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A  result for approximating fixed points 
of generalized weak contraction of the 
integral-type by using Picard iteration

U n resultado para aproximar puntos fijos de contracción  
generalizada débil de la integral-tipo usando iteración de Picard

M e m u d u  O l a p o s i  O l a t i n w o 1 

^bafemi Awolowo University, Ile-Ife, Nigeria

A b s t r a c t .  Following concepts of A . A . Branciari, y  B. E . Rhoades, of in this 
paper, we shall establish a fixed point theorem by using a generalized weak con­
traction of integral type. Our result is a generalization of the classical Banach’s 
fixed point theorem and other related results.
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R esu m en . Siguiendo conceptos de A. A . Branciari, y  B. E . Rhoades, en este 
artículo establecemos un teorema de punto fijo usando una contracción débil 
generalizada de tipo integral. Nuestro resultado es una generalización del clásico 
teorema del punto fijo de Banach y  de otros resultados relacionados.

Palabras y frases clave. Puntos fijos, contracción débil de tipo integral, iteración 
de Picard.

1. Introduction

Let (X , d) be a complete metric space and f  : X  —> X  a selfmap of X.  Suppose 
that Ff  =  {x G X  | f (x)  = x}  is the set of fixed points of / .  The classical 
Banach’s fixed point theorem is established in Banach [2] by using the following 
contractive definition: there exists c G [0,1) (fixed) such that V x, y G X,  we 
have

d{ f ( x ) J ( y ) )  <c d ( x , y ) .  (1 )
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In a recent paper of Branciari [7], a generalization of Banach [2] is estab­
lished. In that paper, Branciari [7] employed the following contractive integral 
inequality condition: there exists c 6 [0, 1 ) such that V x ,y  6 X ,  we have

d( f (x ) , f ( y ) )  d(x ,y )

J (p(t)dt < c J <p(t)dt, (2)
0 o

where ip : R + —> R + is a Lebesgue-integrable mapping which is summable, 
nonnegative and such that for each e >  0, / J  (p(t)dt >  0.

Rhoades [13] used the conditions
d( f ( x ) , f ( y ) )  m(x,y)

J ip { t )d t< k  J (p(t)dt, \ / x , y E X ,  (3)
o o

where m(x,y)  =  max jrf(x, y), d(x, /(#)), d(y, f(y)),  and

d ( f ( x ) J {y ) )  M (  x,y)

J ip(t)dt < k J (p(t)dt, V i , | / e X ,  (4)
o o

with M(x, y) =  max {d(x,y),d(x, f(x)) ,d (y ,  f{y)),d{x , f (y ) ) ,d (y ,f (x ) ) }  , 
where k £ [0,1) and ip : R + —> R + in both cases is as defined in (2). Condition 
(4) is the integral form of Ciric’s condition in Ciric [10].

Literature abounds with several generalizations of the classical Banach’s 
fixed point theorem since 1922. For some of these generalizations of the classical 
Banach’s fixed point theorem and various contractive definitions that have been 
employed, we refer the readers to [1, 4, 5, 6, 3, 9, 10 ,12 ,14] and other references 
listed in the reference section of this paper.

In this paper, we shall establish a fixed point result similar to those of 
Branciari [7] and Rhoades [13] by employing a weak contraction of the integral 
type.

Our result is a generalization of the classical Banach’s fixed point theorem 
[1 , 2, 5, 15] as well as an extension of some results of Berinde [6], Berinde and 
Berinde [3], Branciari [7], Chatterjea [8], Kannan [11] and Zamfirescu [14].

The following definition is taken from Berinde [6, 3]:

Definition 1 . 1 .  A single-valued mapping f  : X  —> X  is called a weak con­
traction or (<S, L)—weak contraction if and only if there exist two constants, 
5 € [0,1) and L >  0, such that

d (f {x ) ,f {y ))  < Sd{x,y) +  L d (y ,f (x )) , V x , y € X .  (5)

For the extension of the Banach’s fixed point theorem in the sense of multi­
valued mapping, the reader is referred to Berinde and Berinde [3]. We shall 
employ the following definition to obtain our result:
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Definition 1.2 . We shall say that a single-valued mapping f  : X  —> X  is a 
generalized weak contraction of integral type or (<5, L )— generalized weak con­
traction of integral type if and only if there exist constants K  >  0, L > 0 and 
5 G [0,1), such that V x ,y  € X ,

d( f (x ) , f ( y ) )  d(x,y )

J cp(t)dt <6 J (p(t)dt
o

d{x, f (x))  \  r  /  d ( y , / ( * ) )  \  [ 1

+  L I j  (p(t)dt I j  <p(t)dt 
J \  o ,

(6)

where r >  0, 1 — K d (x , f ( x )) >  0 and <p : 1R+ —* M+ is a Lebesgue-integrable 
mapping which is summable, such that for each e >  0, / J  ip(t)dt >  0 and 
nonnegative.

Rem ark 1 .3 . The contractive condition (6)  reduces to (5) if r =  K  =  0 
and (p(t) =  1 ,V£ £ JR+ . Also, if in condition (6)  r  =  K  =  0, L =  26 and 
<p(t) =  1 , Vt e  M+, where 5 =  max ja ,  , 0 <  6 <  1 , then we
obtain the contractive condition employed by Zamfirescu [14]. See also Theorem 
2-4 of Berinde [5] for the contractive definition of Zamfirescu [14] as well as 
the conditions on a, ft and 7 .

Rem ark 1.4 . The contractive condition (6) does not require any additional 
condition for the uniqueness of the fixed point of f . This is an improvement 
on the result of Berinde [6].

2. T h e  m ain result

Theorem 2 .1. Let (X,d) be a complete metric space and f  : X  —* X  a 
(J, L)—generalized weak contraction of integral type. Let ip : M+ —* 1R+ be a 
Lebesgue-integrable mapping which is summable, nonnegative and such that for 
each e >  0, Jq ip(t)dt >  0. Then, f  has a unique fixed point z  G X  such that 
for each x G X ,  limn-̂ oo f n{x) =  z.
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Proof. Let x0 e  X  and let {x„ } ^ 0 defined by xn =  /(xn_i) =  f nx0, n =  
1 , 2 , . . . ,  be the Picard iteration associated to f .  From (6), we have that

d(x„,xn +1 )  d ( f ( x n - . \ ) , f ( x n ) )  d ( i „ _ i , i „ )

J ip(t)dt =  /  ip(t)dt < 5  J <p(t)dt
o o o

/  t! \\ \  r  /  At t(  ^  \  l  — K d( x n — l , f ( x n — i))
/ d ( * „ _ l , / ( * n - l ) )  \  /  d(xn J ( x „ - 1 ))

+  L I J  <p(t)dt J <p(t)dt

d ( x n - l  ,X n )  d ( x n - 2 > X n - l )  d ( X ( ) ,X l )

=  8 J <p(t)dt < S 2 J Ip(t)dt < • • • < 5n J ip(t)dt. (7)
0 0 o

Taking the limit in (7) as n -» oo yields
d(xn ,xn+1 )

lim [  (p(t)dt =  0 , 
n —oo J  

0
since (p{t)dt >  0 for each e > 0. Therefore, it follows from (7) that

lim d(xn,x n+i) =  0 . (8)
n —*oo

We now establish that {zn} is a Cauchy sequence. Suppose it is not so. 
Then, there exists an e > 0 and subsequences {x m(p)} and {zn(p)} such that 
m(p) <  n(p) < m(p +  1 ) with

d { x m (p ) , xn(p)) >  e , d ( x m (p) , x n(p) _ i )  <  e .  (9)

Again, by using (6), then we have that
d{xm(p),x  n ( p ) )  d ( / ( x m ( p ) _ i ) , / ( x n ( p ) _ i ) )

J (p(t)dt =  J ip{t)dt
o o
t^(I m (p )  — 1  >x n ( p )  — l )

< (5
o

d( xm(p). 1,xm(p))  \  "  /  \

+  L | J <p{t)dt j J <p(t)dt

(10)

By using (8), we have that
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1 K d  3?rn(p)) * 1 as p ► o o , (11 )

) ~  1  >x n ( p )  — 1  /

J <p(t)dt
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and
d(xm(p)~l i * m ( p ) )  \  r

[  (p(t)dt —* 0 as p —► oo, (1 1 **)

° /
and also from (8), (9) and the triangle inequality, we obtain

^ («m(p) —l»«n(p) —l) —  ̂(«m(p) —li «m(p)) ~>r d { x m(p ) ) « n ( p ) ~  1 )

< d (xm(p)_i, «rn(p)) c ► € as p ► OO . (12) 

Using (9), (11*), (11**) and (12) in (10), then we get

e d ( x m ( p ) . * n ( p ) )  e

J ip(t)dt < J ip(t)dt < 6 J cp(t)dt, (13)
0 0 0

from which we obtain ( 1—S) (p(t)dt <  0, leading to 1 —5 > 0. But ip{t)dt <
0 and this is a contradiction by the condition on (p. Therefore, we must have 
that Jq <p{t)dt =  0, that is, e =  0. Therefore, {xn} is a Cauchy sequence and 
hence convergent. Since (X,d) is a complete metric space, {xn} converges to 
some z € X, that is, Iim xn =  2. Also, from (6), we have that

d ( l n + l , / W )

n —*oo 

d ( f ( x n ) J{z ) )

J ip(t)dt =  J (p(t)dt
o
d(xn ,z) d{xn , f ( I n ) )

< Ô J ip(t)dt +  L i J (p(t)dt J <p(t)dt
0

d ( x „ , z ) d(xn , i n .(-i )

d(*./(*„))

d(z,xn + 1 )

[ 1  - K d ( x n , f ( x n ))]

[ l - K d ( x „ , x „ + i ]

= 6 J <p(t)dt 4- L I J (p(t)dt J I J ip(t)dt

By taking the limits in (14) as n —► oo, then we get

d( f (z) , z )

J ip(t)dt <  0,

(14)

(15)

and from (15), we obtain a contradiction again. Therefore, by the condition on 
(p, we have <p(t)dt =  0, so that d(z, f (z) )  =  0, or z — f(z) .

We now prove that /  has a unique fixed point: Suppose this is not true. 
Then, there exist w\, w2 € Ff, w\ ±  w2, d(w \,w 2) > 0. Therefore, we obtain
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by (6) that 
d(w i,tx>2) d(f(wi),f(w2))
J ip(t)dt =  [  <p(t)dt/0

d(w\,102)
< 5  J tp(t)dt

0

leading to (1 -  6) J ^ Wx'W2̂ ip(t)dt < 0, from which it follows that 1 — 5 > 0, 
but J*(Wl'W2) (p(t)dt < 0. Therefore, by the condition on <p again, we get 
jd(u>i,u>2) _  0 so that d{w i,w 2) =  0, or wi =  w2. Hence, /  has a unique
fixed point. $

Rem ark 2.2. Theorem 2.1 is a generalization and extension of the celebrated 
Banach’s fixed point [1, 2, 5, 15] as well as an extension of the results of Bran- 
ciari [7], Chatterjea [8], Kannan [11] and Zamfirescu [14]. Theorem 2.1 is also 
an extension of some results of Berinde [6] as well as Theorem 2 of Berinde 
and Berinde [3]. Theorem 2.4 of Berinde [5] is the result of Zamfirescu [14].
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