators:
o HY(Q) - HY2(8Q), and 7 :H'(Q,-A)~ HY2(60),
where HY(Q, ~A) = {u € HY(Q) : —~Au € L?(Q)} with the norm

1/2
lallzr -8y = (Il ey + 18l E2ey )

for each u € HY(, —A), mu € H~1/2(8Q), and you € H/?(8Q). Identifying
the element you with the functional ygu € H ~1/2(9Q) defined by

(Yu,w) = J/an('you)wds, vw € HY%(69),

the boundary condition makes sense in H~1/2(8Q) (Theorem 2.3), and it ap-
pears in the functional of the problem (P), see Theorems 3.1, 3.2 and 3.3 in

section 3.
This work was motivated by Arcoya-Villegas [1], who proved the existence
of nontrivial solution of the nonlinear Neumann'’s problem

-Au = f(z,u), in Q,

& =0, on 89.
We study the existence of solutions of the problem (P) in [4]. We write
this paper to separate the regularity conditions of the additional existence

conditions.
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 129

2. Preliminary results

In this section, we introduce some notations and known theorems to familiarize
the reader with the boundary condition yiu+avu = 0. We also remember that
—A is an isomorphism between some spaces, properly enunciated in Theorem
2.5. Using the Trace Theorem, Theorem 2.5 and the bootstrapping we prove
that the weak solutions of Problem (PP) belong to the space H?(f2). (Theorem

u 2 = ’lt2 + Vu 2 .

The norm
is the usual norm of the Sobolev space H!().

Theorem 2.1. Suppose Q bounded with boundary O of class C!. Then, there
ezists a continuous and linear function vy : H () — L2(0Q) such that:

a) you = ulan, fueWh(Q)ncC @) ,

b) IvoullL2o0) < ellull, Vu € H'(Q),
here the constant ¢; depends on Q. The value you is called trace of u on OXQ.

Proof. See [7, Theorem 1, p. 258]. ]

Theorem 2.2 (Trace Theorem). Let @ C R™ be open, bounded, and with
smooth boundary 0Q. Then the trace operators «v; can be extended to continuwous
linear operators, mapping H™() onto H™=I=1/2(9Q), for 0 < j < m — 1.
Moreover, the operator v = (Y0,71,-- -, Vjr-- -1 Ym~1) maps H™(§2) onto the pro-
duct space I_[;";ol H™=3-1/2(9Q). Finally, the space HJ*(Q) is the Kernel of
the operator 7.

Proof. See [2, Theorem 3.1, p. 189] or [5, Theorem 5, p. 905]. o

Theorem 2.3 (Green Formula). There ezxists a unique operator vy mapping
HY(Q,~A) into H~/2(9Q) such that Green Formula holds:

(71u,'yov)=/vAu+/Vu-Vv, ue H'(Q,-4), ve H'(R). (2.2)
0 Q

Remark. The space C* (Q) is dense in H!(Q,-A).
Proof. See [2, Theorem 2.1, p. 174]. o

Theorem 2.4 (Compactness of the trace operator). Let 2 C R™ be an open
set, bounded, and with boundary C%', m > 1 an integer and 1 < p < +o0.
Then the next claims are true :

e) fmp<nandl < q< ’:ff—;fp), then there exists a unique mapping o :
WmP(Q) — LI(9Q), linear and continuous, such that if u € C (Q) then
You = ulag. If p > 1 then vy is compact. ,

b) If mp = n, then the affirmation (a) is valid for every g > 1.
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130 RAFAEL A. CASTRO T.

¢) If mp > n, the trace you of u € W™P(Q) C C () is the classic restriction
uloq-

Proof. See [10, Theorem 6.2 p. 107, [8, Theorem 6.10.5] or {3]. o

For the reader’s convenience, we recall some notation and definitions of

“normality” and “covering”.

Ifz = (z1,%2,...,Zn) € R* and a = (ay,...,0,) ann —tuple of nonnegative
integers o, then z® denotes the monomial 7" z3?...z3", which has degree
la| = Y7, a;. Similarly, if D; = 6% for 1 < j < n, then D* = D{* ... D&n
is the differential operator of order |«f.

Let A be a partial differential linear operator of order 2m, defined by

Au= Y (~1)MD*(awn D), (2.3)
1Kl |A| <m
where axy, € C*° (Q2), with real values.
Let By,..., B;—1 be m boundary operators defined by
Bju= Y bsDhu, j=0,1,...,m—1, (2.4)
[h|<m;
where 0 < m; < 2m~—1 and the functions b;y, are infinitely differential functions
over 9.
m—1

Definition 2.1. We say that the set {B;};_, is normal according to Aron-
szajn and Milgram, if for j # i, m; # m;, z € 0Q, and normal vector 71 # 0 to
OQ in z, then

Qj(z,n) = Z bjhnh7é0| j=0,1,....m-1

[h|=m;

Definition 2.2. The set {Bj}yf;”(,l “covers” the operator A defined in (2.3),
if for each z € 99 and every pair of real non-null vectors £, £’ tangent and
normal to 99 in z respectively, then the polynomial in the variable T,

P(I,f + TEI) = Z Qkh (f + T€’)k+h ,
lk]=[h|=m;
has m roots: T1(£,&’),--+ ,Tm (&, €’), with positive imaginary parts, and the m

polynomials in 7

Qi(1) = Qi(z,E+7E) = Y bial€ +7E)",

Jhi=m;
are linearly independent module the polynomial [, (7 — :(£,€))-

Definition 2.3. We say that the set of operators
{A7 BO) Bl) T 7Bm-1} )
satisfies condition (VN R) if:
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 131

a) The set of boundary operators B = {B; : j =0,1,-- ,m—1} is normal
according to Aronszajn and Milgram, and
b) The set B “covers” operator A.

Proposition 2.1. The operators

6u
—A= Z 7 2 , and the boundary operator Bou = Z ni(z BzJ
where n(z) = (n1,--- ,a) 5 a unit normal vector field over OQ and external

to Q, satisfies Condition (NR).
Proof. a) Let z € 99 and v(z) = (v1,-+- ,un) # 0 a normal vector field to 99,

Qolz,n) = Efb(x vj(z) =n-v#0,

therefore, the operator {Bp} is normal according to Aronszajn and Milgram.
b) Now, the operator By “covers” the operator —A. In fact, let £ =
(61, ,&) and €& = (&],-- ,&.) be tangent and normal vectors respectively
to 0N at the point z. By the ellipticity of the operator —A we have
P(z, 6+ 7€) = —[€+ 7€' = —[l€l* = (€',

then P(z,£ + 7£’) has 2 roots: 7 = Ijljgiii‘ and 72 = —71. On the other hand,
the polynomial in 7

N
Qo(z,& + 7€) = Y n;(x)(& +7€;) = (a(z) - €7 = |lll€'li7,

j=1
is not multiple of the polynomial 7 — 7y. o}
Let 1 < p< oo, r>0and n(z) = (m, - ,7n) be a real vector normal field

over O and external to 2. We define :

\

L,
J

= a
N = {u EW?P(Q): ~Au=0, Bu= Zﬂj(-’ﬂ)é;u" =0
i1 i

N ={ue W?¥(@): (-A)u=0V, Bju= o},

where p’ = -2+ and ((—A)", Bg) is the formal adjoint operator of (=4, By). 1t
is easy to see that (—A, By) is self-adjoint. Spaces N and N* are subspaces of
C® (ﬁ) , and thus they neither depend on p nor on p'. If @ is simply connected
then N = N* is the space of the constants. In this work, the set {2 is simply

connected.
We will consider the sets:

2+r”’(ﬂ) = {ue WP(Q): Bou =0}, and
{W"”(Q) N*} = {ueWrP(Q): [ju(z)dr =0}.
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132 RAFAEL A. CASTRO T.

Theorem 2.5. The operator —A is an isomorphism on {W™P(Q2); N*} of
I’Hr P()/N for all real 1 >0 and 1 < p < +00.

Proof. See [9, Theorem 3.1). /]

3. Regularity results

In Theorem 3.1 we establish the derivative of the functional ® : H'(Q) — R,
corresponding to our problem (P). In Theorem 3.2 we show that the critical
points of & belong to the space £2(Q). Finally in Theorem 3.3 we obtain the
variational formulation of the problem (P). Thus Theorem 3.2 is a regularity
result for weak solutions of the problem (P).

Theorem 3.1. The functional ® : H'(Q) — R, defined by
1
d(u) = —/ |Vu|2+g/ (vou)3ds — /F(x,u),
2Ja 2 Joa Ja

where a € R, F(z,8) = [ f(z,t)dt belongs to class CY(H'(Q),R) and its
derivative is

(D' (u),v) = / Vu- -Vv+ao / (vou)(vov)ds — / flz, v, VYu,ve€ HY(Q).
(3.1)

Proof. 1f
1 2
by (u) = ‘j (’you) ds,

Oy (u+tv) — ¢ (w) / { ]
= YooV + = (o) I
; ) Yo ('m

then,

(P} (u),v) = lim Pi(utto) = i) _

lim t [ Gowoo)ds

Using Theorem 2.1, the Gateaux derivative of , is continuous; indeed,
[{®1(w), v} | < loull aan) Yovll L2aay < Cliull o]l -
Hence, &, € C1((R2),R). It is well known that the functional

<I>2(u)=%/n|Vu]2—/nF(z,u),

belongs to the class C'(H(2), R) whose derivative is
(@5 (), v) =/ Vu.Vv — / f(z, w)v.
Q Ja

Then we obtain (3.1). i
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 133

Theorem 3.2. Let 2 C R?, n > 2 be a bounded and simply connected domain
with smooth boundary 00, f: & x R — R a function satisfying (fo) and (f1),
and a a real number.

If ue HY(Q) satisfies

(®'(u),v) = /QVu -Vov+ a/;n('you)('yov)ds - j; flz,uw)v=0, (3.2)

for allv e HY(Q), then u € H%(Q).

Proof. Since v, : H*(Q) — H'/2(9Q) is onto (Trace Theorem), and —ayou €
H'/2(9Q), there exists w € H?(S2) such that

dw

an = —ayu. (3.3)

From (3.2), (3.3) and the Green formula we obtain
/Vh-Vv: /gv, v e H(Q), (3.4)

Q Ja
where
h=u—-w, and g(z)= f(z,u)+ Aw(z). (3.5)
(i) First we prove that

g€ {WOP(Q);N*}, where 1<p; <2. (3.6)

Using Condition (f1) in the cases:
a) If n =2, then
feL*Q), andso ge L*Q). (3.7
b) If n > 2, taking into account that '

n+2 2n
1 —_— d 2*= :
<o<-—5, an —
Ifp = % then
2n 2n
1< —— —_— 8
T I G (38)
Consequently
/ (2, 0 < c/ (14 < +oo, (3.9)
a a

thus, f € LP*(Q), then g € LP1 () for 1 < p; < 2. From (3.4) with v =1 over
1, we have

/; g{z)dz = 0.

Thus, g € {WoP1(Q); N*}.
(ii) Now, we will prove that

ue WP (Q). (3.10)
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134 RAFAEL A. CASTRO T.

By virtue of Theorem 2.5 , there exists a unique k € Wg‘o” '(Q)/N such that

-Ah = g, in Q,
- 3.11
{ g—z— = 0, on 9. ( )
In the case n > 3, wehave—r—l— o >1—%13:5’:,'chenp’1 < 2%, and

hence HY(Q) € L7 (Q). If n = 2, HY(Q) C L7 (Q).
From (3.11) we get

-/mﬁ:/ vg, Yve HY(Q). (3.12)

Q Q

Integrating by parts, the first integral of (3.12) gives

/ Vh-Vv= / gv, Ywe HYQ). (3.13)

Q Q

Subtracting (3.13) from (3.4) we obtain
/V(h—ﬁ)-W:O, Yv e HY(Q). (3.14)

Q

Let us see that h € W12(Q). Since k € W2P1 () if p; = 2 then h € W12(Q);
if p1 < 2, then we have the cases: n =2andn > 2. If n=2, given that p; > 1
then 2 < ———‘- ifn>2 asp > n+2, then 2 < "”‘ Therefore in both cases

W2r(Q) C W1 2(Q2), then h € W12(Q).

Making v = h — h in (3.14) we obtain Jo|Vv[®dz = 0. By the Poincaré
inequality we have that v(x) = vq = ﬁ fn vdz, z € Q. Then h(z) = E(:c)+vn,
thus D®h = D®h for any index a, with @] < 2. Since h € W2m (€0), then

h € W2P1(Q), therefore u € W2P1(Q).
(iii) Finally we will prove that

u € W33(Q). (3.15)
If n = 2, by (3.7) and case (i), g € {W%2(Q); N*}, and by case (i), u €
W22(Q). If n > 2, we have the following cases:

a) 2pl >n,

b) 2p1 =n,

c) 2p1 <m.

In case a), W2P1(Q) C C (Q) c L*°(R), thus u € LI(R),Vq € [1, +o0), and on
the other hand, we have

/Qlf(:c, w)|? < c/Q (1+ |u|2") < 400, (3.16)

then f € L*(2), g € L*(Q), thus by cases (i) and (i), w € W22(Q).
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 135

In case b), WP (Q) C LI(Q), Vg € [p1,00), 20 > 2 > p; and by (3.16), then
f € L*(). Similarly to the last case u € W22(Q).

In case c), we use bootstrapping. As W>P1(Q) C L?1(Q), where p} = ;;2—3';,

thus u € LP1(Q). Let p2 = Bai be, and

/Qlf(z,U)l”’ SEA (1+lu|”3) < 400.

Then, f € LP*(Q), g € LP*(Q), thus u € Wz"”(ﬂ). If p < 2 and 2p2 < n then
ue LP3(Q), pi = —“—‘31— Considering p3 = E2 then f € L™, g € LP*(f), thus
u € Wrs(). Therefore, we obtain the sequence {p;}, such that

1<p1<p2<---<ps,

where p; > 2. In fact, since p; > there exists £ > 0 such that p; =

2n
n_(1+ e)—and we obta’in n+2,
n+2
p2 _pi/o _ (n—2)(1+e)
n 2*jo n—2-—4e
then po —p1 > €. If 1 < p; < p2 < --+ < pi~1 < p;, where 5;’,’-_"—1 >1+4¢€ for
3=2,3,---,1, then
Piry _ Pi _Pin=2pic) o P,
P Pl Pi-1(n—2p;) " pia
Hence {p;} is an strictly increasing sequence, therefore, there exists p; > 2 and
u € LPs-1(Q), then f € LP+(), g € LP+(£2) and by case (ii) u € W2P+(Q).
Therefore u € W22(S2). o

Theorem 3.3. Based on the conditions in Theorem 3.2 on Q, f and «, the
problems (P) and (Q) are equivalent:

{ i) u € HY\Q,-A),

(P) ii) —-Au = f(z,u(z)), T€N,

iii) mu+ayr = 0, on 002,

and

@) {1) v € HY(Q),

: i) [qVu-Vu = [, f(z,u)v—a fy,(nu)(wv)ds, Yve H(Q).

Proof. Let u be a solution to problem (P), then
[ (~aup = / fl@u(@)y, WoeH\Q).
Jn o)
Using the Green Formula (2.2) we obtain
/ Vu - Vv - {(nmu,wv) = / f(z,u)vdz, VYve HY(Q).
Q Q

Now, taking the boundary condition, u is a solution to problem (Q).
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136 RAFAEL A. CASTRO T.

If u is a solution to the problem (Q) then

Vu.Vv = / Flz, w)v — a/r (vou)(yov)ds, Yve HY(Q), (3.17)
Q 0 a0

thus

/V‘u.Vv = / flz,w)v, VveCX(Q). (3.18)
Q Q

By Theorem 3.2 u € H%(Q), and using the Green formula, we obtain
—/ vAu = / flz,u)v, YveCF (),
Q a
then —Au = f(zr,u(x)).
Changing f for —Au in (3.17) and using the Green formula, we obtain

mnu+ ayu=0.
of

4. Applications

The purpose of this section is to give the first step for the proof of the existence
of solutions of our the problem (P) (see [4]), which consists in expressing the
Sobolev space H!(f2) as the orthogonal sum of two subspaces. To achieve this
goal we consider the problem (P) with f(x,u(z)) = pu(z) where 2 is a parame-
ter. Making use of spectral analysis of compact symmetric operator, we obtain
the existence of cigenvalues and by virtue of theorems 3.2 and 3.3, we establish
some properties of the first eigenvalue and its associated eigenfunctions.

4.1. Existence of eigenvalues.

Theorem 4.1. Let a be a real parameter, a # 0. The eigenvalue problem

pu, in Q,

{ —Au
) miu+ayu = 0, on 89,

(4.1.1)

has an increasing sequence of eigenvalues. In the case o < 0 the first eigenvalue
s negative, and in the case a > 0 the first eigenvalue is positive.

Proof. 1) Case a < 0. In this case, to establish the existence of the eigenvalues
of the problem (4.1.1) first we introduce an scalar product (.,.)x in H}(Q). To
make this, first we have that given € > 0, there exists a constant C(¢) > 0 such
that

a/ (You)?ds > as/ |Vul? + aC(e) /u2 , Yue HY(Q). (4.1.2)
a0 Q Ja
Choosing k and € such that

1
O<ex g and k> —aCl(e), (4.1.3)
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we define the symmetric bilinear form in H!(f2) in this way for u,v € H!(Q):
r
au,v] = [ Vu-Vo+a | (yu)(yov)ds + k& [ uv. (4.1.4)
Ja Jaa Ja

This defines an scalar product and we denote it by (.,.)x. In fact, the form
ax[.,.] is coercive: using (4.1.2) we have a[u, u] > §||u||?, Yu € H'(Q2), with § =
min{l4+ae, k+aC(e)}. On the other hand, using the inequality |[vou|| L2(a0) <
c1||lull, Yu € H'(S2), and the Schwarz inequality we have |ax[u, v]| < e« |||,
where c3 = 1 + |e|c? + k, i.e. ak[.,.] is continuous.

We define for each u € H(2) a norm ||u||x = v/(u,u)x. Then

8llull® < fullf < esllull?, Vue H'Y(Q), (4.1.5)

i.e., the norm || - || is equivalent to the usual norm of H!(f).
With our % chosen in (4.1.3), the problem (4.1.1) is equivalent to

{ —Au+ ku (u+k)u, in 9, (4.1.6)

nu+ayu = 0, on ON.

We prove that the eigenvalues u + k are positive. Let u be a weak solution of
(4.1.6), then

(u,0)x = (u+k)/nuv, Vo € H(9). (4.1.7)

If moreover, u # 0 and v = u in (4.1.7) we get that p 4+ &k > 0.
For fixed u € H'(2), the map v — [, uv’is a bounded linear functional in

HY(Q),

‘/U’U
Q

So, by the Riesz-Frechet Representation Theorem, there is an element in H*(£2)
that we denote by Tu, such that '

1
< Alul ol < llull ol < Sllullelvlle, Vo€ H'(@Q).  (418)

/ w = (Tu,v)x, Yv€ HYQ). (4.1.9)
Q

Thus (4.1.9) defines the operator T : H'(£2) — H'(Q) that is linear and sym-
metric: (Tw,v)x = (u,Tv)k, Yu,v € H(Q). By virtue of (4.1.8) and (4.1.9)
we have || Tu(|x < }lullk, Vu € H'(Q), i.e. T is bounded. Now, we are going
to prove that the operator 7' is compact. Let {u,} he a bounded sequence in
H(f). By the theorem on compact imbedding of H!(£2) in L?(Q) there exists
a subsequence {un,,} and a element u in H'(§2) such that

Up; = u in HY(Q), and Up; »u in L*(Q), when j— co.
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138 RAFAEL A. CASTRO T.

By (4.1.9) and the definition of the operator T, we have

|7, =Tl = [, =0Tt )

< flun; = ull 2@ |7 (un; — w)liL2(a)
< [un; = ullLz@) | T (un; — vl

1
< %"Unj —ullL2@) | T (tn;) — T(u)lk -
Then

Jim |Tun, — Tu||, =0.

Let us see that the eigenvalues of problem (4.1.6) are the inverse eigenvalues
of the operator T. In fact, if u is a weak solution of (4.1.6), then by (4.1.7)

and (4.1.9) we obtain
1

Reciprocally, if u satisfies (4.1.10} then u verifies (4.1.7) by (4.1.9).

Our next step is to establish the existence of eigenvalues of operator T'.
Since,

1
R sup {(Tu, u)k : |lullk =1} > 0, (4.1.11)

then by [6, Lemma 1.1, p. 36], there exists ¢; € H!(£2) with [l¢1lx = 1 such
that

1
Tor, i) = ——, Tp1=
(To1,1)k . P1 (
On the other hand, we have

1
= +k) 1. (4.1.12)

1
> = sup {(Tu, u)k : “U”k = 1}

u u
=sup|{T+—, ———) 4.1.13
u#o( Nealls” Neellx / ( )
2
—supdnt
w0 [lulii
hence
. llull
w1+k= inf . (4.1.14)
uE‘:‘f#"‘:ﬂ] fn u?
Then

. Jo IVul? + o [, (vou)ds
p = inf Tou? , (4.1.15)
ueH () ot
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 139

in particular, for the constant function ¢(z) = b, Vz € Q, b # 0, we have

< JalVol® +a [5o(r00)?ds b0l
- Ja#? b2|92]
where |08, denotes the (n — 1)-dimensional Lebesgue’s measure 92 and |9
the Lebesgue’s measure n-dimensional of €.
Let ¢1,--- ,9j—~1 be the j — 1 eigenfunctions that correspond to the j — 1
eigenvalues of T. We define

<0,

= sup{(Tu,u)x : ||ullx =1, uler, -+ ,pj-1} >0, (4.1.16)

pi+k

then by [6, Proposition 1.3, p. 37), there exists ¢; € H}(Q) with [jp;|lx =1

such that
1

(Tos, 05k = Ty; = A ok (4.1.17)

1
pi+k’
Thus, the eigenvalues of Problem (4.1.6) are positive and form the sequence
0<p1+k<pus+k<---, then the eigenvalue problem (4.1.1) has a sequence

—k<prSpr<pz<---. (4.1.18)

2) Case a > 0. In this case, the bilinear form
aklu,v) =/ Vu-Vo+k [ w+a l (vou)(vov)ds, u,v€ HY(Q),
Q Ja Jaa
is coercive for every value of the constant k > 0. In fact
ak[u, u 2/ |Vu|? + k/ u? > mjul?,
Q Q

where m = min{1, k}.
On the other hand, ax[., .] is continuous, hence |ak[u, v]| < ma||u|| jv||, where
ma = 1+ k + ac?. This implies

mlful® < lullf < maflull®, Yue HY(Q), (4.1.19)

i.e., the norm ||.|| is equivalent to the usual norm of H(2).

The procedure to determine the existence of the eigenvalues of Problem
(4.1.1) with @ > 0 continues in analogous form to the case @ < 0. Considering
the eigenvalue problem (4.1.6) with an arbitrary positive constant k, we find
that it has a sequence of eigenvalues f1 + k< o +k < B3+ k < ---. Hence

Pr<P2<pP3<--- (4.1.20)

are the eigenvalues of problem (4.1.1).
The first eigenvalue 3, is positive. In fact, by virtue of (4.1.15) we have

Vul? 2d
B = inf Jo IVul? + a foq(row) 3>01 (4.1.21)

2 2
u#0
wEHY () fﬂ u
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if 81 = 0, let ¢ be an eigenfunction associated to B1. Then
- fQ |V‘P|2 +a L)Q(’Y()(p)zds
jQ w? '
thus vy = 0, ¢ € Hi(2) and |Vg| = 0. Then ¢ = 0 which is absurd because
lels = 1.

0

i
4.2. The first eigenvalue and its associated eigenfunctions.

Theorem 4.2. If ¢ is an cigenfunction of problem (4.1.1) associated to the
first eigenvalue Ay, then p € C (Q).

Proof. By Theorem 3.3 ¢ verifies
r
/ Vo Vuv+ a/ 70+ YoU = /11/ pv, YveHY D). (4.1.22)
Q an Q

Using Theorem 3.2 with f(x,¢(z)) = Aip(z) we have ¢ € H*(Q), yop €
H?=1/2(9Q). Then there exists w; € H*(Q) (Trace Theorem) such that y,w; =
—avpp. By the Green formula (2.2) we have

Vgo.sz/ {Mp + Aun}v +-/ Vw; - V.
Q Q Q

Making h = ¢ — w; and G = My + Aw,, we obtain
JoVh-Vo = [,Gv, Yve HY(Q),
4.1.23
{ m(h) = 0, ( )

thus, G € {H'(Q); N*}. By Theorem 2.5 there exists he H3(Q) such that

{ -Ah = G in O, (4124)

oh
m-Oon@Q.

Multiplying the first equality in (4.1.24) by v and integrating we obtain
/ Vh.Vu = / Gv, Yve HYQ). (4.1.25)
Q o
Subtracting (4.1.25) from the first equation in (4.1.23) we have

/V(h—?l)-Vv:O, Vv e HY().
Q

i3 ~ |2 = s
Making v = h—h we obtain [, ‘V(h - h)l =0,thenV (h - h) =0, h—-h=»M

for some constant Al, then ¢ = w; + h + M € H3(). Since ¢ € H3() then
Yo € H3~1/2(9Q). Using again Trace Theorem there exists w2 € H*(Q) such
that y1we = —angy and proceeding as in the above case, we conclude that
@ € H*(Q). Continuing on this way we obtain that ¢ € H™(Q) for any integer
m > 0. Thus, for D% there exists an integer mg such that 2mg > n and
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DPp € H™3(Q). Then by the inclusion of Sobolev and smoothness of the
boundary, D%y € C (Q). o
Theorem 4.3. The first eigenvalue of problem (4.1.1) is simple.

Proof. i) We claim that if ¢ is an eigenfunction associated to the first eigenvalue
A1, then ¢ does not change sign. Looking for by contradiction, suppose that ¢
changes sign. Then ¢ verifies the equality

(s @)k = (M +k)/Q<p2. (4.1.26)

Writing the function ¢ in the form p(z) = ¢*(x) + ¢~ (z), where p*(z) =
max, .q{¢(z),0} and ¢~ (z) = min,5{p(z),0}, the left member of (4.1.26)
can be written
(W? ‘F’)k = (ﬂ0+’(p+)k + (‘P—-‘Ph)k 3
because ¢t and ¢~ are orthogonals, i.e.
(0, 907), =/ Vet Vo~ +k [w* o~ ta [ oot - qopds
Q Ja Jaa
=0.

Indeed, we have [, Vot - Ve~ = 0 and [,¢*t¢~ = 0. Furthermore, by
Theorem 4.2, ¢ € C (Q). Then ¢t and Yop™ are restrictions of ¢* and ¢~
on Jf1, so

/ Yot - Yo ds = [ ot pTds =0.
an Joq
Let by = (¢, ¢t), and by = (¢, 97 ), then by > 0 and b2 > 0. On the other

hand,
/ v = / (‘P+)2 +_/ (‘P_')2 =aj +az.
Ja Q Q

Then using the above notation we can write (4.1.26) in the following way:

by + b2 = (M1 + k)(a1 +az). (4.1.27)
From (4.1.27) and (4.1.14) we have
1 a; + a; fou?
= = T 4.1.28
MAE b4y e i (4.1.28)
For the numbers 31, &, and ‘;:iﬁf, we have the unique possibility ';:I;:; =
A =22 So
ot 2 2
1 * =
_ @ _ L) (.1.29)

Y e A P
Using (4.1.13), the previous equalities imply that ¢ and ¢~ are eigenfunctions
corresponding to A;. Then Vv € H!(Q2) we have

/\1/<,0+-v= /V(,0+-Vv+a [ Yoot - Yov, (4.1.30)
Q Jo Joa
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By Theorem 4.2, we have that p* € C* (Q).
On the other side we observe that:

—Apt + ket = (A +k)pt >0, in Q.

Since ¢ changes sign in Q, there exists 7o inside of Q such that ¢*(zo) =0
which is its minimum value in €. Then by the Strong Maximum Principle ¢+
is constant in €, thus ¢t = 0 in 2, which is absurd. Therefore ¢ can not
change sign in Q.

ii) Next we prove that the geometric multiplicity of A; is one. Let ¢; and
2 be two eigenfunctions associate to the eigenvalue ;. By step i), for each
t € R the eigenfunction ¢; + ty, has definite sign in 2, so the sets A = {¢ €
R:yp +tp: >0,inQ} and B={t € R: ¢y +tpz <0, inN} are non empty,
closed and AUB = R. Since the set of real number R is connected, there exists
te ANB, T # 0such as ¢, +fp; = 0, i.e. 1 and y, are linearly dependent.
Therefore, the eigenspace associate to the eigenvalue A, is generated by a single
eigenfunction, that we denote by ¢;.

iii) The algebraic multiplicity of A, is one, (A; is simple). Let

NMI+A)={u:\u+Au=0 and mu+ayu=0},

NMI+AY ={u:(MI+A)(Mu+Au)=0 and ~vu+ayu=0}.
It is clear that N(A I+ A) € N(\ I+ A)2. Next we show that N(MI+A)2 C
N(M\ I+ A). Indeed, let ¢ € N(A I+ A)? be, then \p + Ap € N(M T+ A),
A1 + Ay = tip; for some real ¢.

By the other side, we have

tpr, 1)k = (L1, 1)k = (e + Ap, 1)k
= A1, 1)k + (A, 1)k

r
= A1, 1)k + (M1 + k) Jln 1y, (by (4.1.7))
= (A1 = A)(pv 1)k =0.
Hence t(¢1,91)x = 0, then ¢t = 0. Thus Ajp+Ap =0and ¢ € N(\1I+A). ]

4.3. Orthogonal sum. Finally we express the Sobolev space H1(f2) as the
orthogonal sum of two subspaces, where an addend has finite dimension. In
the case a < 0, from (4.1.18) and Theorem (4.3), the sequence of eigenvalues
has the form
k< <pp<pz < (4.2.1)
Let X, be the space associated to the first eigenvalue p; and X, = Xi-
the orthogonal complement of X; with respect to the inner product of (-, -)x
defined in (4.1.4). Then we have

HY Q) =X, 0 X2, (4.2.2)
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and
/ IV<pI2+a/ (Yo)?ds =/\1/ ?, VeeX;. (4.2.3)
Ja N Q

In the case a > 0, from (4.1.20) and Theorem (4.3), the sequence of eigen-
values has the form

Pr1<P2< B3 (4.2.4)

Let Y; be the space associate to 8; and Y, = Y;* the orthogonal complement
of Y1 with respect to the inner product (-, )k, but here k& > 0 is an arbitrary
constant. Then

HY(Q)=Y0Ys:, (4.2.5)
and

/ Vo> + a / (rop)2ds = B / 0, Yoev. (4.2.6)
Q an 1]

by virtue of Theorem 4.3, the subspaces X; and Y7 have dimension one.
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