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A b s t r a c t .  For cardinals «  >  No, characterizations of the Kuratowski-Mrówka 
type of initial «-compactness and final «-compactness are given. Moreover, 
a categorical characterization of «-compactness is given in terms of a closure 
operator depending on an ultrafilter over k .
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R e s u m e n . Se presentan caracterizaciones del tipo Kuratowski-Mrówka de la 
«-compacidad inicial y  de la «-compacidad final, donde « >  No es un cardinal. 
Además, se presenta una caracterización categórica de la «-compacidad, en 
términos de un operador de clausura que depende de un ultrafiltro sobre «.

Palabras y frases clave. Caracterización de Kuratowski-Mrówka de los espacios 
compactos, operador de clausura, formas débiles de compacidad.

1. Introduction

T h e K uratow ski-M rów ka characterization  o f com pact spaces as th ose  sp aces X  
th a t sa tisfy  th e  con d ition  th a t th e  second projection  7r2 : X  x  Y  — > Y  is a  
closed  m ap, for each sp ace Y ,  gave rise to  a  categorical approach to  com p actn ess  
(cf. [3], [4], [5] and [7], am ong o th ers).

T h e  generality  o f th is  approach leads to  a w ide range o f ap p lications. In  
particu lar, by defin ing different closure operators in th e  ca tegory  o f  top o log ica l
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sp aces and con tinuous fu nctions, a ltern ative  n otions o f  com p actn ess are ob­
ta in ed , som e o f th em  w ell know n, like sequentia l com p actn ess or coun tab le  
com pactness. T h is p o in ts ou t th e  relevance o f  th is categorical approach.

T h is paper d escribes a  closure op erator th a t in duces ^ -co m p a c tn ess , w here  
T  is an ultrafilter over a  fixed se t o f  ind ices. A s a  consequence and b y  m eans o f  
resu lts due to  X . C aicedo (cf. [2 ]), a  ch aracterization  o f  th e  K uratow ski-M row ka  
ty p e  is found, for certain  form s o f  w eak com p actn ess.

2 . T h e  K u r a t o w s k i- M r o w k a  c h a r a c t e r iz a t io n

T h e present work revolves around th e  K uratow ski-M row ka characterization  o f  
com p act top o log ica l spaces.

N o te  in th e  first p lace th a t each filter T  over a  set X  defines a  top o logy  
over X  U {vcr}, w here w  £  X ,  as follows: if  x  ^  zu, th e  neighborhood  filter  
o f x  is V (x ) =  { V  C X  U { w }  : x  £  V }  and th e  neighborhood  filter o f tz is 
V { w )  =  { F U  { }  : F  G !F} (cf. [1]). D en o te  by X j?  th e  set X  U { w }  endow ed  
w ith  th is  topology.

T h e  spaces X jr ,  w here T  is a filter over th e  top o log ica l space X ,  p lay a 
crucial role in th e  ch aracterization  o f w eak form s o f com p actn ess and  allow  to  
sim p lify  th e  K uratow ski-M row ka characterization , as it w ill be seen  below .

Su p p ose  th a t U  is a non  convergent ultrafilter over a top o log ica l space  
X .  S ince U  d o esn ’t have any lim it p o in t, for each x  €  X ,  there ex is ts  an  
op en  neighborhood  Vx o f x  such  th a t Vx £  U .  S ince U  is an u ltrafilter, th en  
X  \ V X € .U ,  for each  x  €  X .  C onsider th e  sp ace  X u  and th e  se t A o =  {(a;, x )  €  
X  x X u  : x  6  X } .  For each  x  6  X  th e  se t Vx x  ( X \ V x is a  neigh borh ood
o f (x , w )  in  X  x  X u ,  in a such w ay th a t Vx x  ( X  \  Vx U i ^ } )  D  ^ o  =  th en  
( x , w )  Aq for each  x  €  X .  T h is  im plies th a t ^ ( A o )  =  X  and since X  is n ot 
a closed  su b set o f X u ,  b ecau se  zu E X ,  it  follow s th a t 7r2 : X  x  X u  — * X u  is 
n ot a  closed  m ap.

From  th e  above argum ents, one obtains:

P r o p o s i t i o n  1 . F or  a topological space X ,  the fo l low in g  are equivalent:

(1 )  X  is  com pact,

(2 )  The m ap  7r2 : X  x  Y  — ► Y  is  closed, f o r  each topological space Y .

(3 )  The m ap  7r2 : X  x  X j -  — > X j r  is closed, f o r  each f i l te r  T  o v e r  X .

(4 )  The m a p  7t2 : X  x  X u  — * X u  is  closed, f o r  each ultrafilter U  o v e r  X .

3 . [A, /c ] -c o m p a c t  s p a c e s

In term ed ia te form s o f  com p actn ess, o ther th a n  cou n tab le  com p actn ess, has  
b een  considerer by m an y  authors. C h aracterizations o f  th e  K uratow ski-M row ka  
ty p e  for som e o f  th e se  n o tion s are estab lish ed  in  th is section .
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THE KURATOWSKI-MROWKA CHARACTERIZATION 11

D e f in i t io n  1 . Let  A <  k  be infinite cardinals. A  topological space X  is sa id  to 
be [X, k ]-com pact i f  every  cover o f  X  consisting o f  at m o s t  k  open sets, has a 
subcover whose cardinality  is sm a l le r  than  A.

E quivalently, X  is [A, /-cj-compact, if  and on ly  if, if every intersection  con­
sistin g  o f less than  A se ts  o f a fam ily { K a }a<K o f closed su b sets o f  X  is not 
em pty, th en  D a e *  ^  C ountab le com pactness is an exam ple o f  [A, k\- 
com pactness, for A =  k  =  Ho-

For the sake o f sim plicity, th e  [Ko, ft]-com pact spaces w ill be referred as 
k - com pact spaces.

D e f in i t io n  2 . A topological space X  is  [A, oo ]-com pact o r  finally A -com pact 
i f  i t  is  [A, k } -com pact f o r  each cardinal k , A <  k . In o th er  words, X  is  fina lly  
X -com pact i f  every  open cover o f  X  has a subcover whose cardinal is less than 
X.

C om pactness and th e  L indelof property are exam p les o f finally A -coinpact- 
ness. In th e  first case, A =  Ho, and in th e  second , A =  Hi.

F irst w e focus on th e  K-com pact spaces.

D e f in i t io n  3 . Let k  be an infinite cardinal. A  n e t  (x 7 )7 e r o ver  a se t  X  is  an  
K-net i f  |r| <  k .

T h e n ext proposition  estab lishes a  characterization  o f th e  K uratow ski-M row - 
ka typ e  for th e  /c-com pact spaces.

P r o p o s i t io n  2 . A topological space X  is K-compact, i f  an d  only if, f o r  each 
f i l te r  T  associa ted  to  a K -net  (rr7 )7 e r> the second pro jec tion  it? : X  x  X j r  — > 
X p  is a closed m ap  .

Proof.  F irst su p p ose  th a t X  is « -com p act and let T  be th e  filter a ssocia ted  to  
th e  « -n et (x 7 ) 7 e r- L et M  C  X  x  X ?  be a closed  set and y  G X j r  \  7r2 (M ).  
If y  ^  w ,  th en  { y }  is a  neighborhood  o f y  conta ined  in X jr  \  ^ ( M ) .  N ow  
su ppose th a t y  =  w ,  for each x  G X  there ex ist an  open neighborhood  Vx o f x  
and j x G T, such th a t Vx x  {rr7  : 7  >  7 X} C  (X  x  X jr )  \  M .  For each 7  G T  
consider th e  se t Vy =  U {V ^ : Vx x  { x ,5 : d >  7 } C ( X  x  X j? )  \  M } .  T h e fam ily  
{Vr7 } 7Gr is an  op en  cover o f X  and its  cardinal is less or equal th an  k. T h e  
« -com p actn ess o f  X  im plies th e  ex isten ce  o f a fin ite su b set T' =  { 7 1 , . . . , 7 n } 
o f T, such  th a t (J j= i n ^7* =  X .  L et 70  G T b e such th a t 7 j <  7 0 , for each
i  =  1 , . . ,  n.  It follow s th a t {w } \ j { x 7  : 7  >  7 0 } is a  neighborhood  o f w  contained  
in  X j r \ 7 r 2( M ) .  O ne concludes th a t X f \ 7t2 (M ) is an open  set and th us ^ ( M )  
is closed.

N ow  su ppose th a t, for each filter T  associa ted  to  a /i-net in  X ,  th e  second  
projection  7t2 : X  x  X ?  — > X jr  is closed  and su p pose th a t {V a}aga  ^  an  ° P en  
cover o f X  w hose cardinal is less th an  or equal to  k  and has no fin ite subcover.
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The family T of all finite subsets of A has a cardinal less or equal than k  and is 
directed by the relation < , defined by 71 <  72 if and only if 71 C 72- Now, for 
each 7  € T, we pick x7 G X  such that x7 ^ U ast anc  ̂denote by T  the filter 
associated to the /i-net (x7)7er- Consider the subset M  =  {(x7 , x7) : 7  G T} 
of X  x Xjr .  If x  G V \  then, for each 7  G T  with 7  > 70 =  {A}, it follows that 
x -y £ V \,  this means that Va x  ({x7 : 7  > 70} U {&?}) C ( X  x X jr )  \  M, that 
is, (x , w )  £  M , therefore w  ^  ^ (M ). But, it is apparent that vd G ^ (M ).  
This proves that tt2 : X  x  X ?  — > X j r  is not a closed map, contradicting the 
hypothesis. We conclude that {Va}aga contains a finite subcover, thus X  is 
«-compact.

In th e  particu lar case o f cou n tab ly  com p act spaces, one has th e  n ex t result.

C o r o l la r y  1 . A topological space X  is countably  compact,  i f  an d  only  if, f o r  
each e lem en tary  f i l t e r  T  assoc ia ted  to a sequence, the second pro jec t io n  7r2 : 
X  x  X j r  — > X j r  is a closed m ap.

N ow  w e focus on  th e  finally  A -com pact spaces.

D e f in i t io n  4 . L et k  be an infin ite  cardinal. A  ne t  (x 7 )7 gr o ver  a se t  X  is a 
final « -n e t i f  eve ry  subset  T' o f T  such tha t  |r'| <  k  has a upper  bound in  T.

Arguing in a similar way as in the proof of Proposition 2, one obtains the 
following result.

P r o p o s i t io n  3 . A  topological space X  is f ina lly  K-compact,  i f  a n d  only if, 
f o r  eve ry  f i l te r  T  assoc ia ted  to  a f in a l K -n e t  (x 7 )7 e r> the second p ro jec t ion  
7T2 : X  x  X j r  — > X j r  is  a c losed map.

Proof.  F irst su p p ose  th a t X  is fin a lly  Ac-compact and let T  th e  assoc ia ted  filter  
to  th e  final Ac-net ( x 7 )7Gr- L et M  C  X  x  X j r  be a  closed  se t and y  G X j r  \  
7r2(M ) . I f  y  ^  w ,  th en  { y }  is a  n eigh borhood  o f y  con ta in ed  in  X j r  \  ^ ( M ) .  
S u ppose now  y  =  zu. For each x  G X  there ex ist an open  neigh borh ood  Vx 
o f x  and j x G I \  such th a t Vx x  { x 7 : 7 >  7x } C  ( X  x  X j r )  \  M .  For each
7 G T consider th e  se t  Vy  =  (J{V X : Vx x  { x «5 : 6 >  7 }  C ( X  x  X j r )  \  M } .  
T h e fam ily  {K y}7 e r is an op en  cover o f  X  and th e  final « -com p actn ess o f  X  
im plies th e  ex isten ce  o f a  su b set T' o f  T, w h ose  cardinal is less th an  k  and such  
th a t U a e r ' — X .  L et 70 G T b e  such  th a t a  <  70, for each a  G T'. T h en  
{ w }  U { x 7 : 7 >  70} is a  n eigh borhood  o f  w  con ta in ed  in  \  ^ ( M ) .  It 
follow s th a t X j r  \  7r2 (M ) is an op en  se t , therefore ^ ( M )  is closed .

N ow  su p p ose  th a t  for each  filter T  a ssoc ia ted  to  a final « -n e t in  X ,  th e  
second  p rojection  7T2 : X  x  X j r  — > X j r  is c losed  and su p p ose  th a t {Va}a£a 
an op en  cover o f X  w ith  no su bcover w ith  cardinal less th a n  k.  T h e  fam ily  T 
o f a ll su b sets  o f A w ith  cardinal less th an  k  is d irected  b y  th e  re lation  71 <  72 
if  71 C 72, furtherm ore if  T' C T has a card inal less th a n  k ,  th en  U a e r ' a  a
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upper bound o f T' in T. For each 7 €  T pick x 1 £  X  such th a t xn  (fc (Jag7 ^  
and d en ote by F  th e  filter associa ted  to  th e  n-net (x 7)7e r- C onsider th e  subset 
M  =  { ( x 7, x 7 ) : 7 €  T } o f X  x  X j r .  If x  £  Va, th en , for each 7 £  T sa tisfy in g
7 >  7o =  {A }, one has th a t x 7 ^ Va; th is m eans th at V \  x  ({rr7 : 7 >  70} U 
{ w } )  C  ( X  x X j r ) \ M ,  th a t is, (x , z u ) £  M , therefore w  ^ ^ ( M ) .  On th e  other  

hand, it is clear th a t w  €  ^ ( M ) .  T h is  proves th a t 7t2 : X  x X j r  — ► X j ?  is n ot a 
closed  m ap, con trad icting  our hyp oth esis. W e conclude th a t {V a}aga  conta ins  
a subcover w hose cardinal is less th an  ac, thus X  is finally « -com p act. [Zi

4. C losure operators and com pactness: th e categorical approach

T h e n otions o f  closure operator and com pactness in a category  w ith  a  proper 
system  o f factorization  has been stu d ied  by som e authors like E. G. M anes in 
[7] and M. M. C lem entino, E. G iuli and W . T holen  in [3], [4]. W e consider here 
th ese  n otion s restricted  to  the ca tegory  o f top ologica l sp aces and continuous 
functions.

D efinition 5. A  closure opera tor  c in the category T o p  o f  topological spaces  
an d  continuous fu n c t io n s  is g iven  by a fa m ily  o f  fu n c t ion s  c x  : V ( X )  — > V ( X )  
( X  £  T o p )  such that:

(1) c is  extensive, that is, A  C c x { A ) ,  f o r  every  A  C X .

(2 )  c  is m on oton e ,  in  the sense  that i f  A  C B ,  then c x ( A )  C c x ( B ) ,  f o r  
every  A , B c X .

(3) E very  continuous m ap  is c-continuous. T ha t is, i f  f  : X  — ► Y  is a 
continuous fu n c t io n  then f ( c x ( A ) )  C c y i f i A ) ) ,  f o r  each A  C X .

L et c be a closure opera tor  in T o p ,  X  an d  V  be topological spaces. A  fu n c t io n  
f  : X  — > Y  is c-preserving, i f  and  only if, c y ( f ( A ) )  C f ( c x { A ) ) ,  f o r  each  
A c X .

Finally , a topological space X  is c -com pact i f  the second pro jec tion  p y  ■ 
X  x  Y  — ► Y  is c-preserv ing  f o r  each space Y .

5. ^"-compact spaces

In th is  section  a  closure operator inducing  th e  ^"-com pactness is described, T  
bein g  an ultrafilter over a  fixed se t o f  indices. In term s o f  th ese  operators 
w e w ill find a characterization  o f  th e  K uratow ski-M row ka typ e  for som e w eak  
form s of com pactness.

Definition 6. L e t T  be an ultrafilter o ver  a se t  I .  A  fa m ily  { x i } i ^ i  o f  e lem ents  
o f  a topological space X  is  sa id  to  T -c o n v e rg e  to  a p o in t  x  in X  if; f o r  each  
open neighborhood V  o f  x ,  one has th a t  { i  E I  : Xi 6  V }  €  F .
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P r o p o s i t io n  4 . L et T  be an ultrafilter o v e r  a se t  I ,  be a fa m ily  o f
e lem en ts  o f  a topological space X  and  A : I  — ► X  the fu n c t io n  defined by  
A ( i )  =  X i . The fa m i ly  { x i } j 6 /  J7-converges to a p o in t  x  £  X ,  i f  a n d  only  if, 
the ultrafilter A {J-)  o v e r  X  g enera ted  by the fa m ily  {A (F )  : F  £  F }  converges  
to  x .

P r o o f  Suppose th a t  { x i } ie /  ^"-converges to  x  £  X  and let V  b e  an open  
neighborhood  o f x.  S ince { i  £  I  : Xi £  V }  £  T ,  it follow s th a t A ({ f  £  I  : Xi £  
V } )  £  A ( F )  and, sin ce A({* £  I  : Xi £  V } )  C V ,  it  follow s th a t V  £  A ^ ) .  
T h en  A (^ )  converges to  x.

C onversely, if  V  is an op en  neigh borhood  o f  x ,  there ex is ts  F  €  J7 such th a t  
A (F )  C V .  B u t F  C { i  €  I  : Xi €  V”}, th u s { i  G I  : Xi £  V }  €  T .  T h is  m eans  
th a t  th e  fam ily ^"-converges to  x.  [?i

D e f in i t io n  7 . £ e i  T  be an ultrafi lter o ve r  a se t  I .  A topological space X  is  
sa id  to be T - c o m p a c t  i f  every  fa m i ly  { x i ) i £ i  o f  e lem en ts  o f  X  is T -co n verg en t .

E very  ultrafilter T  over a se t I  g ives rise to  a closure operator c ?  in th e  
category  o f  top o log ica l spaces and  con tinuous function s as follow s.

D e f in i t io n  8 . L e t  X  be a topological space an d  A  C l .  A n  e lem en t x  is sa id  
to  be an e lem ent o f  (A ) ,  i f  a n d  on ly  if, there exis ts  an I - fa m i ly  { a j } je /  in  A  
such  tha t T -co n v erg es  to x .

P r o p o s i t io n  5 . The fa m i ly  o f  fu n c t io n s  o f  the f o r m  '■ V { X )  — ► V { X ) ,  
A  i— ► c £ ( A ) ,  where X  is a topological space, d e te rm in es  a closure opera tor  in  
T o p .

Proof.  T h e  first tw o con d ition s are straightforw ard. To prove th e  th ird , let 
X  and Y  be top o log ica l spaces and /  : A' — ► Y  b e  a continuous function . 
For A  C X  and y  £  /  ( c ^ ( A ) ) ,  consider x  G C x (A )  such  th a t f ( x )  =  y .  If 
i a i } i e i  is an /- fa m ily  in  A  ^"-converging to  x ,  then  { f ( a , i ) } i e i  is an /- fa m ily  
in  f { A )  ^ -co n v erg in g  to  y.  In fact, if  V  is an open  neighborh ood  o f  y , then  
[ i  £  I : Qi G f ~ l { V ) }  £  T , th a t is, { i  £  I  : f ( a i )  £  V }  G T . T h is  show s th a t  
/  ( c £ ( A ) )  C C y ( /( A ) ) ,  for every A  C X .  H ence every continuou s fun ction  is 
c-^-continuous. T h is  com p letes th e  proof. IZi

T h e fo llow ing tw o lem m as are required in  order to  e lu cid ate  th e  relation  
b etw een  ^ -co m p a c tn ess  and -com p actn ess.

L e m m a  1 . I f  X  is a topological space an d  A  C  X ,  then c ^ ( A )  C A .

Proof.  L et x  £  C x (A )  and V  £  V {x ) .  T here ex ists an  /- fa m ily  {<Zi}iG/  in  A ,  
such  th a t ^ -co n v erg es  to  x; th en  { i  G /  : a* G V }  £  T ,  therefore V d A  ^  0.
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L e m m a  2 . I f  X  is a topological space and  { x i} tg /  is an I - fa m i ly  in  X  de­
term in ed  by the fu n c t ion  A : I  — > X ,  i  i— > Xi, then the fa m ily  
T -co n verg es  to vo in X u ,  where U  the ultrafilter over  X  genera ted  by the base 
{A (F )  : F  G T } .

Proof.  A  basic open  neighborhood  o f w  in X u  is o f th e  form  V  =  A (F )  U { g j } ,  
w here F  G T ,  it follow s th a t F  C  { i  G /  : Xi G V } ,  hence { i  G I  : X{ €  V }  G 
JF. Ei

T he follow ing proposition  asserts th a t th e  con cept o f ^ -co m p a c tn ess  coin­
cides w ith  th a t o f com p actn ess w ith  respect to  th e  closure operator c ^ .

P r o p o s i t io n  6 . Let T  be an ultrafilter o ver  a se t  I .  A topological space X  is 
S - c o m p a c t ,  i f  an d  only  if, i t  is T -c o m p a c t .

P r o o f  Suppose th a t X  is c^ -com p act and let { x t } ie /  b e  an  /- fa m ily  in X  
defined by th e  function  A : I  — ► X ,  i i— > rc*. D en ote  by U  th e  u ltrafilter over 
X  generated  by th e  base {A (F )  : F  G F } .  B y  P rop osition  4, it suffices to  prove  
th a t U  converges.

C onsider th e  su b set A  == { ( x , x )  : x  G X }  o f  X  x  X u -  From  L em m a 2, 
it follow s th a t th e  fam ily  { x i } i e i  in  7r2 (A ), ^ -con verges to  v j  in X u ,  then  
w  G ^ „ ( ^ ( A ) ) ,  hence w  G tt2 ( c £ x X u (A ) ) ,  t h u s ^ , w )  G c £ xX u (A ) for 
som e z  G X .  From L em m a 1, it follow s th a t ( z ,v o )  G A , therefore if  V  G V (z )  
and F  G T ,  th en  V  fl A (F )  ^  0. T h is  im plies th a t V  G U ,  thu s U  converges to  
z .  T h is proves th a t X  is ^"-compact.

C onversely, su ppose th a t X  is ^-’-com pact and consider a top o log ica l space
Y , I< C  X  x  Y  and y 0 G cY ( ^ { K ) ) -  T here ex ists  a fam ily  (j /i) i€ / in  
^"-converging to  yo • For each i G I ,  let Xi G X  such th a t (X i , y i ) G K .  From  
th e  J '-com p actn ess o f X ,  it follow s th a t (X i)ie i  ^"-converges to  a  poin t xq  G 
X .  T h e  fam ily  { { x i , y i ) } i e i  jF-converges to  (x o , y o ); in fact: if  V  is an open  
neighborhood  o f xo  in X  and W  is an open  neighborhood  o f yo in  Y ,  it  follow s 
th a t {z G /  : (X i , y i ) G V  x  W }  =  { i  G /  : x i  G V }  D { i  G /  : Vi G W } ,  
thus { i  G I  : (X i , y i ) G V  x  W }  G th en  ( x o ,2/o) €  c £ x Y ( K ) ,  th a t is, 
yo €  7t2 ( c x x r W ) -  T his show s th a t c f  (n2 { K ) )  C 7r2 ( c ^ x Y { K ) ) ,  for every  
K  C X  x  Y  and consequ ently  th a t X  is -com p act. IZi

R e m a r k  1 . From the p ro o f  o f  the preceding p ropos it ion  i t  also fo l lo w s  tha t a 
space X  is -com pact,  i f  and  only if, f o r  each  A : I  — ► X , the p ro jec tion  
7r2 : X  x  X u  — > X u  is S - p r e s e r v i n g ,  where U  — A (.F ).

6 . A  c lo s u r e  o p e r a t o r  g e n e r a t in g  K -c o m p a c tn e s s

T h e follow ing defin ition  w as in troduced  by H. J. K eisler in 1964 (cf. [6 ]) and  
has sin ce th en  b een  w id ely  used  in  th e  stu d y  o f  th e  [A, /c]-com pact spaces.
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D e f in i t io n  9 . A n  ultrafi lter T  o ve r  a se t  I  is called ( \ ,  K)-regular i f  there  
exists  a fa m i ly  A  C. T , with \A\ =  k  an d  such tha t i f  15 C  A  and  \B\ =  A, thenn b=0.

T h e follow ing resu lts due to  X . C aicedo are in d ispensab le in w h at follow s. 
C onsider k < x :=  X ^ < a  k<5 0 n particu lar, k < h° =  k ). A  fam ily  o f  top o log ica l 
spaces T  is said  to  b e  p rod u ctively  [A, « ]-com p act if  th e  product o f any  fam ily  
o f spaces in  T  is [A, « ]-com pact.

L e m m a  3  (X . C a ic e d o  [2 ] ) .  L e t  X  be a topological space

(1 )  I f  X  is T - c o m p a c t  f o r  a {X, n )-regu lar  ultrafilter T , then X  is  [A ,«]- 
compact.

(2 )  I f  X  is  [A, k ] - compact,  then  f o r  each k < x -fam ily  o f  X  there exis ts  an  
ultrafilter  (A, k ) - regular T  o v e r  k < x , such that the fa m i ly  T -c on verges .

T h e o r e m  1  (X . C a ic e d o  [2 ]) .  The fo l low in g  asser t io n s  are equivalent:

(1 )  T  is p roduct ive ly  [X, k ] -compact.

(2 )  There exis ts  a (A, k ) - regular ultrafilter T  o v e r  k < x , such tha t e ve ry  space  
in  T  is T -c o m p a c t .

From  th ese  tw o la s t resu lts and from th e  fact th a t th e  « -com p actn ess is 
preserved by  p rod u cts , for every k  >  Ho (cf. [2 ]), on e ob ta in s th e  fo llow ing  
corollary.

C o r o l la r y  2 . L et k  >  Ho- There ex is ts  an ultrafilter  (Ho,n ) - reg u la r  T K o v er  k  
such tha t a n y  topological space X  is k - com pact i f  an d  on ly  i f  i t  is T K-com pact.

N ow  one can sta te  th e  fo llow ing ch aracterization  o f th e  K uratow ski-M row ka  
ty p e  o f  th e  « -com p act space, w ith  k  >  Ho.

T h e o r e m  2 . L et k  >  Ho- A topological space X  is K -com pact i f  an d  on ly  i f  i t  
is  c Fk -com pact.

T h is m eans th a t X  is « -co m p a ct, if  and  o n ly  if, for each A : k  — ► X , th e  
m ap 7T2 : X  x  X u  — > X u ,  w here U  =  A (^rK), is cFk -preserving.

A c k n o w le d g m e n t :  T h e  au thor is gratefu l to  th e  referee for h is /h e r  va luab le  
su ggestion s th a t m ade it  p ossib le  to  sign ifica tively  im prove th is  paper.
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