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Superquadratic convergence of a 
Hummel-Seebeck type method

Convergencia supercuadrática de un m étodo tipo H um m el-Seebeck
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A b s t r a c t .  The cubic convergence of a method inspired by a Hummel and 
Seebeck for solving variational inclusions, has been showed when the second 
order Fréchet derivative of some function /  satisfies a Lipschitz condition. 
Here, we prove the superquadratic convergence of this method whenever this 
second order Fréchet derivative satisfies a Holder condition.
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R e su m e n . La convergencia cúbica de un método de Hummel y  Seebeck para re­
solver inclusiones variacionales ha sido probado cuando la derivada de Fréchet 
de segundo orden de alguna función /  satisface una condición de Lipschitz. 
Aquí probamos la convergencia supercuadrática de este método siempre que 
esta derivada de Fréchet de segundo orden satisfaga una condición de Holder.

Palabras y frases clave. Aplicaciones conjunto-valoradas, pseudo-Lipschitz, con­
vergencia supercuadrática, condición de tipo Holder.

1. Introduction

In [1 1 ], th e  follow ing cubic m eth od

0 €  f ( x k )  +  ^ ( V / ( x fc) +  V f ( x k+ i ) ) ( x k+i  -  x k) +  F ( x k+ i ) , ( 1)  

has b een  stu d ied  for so lv in g  variational inclusions o f th e  form

0 e f ( x )  +  F(x) ,  (2)
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w here /  is a fu n ction  and  F  is a set-va lu ed  m apping. It w as proved in [1 1 ] 
th a t  there ex ists  a  sequence (Xk) defined  by ( 1 ) and converging to  a so lu tion  
x* o f  (2 ). F ollow ing th is  work, in  [7], G eoffroy et al. have proved th e  sta b ility  
o f th is m ethod  inspired b y  th e  work o f H um m el-Seebeck  [9]. In th is  study, X  
and Y  are tw o B anach  sp aces, /  : X  —* Y  is a  function  w hose secon d  Frechet 
d erivative is L ip sch itz  con tinuous, th e  set-va lu ed  m ap p in g  F  : X  —> 2 y  is such  
th a t its  graph defined  by grap liF  =  { ( x , y )  €  X  x  Y  \ y  €  -FOc)} is  c losed  and  
th e  set-va lued  m ap p in g  ( /  +  F ) ~ l is pseudo-L ip sch itz  around (0 ,x * ) .

O ur aim , in  th is  paper, is to  ex ten d  th is  s tu d y  to  th e  fu n ction s /  w hose  
second  Frechet derivative V 2/  sa tisfies a  H older con d ition  on a neighb orhood  
Cl o f  x *:

3  K  >  0, a  €  ( 0 , 1 ], such  th a t | |V 2 / ( x )  -  V 2 / ( y ) | |  <  K \ \ x  -  y \ \a , V x , y e t t .

N o te  th a t w h en  a  =  1, w e h ave th e  L ipsch itz  con d ition  for V 2/ .  T h is  kind  
o f assu m p tion  h as been  used  in  [8 , 1 2 ] for ex ten d in g  th e  convergence o f others  
m eth od s for so lv in g  variation al inclusions o f  th e  form  (2). L et us rem ark th a t  
th e  inclusion  (2 ) is an abstract m od el for various problem s includ ing  equ ations, 
ineq u alities and variational inequ alities.

T hrou gh ou t, w e d en ote  by IBr (x ) th e  closed  ball cen tered  a t x  w ith  radius r. 
T h e d istan ce  from  a  p oin t x  €  X  and a  su b se t A  C  X  is defined as d is t(x , A )  =  
inf{||a: — y|| | y  E -A}, th e  ex cess  from  th e  se t A  to  th e  se t C  is defined by  
e (C ,  >1) =  su pxGC d is t (x ,j4 ) .

R eca ll th a t a  set-va lu ed  T : X  — ► 2Y  is said  to  b e  M -p seu d o-L ip sch itz  
around (x o ,y o ) €  graph T if  th ere  ex ist n eighborh oods V  o f  xo  and  U  o f yo 
such th a t

e (r (a : i)  D U , T ( x 2)) <  M \ \ x i  — x 2 \ \ , V x i, x 2 €  V. (3)

T h e  p seudo-L ipsch itz  prop erty  has b een  in trod uced  by  J. R  A u b in  and  
one refers to  it as A ub in -continu ity . For m ore d eta ils, th e  reader cou ld  refer 
to  [1 , 2]. For recent advances on  th is con cep t, one can  refer to  th e  w orks o f  
R ockafellar [13] and  th ose  o f  D o n tch ev  e t al. [4, 5, 6]. W e say  th a t a  function  
/  from  a  m etric sp ace  (X , p)  in to  a  m etric  space (F , d ) is s tr ic tly  sta tio n a ry  at 
xq e  X  if, for every  e >  0, th ere  ex is ts  6 >  0 such th a t

d { f ( x i ) , f ( x 2)) <  e p ( x i,a?2) ,  (4)

w henever p ( x i , x o) < S , i  =  1 , 2 .

2 . M a in  r e s u l t

T h e  m ain  theorem  o f  th is  s tu d y  is:

T h e o r e m  2 .1 .  L e t  x* be a so lu tion  o f  (2 )  an d  f  a fu n c t io n  w hose  second  
Frechet der iva t ive  V 2/  sa t isf ies  a H o ld er  condit ion  on a neighborhood Q o f  x*
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with pos i t ive  constan ts  K  and a .  I f  the se t-va lued  m apping  ( /  +  F ) - 1  is  pseudo-  
L ipsch itz  around  ( 0 ,x * ) ,  then there exists a posi t ive  constan t M  such that, f o r  

every  c >  ’ one can f in d   ̂ >  0 su c^ that, f o r  every  s ta r t in g  po in t
xq €  B$ (x*) ,  there exis ts  a sequence  (x^) f o r  (2 ), defined by ( 1 ), which satisf ies

||x*+ i -  x*|| <  c | |x fc -  x *||Q+2 , (5)

tha t is, (xk )  is superquadratically convergent to x *.

For th e  proof o f  T heorem  2 .1 , w e need tw o lem m as:

L e m m a  2 .2 .  I f  f  : X  —» Y  is a fu n c t io n  such that  V /  is  L ipsch i tz  continuous  
then the fo l low in g  are equivalent:

( i )  The m app ing  ( /  +  F ) ~ l is p seu d o -L ipsch itz  around (y* ,x * ) .

(i i)  The m a pp in g  [ /  (x*) +  \  ( V /  (x*) +  V /(* ) )  (• — x*) +  F (-) ]  1 is  pseudo-  
L ipsch i tz  around ( y * ,x * ) .

In th e  sequel, w e den ote by M  the m odu lu s o f  regularity o f  th e  m apping  
defined in (ii).

P ro o f  o f  L em m a  2.2.  A ccording to  [3, C orolary 2] proving th e  equivalence in  
L em m a 2.2 reduces to  show ing th a t th e  function  g : X  —» Y  defined by

g (x )  =  - / ( * )  +  /  (x* ) +  \  ( V /  (x* ) +  V f ( x ) )  (x  -  x " ) ,

is str ic tly  sta tion ary  at x*.  F ix  e >  0; then  there ex ists  S >  0 such  th a t for 
every x i ,  x 2 S  B s ( x * ) ,

| | / ( x 2) -  / ( x i )  -  V / ( x i ) ( x 2 -  x i ) | |  <  | ,

and
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||5 ( x i )  - ^ ( x 2)|| = / ( x 2) -  f i x  i )  -  V / ( x  i ) ( x 2 -  X i )  +  V / ( x  i ) ( x 2 -  X i )

-  ^ V /  (x*) (x 2 -  x i )  +  i v / ( x i ) ( x i  -  x 2) +  ^ V / ( x i ) ( x 2 -  x*)  

- ¿ V / ( x 2)(x  2 - x ' )

< +  i | | V / ( x 1 ) - V / ( x * ) | | | | x 2 - x 1|/ ( x 2) -  f { x i )  -  V / ( x i ) ( x 2 -  X i )

+  | | | V / ( x 1 ) - V / ( x 2 ) | | | |z 2 - x * | |

<  | | | Z 2 — anil +  y  11*1 -  a*II I|X2 - X i l l  +  y  ||x 2 -  XiII ||x 2 - x "
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< ( I  + Kôj \\x2 -  x-i

W ith o u t loss o f  generality, w e can  take 5 <  thus, ||y (x i)  — g ( x 2)|| <  
e\\x2 — x i  ||. H ence, g  is s tr ic tly  sta tion ary  at x* and th e  p roof is com p lete .

L e m m a  2 .3 .  L et ( X ,  p ) be a com plete  m e tr ic  space, le t a m a p  f r o m  X  in to  
the closed subsets  o f  X ,  le t Tj0 e  X  a n d  le t  r  and  A be such that  0 <  A <  1  an d

(a)  d is t(77D,0 (77o)) < r ( l - A ) ,

(b) e(<f>(xi) Cl Br(rto), <t>(x2))  <  A p { x i , x 2) , \ / x x, x 2 e  Br(j]0),

then (/) has a fixed p o in t  in B r (r)o). That is, there exis ts  x  6  B r (rjQ) such that
x  €  (p(x). I f  (j) is  single-valued, then x  is the unique fixed p o in t  o f  <fi in  B r (r]o).

T h is  lem m a is a  generalization  o f a  fixed -p oin t theorem  proved in  [10] w here, 
in  (b ), th e  excess e  is replaced  by th e  H aussdorff d istance. T h e  reader can  
con su lt th e  p roo f o f  th is lem m a in [3 ].

P ro o f  o f  Theorem 2.1.  D en ote

T h e  m ap (f  +  F ) 1 is pseudo-L ip sch itz  around (0 ,x * )  th en  there ex ist p ositive  
num bers a, b and M  such th a t

e ( p - ‘ (v 1) n  B a ( x ‘ ) , P - 1 (y " ))  <  M  W  -  y"\\ , Vy', y"  €  B b(0 ) .  (7)

P ( x )  =  f ( x ' )  +  ±  ( V f  ( x ’ ) +  V / ( x ) )  ( x - x ' )  +  F ( x )

and

F inally , we define th e  m ap 0^ : X  —> 2 X  by

<¡>k (x)  =  P ~ l [Zk ( x ) \ . (6)

Since c > MK(a+4) there ex is ts  A €  ]0 ,1 [  such  th a t c( 1 — A) > M K ( a + 4)
2 (a + l)(a + 2) 2(Q +l)(a+ 2)-
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C hoose S >  0 such th a t
l ____ L _»+2
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ó <  min< a,
2 b ( a +  l ) ( a  +  2 )" a+ 2 ! 2 b (a  +  l ) ( a  +  2 )

K ( a  +  4) K ( a 2 a + 2 +  a  +  2 « + 4 + 4 )_

2A (a  +  l )
M K ( 2 a+1 +  a 2 a +  1 ).

(8)

W e apply  L em m a 2.3 to  th e  m ap </>0 w ith  t]0 =  x*  and r  is to  be se t. Let 
us check th a t assertions (a) and (b) o f L em m a 2.3 are satisfied . From  the  
defin ition  o f  th e  excess e, we have

d ist (x * , 00 (* • ) )  <  e ( P - 1 (0) n B t  ( x * ) , 4,0 (x * ) ) .  (9)

For all xo £  B s { x *) such th a t xq j-- x* w e have

\\Zo ( x ‘ ) || =  / ( * * ) -  f ( x o) -  \  ( V f  ( x 0) +  V f  (* * ) )  ( x -  -  x 0)

=  f { x ' )  -  / ( x 0) -  V / ( x o )  (x* -  x 0) -  i v 2 / ( x o )  (x '  - x 0) 2

-  \  ( V /  (x*) -  V / ( x o )  -  V 2 / ( x o )  (x* -  x o ) )  (x* -  x 0)

J (1 -  t ) V 2/  (xo  +  t  (x*  -  X o)) (x*  -  X o)2 d t  -  i v 2 / ( x 0 ) ( x ‘ -  x 0 )

- i  [  V 2f ( t x ' + ( \ - t ) x o ) d t ( x ' - x o ) - i  V 2f ( x 0)d t(x"  -  x 0)
 ̂ Jo Jo

llx- -  Xoll

<  ||x* -  xoll2 ■ f  (1 -  t )  II V 2 / ( x 0 +  i(x*  -  xo )) -  V 2 / ( x 0)||
Jo

+  ;  Ik* -  ^oll2 • f  IIv 2 / ( i x *  + (1 -  i )* o )  -  v 2/(x„)||d i 
 ̂ Jo

<  K \\x *  -  x 0 ||2 • [  [ l - t ) \ \ x 0 +  t ( x * - X o ) - x 0 \\a d t  
Jo

• f  \\tx* +  ( l  — t)xo  — xo\\a d t
Jo

<

+

d t

< K | | x + - x 0||a+2

____ a ____ «
( a  +  l ) ( a  -f  2 )

Jo
dt

< x* -  x0ir+2 +

K  n *
+  y l l x  - X 0

K

|a+2 [  t a 
Jo

d t

2 { a  +  l )
ix * -x 0ir+2

< K{a + A)_ _ + 2  b 
~  2 (a  +  l ) ( a  +  2 ) H 11
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T h is  last in eq u ality  holds tru e th an k s to  (8 ). From  th is resu lt and th e  
defin ition  o f (po, w e get
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d ist (x* , 00  (x*)) <  e ( P - ‘ (0) n  B ä(x* ), p - ' I Z o  (** )]) 

M K ( a  +  4 ) _ + 2<
2 (a  +  l ) ( a  +  2 )

<  c( 1 -  A )||x* -  x 0 \\a+2

X *  -  x 0 ||£ (10)

B y  se ttin g  r  =  r0 =  c\\x* -  x 0 ||a + 2 , con d ition  (a) o f  L em m a 2.3 is fulfilled.

L et us observe th a t from  (8 ), r0 <  5 <  a. For x  e  B 6 (x*),  u sin g  (8 ), we 
have

/  (**) +  \  ( v f  ( i * )  +  V / ( x ) )  (x  -  x*) -  f ( x  o)

- 2 ( V/(*o) + V /(x ) ) (x -x 0)

+

f  (x * )  -  } ( x )  -  V / ( x ) ( x *  - x ) -  Ì V 2/ ( x ) ( x * -  x ) 2 

f { x ) f ( x o) -  V / ( x 0)(,T -  x0) -  | v 2/ ( x 0)(x -  x 0)2 

+  5  II v /  (x*) -  V / ( x )  -  V 2/ ( x ) ( x *  -  x)|| • II** -  x||

+  2 II^ f ( x ) -  V / ( x o )  -  V 2/ ( x 0)(x  -  x'o)|| • ||x -  Xoll

<  Ik* -  * ll2 • /  (1 -  0  | |V 2/ ( x  +  i(x *  -  x ) )  -  V 2/ ( x ) | |  d t
JO

+  ||x  -  x 0 ||2 ■ [  (1 - 1) | |V 2 / ( x „  +  t ( x  -  * o ))  -  V 2 / ( x 0) || d t  

+  \ \ \ * ' - x f -  J  | |V 2 / ( i x *  +  (1 — t ) x )  — V 2 / ( x ) [ |  d t

i r1
+  - ^ x ~  * ° l l 2 ' j  l|V 2 / ( t e  +  ( 1  -  t ) x o) -  V 2/ ( x 0)|| dt

X  -  x0||“+2ix -x * ir +2 +
K

( a  +  l ) ( a  +  2 )

+  „ . K  - J x - x T + 2 +

K

(a + l)(a + 2)

2(a + 1) \x -  a:02(a + 1)
K 5 a+2

— 2(a + l)(a + 2) + " + ^  + 4) < *

a+2
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It follow s th a t for all x ' , x " £  B ro (x* ), we have, by (8 )

e (0o (# ') n  B ro ( x * ) , (f)0 {x''))

<  e((p0 {x') n  B s ( x * ) , </>o {x"))

< M \ \ Z 0 { x ' ) - Z 0 {x")  ||

< Y  il|V/(x*) -  v/(*o)ll • IK -  *"11 + IIV/(x') -  V / ( x " )  II ■ ||x0 -  X*

-  2 | | v /  (x*) -  V / ( x o )  -  V 2 / ( * o )  (x '  -  x 0 )|| • \\x' -  x ' 

+  Il V /  (x ') -  V /  (x")  -  V 2/  (x") (x' -  x" ) II • ||x 0 -  X* II 

+  ||V 2 / ( x " )  -  V 2 / ( x 0)|| | | x ' - x " | |  • ||x 0 -  x*

^ j T T ï r<2“+1 + q2“ +2  (a  +  1 )

<  Alja;' — x " | | .

T hus cond ition  (b) o f  L em m a is satisfied . S ince both  cond itions o f  L em m a 2.3  
are fulfilled, w e can deduce th a t </>o has a fixed point x \  €  B ro ( x * ) , th a t is,
x i  €  (po(xi)  th en  0 €  f ( x 0) +  \  ( V / ( x 0) +  V / ( x i ) )  (x i  -  x 0) +  F { x i ) .  T h u s x i  
is ob ta in ed  by th e  m eth od  (1) from  xq and x \  £  B ro ( x * ) , th at is

||rci — x*\\ <  c\\xo — x *||Q+2 .

P roceed ing  by induction , keeping rjo =  x* and se ttin g  =  c||xfc — x * ||Q+2, 
w e have th e  ex isten ce  o f  a fixed p oint Xk+i  for <f>k, w hich  is an elem ent o f 
B rk (x* ). T hen

||x fc+1 -  X* II <  c ||x fc -  x* ||a + 2  . (11)

In others w ords, (x^) is superquadratically  convergent to  x* th en  th e  p roof o f  
T heorem  2.1 is com plete.

A c k n o w le d g m e n t .  T h e  au thors thanks th e  referee for h is valuable com m ents  
and su ggestion s on th is  work.
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