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Evolution of curvature tensors under 
mean curvature flow

Evolución de los tensores de cu rva tu ra  bajo  el flujo de cu rv a tu ra
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A b s t r a c t .  We obtain the evolution equations for the Riemann tensor, the 
Ricci tensor and the scalar curvature induced by the mean curvature flow.
The evolution of the scalar curvature is similar to  the Ricci flow, however, 
negative, rather than positive, curvature is preserved. Our results are valid in  
any dimension.
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R e s u m e n .  Se obtienen las ecuaciones de evolución para el tensor de Riemann, 
el tensor de Ricci y el escalar de curvatura inducidas por el flujo de curvatura 
media. La evolución de la curvatura escalar es similar al flujo de Ricci, sin 
embargo, la curvatura negativa, en vez de la positiva, es favorecida. Nuestros 
resultados son válidos en cualquier dimensión.

Palabras y frases clave. Tensores de curvatura, flujo de curvatura media.

1. In troduc tion

Due to a series of remarkable theorems [1, 2, 3, 7, 8, 9,10,13,14] any riemannian 
space can be considered as a space embedded into a higher-dimensional flat 
space. Therefore, the extrinsic approach to riemannian geometry is equivalent 
to the usual intrinsic approach in which no reference to an embedding space is 
done. In the intrinsic approach the metric tensor is the basic geometrical object,
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while in the extrinsic approach the basic geometrical objects are the embedding 
functions describing the situation of the embedded space as a subspace of the 
ambient space.

One of the most interesting problems in geometric analysis is the descrip­
tion of the evolution of riemannian spaces under particular flows. The best 
known examples are the Ricci flow and the mean curvature flow. The Ricci 
flow [11] describes how a riemannian space evolves, when the initial data are 
close enough to that of a sphere, towards a highly symmetric, homogeneous, 
configuration. The Ricci flow was initially developed for three-dimensional 
spaces having in mind its application in the demostration of the Thurston gé­
ométrisation conjecture [20] and, consequently, the resolution of the Poincaré 
conjecture [15, 16, 17]. On the other hand, the mean curvature flow [12, 21] 
describes the evolution of surfaces embedded in a higher dimensional, possibly 
flat, space. The mean curvature flow was initially developed for n dimensional 
surfaces embedded in R n+1, but it can be generalized to an ambient space of 
any dimension N  > n.

The Ricci flow is based on intrinsic riemannian geometry but, in spite of the 
fact that the evolution of a riemannian space under the Ricci flow is described 
intrinsically, these riemannian spaces are often pictured as embedded spaces.

On the other hand, the mean curvature flow is based on extrinsic rieman­
nian geometry. In this case, due to the equivalence of both approaches to 
riemannian geometry, the elements of intrinsic riemannian geometry (metric 
tensor, Riemann tensor, Ricci tensor, scalar curvature) also evolve under the 
mean curvature flow. To obtain these evolution equations is the purpose of 
this work. Our main result is that the scalar curvature evolves according to 
an equation similar to the Ricci flow and therefore has similar properties, that 
is, for adequate initial data, spaces evolve towards highly symmetric, homo­
geneous, configurations. The main difference with respect to the Ricci flow 
is that, due to the presence of a minus sign, negative, rather than positive, 
curvature is preserved.

Section 2 contains preliminaries for Riemannian geometry and geometric 
flows. Section 3 contains our main results, namely, the evolution equations for 
the curvature tensors. Section 4 contains our conclusions.

2.1. R iem annian  geom etry

Let-us start with some fundamentals of riemannian geometry [18]. The basic 
geometrical object in riemannian geometry is the metric tensor g with compo­
nents pij(x). The Christoffel symbol is given by:

2. P relim inaries

dxl dxi dxi (1)
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and the covariant derivative of a covariant vector is given by

dvj 
dx*
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The covariant derivative extends in a natural way to contravariant vectors and 
tensors of any covariance so as to preserve the Leibniz rule. In particular

V k9 ij=  0. (3)

The Riemann tensor is given by

r>k _ ji OT a ( a\
Lii ~  ~dx*-------dxi~ im 3 ~ jm tl ‘ ' }

Covariant derivatives do not commute, and we obtain the Ricci identity for a 
covariant vector

V i V j V k  Vj^7iVk — R  kij • (5)
The Ricci identity extends in a natural way to contravariant vectors and tensors 
of any covariance.

The completely covariant Riemann tensor, R i j k i  = 9 i m R m j k i , is given by

Rijkei g) — 2
d2gjk d2gu _  d2gje _  d2gik 

dxidxt dxW xk dxidxk dx^dxi
+  9 m n . [ r ^ r n j f c - r ifcr v ] . ( 6 )

The Ricci tensor and the scalar curvature are given by the usual expressions

Rji(e) = gikRiMs)> (7>
R(g) = gieRje(s). (8)

Finally, the completely covariant Riemann tensor (6) satisfies the Bianchi iden­
tity

ViRjk£m(g) +  VjRkiem(g)  + ^kRi jCmig) =  0. (9)

Now we remind some elementary results in extrinsic riemannian geometry
[6]. Let Vn be a riemannian space with metric tensor g with components <7ij(x). 
According to the local and global embedding theorems [1, 2, 3, 7, 8,9,10,13,14] 
always there exist functions X A = X A(x), A  =  1, • • • ,N , and Ga b , N  > n, 
with Rie(G) =  0, such that the components of the metric tensor g can be 
written as

gij = GABX Ai X Bj , (10)

where X Ai = d X A/d x l. Therefore, any riemannian space Vn can be considered 
as a space embedded in a higher-dimensional flat space En , N  > n, with metric 
tensor G with components Gab  in local coordinates X A. Then, gij as given by
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(10) is the induced metric tensor. For later convenience we choose Minkowskian 
coordinates in E n  such that G a b  = V a b  =  diag(±l,--- ,±1). Denoting the 
coordinates X A  by X  we rewrite (10) as

9 i j = Xj • Xj , (11)
where X* = d X / d x * and the dot denotes the inner product with t j a b -

An important object in extrinsic riemannian geometry is the Gauss tensor, 
which is given by

Vy X  =  Xij -  T kij Xfc , (12)

where X i j  =  d 2 X / d x l d x ^  and Vjj =  VjVj are second-order covariant deriva­
tives. The Gauss tensor satisfies the important identity

V ijX  • V*X =  0, (13)

where V^X = Xfc. Identity (13) is used extensively in the rest of this work. 
The completely covariant Riemann tensor (6) is given by

Rijki = ViJfcX  • V j t X  -  V i e X  ■ V j k X . (14)

This is the Gauss equation of the embedding.

2.2. G eom etric  flows

In 1982 Hamilton [11] introduced the Ricci flow, which is a differential equation 
generalizing some features of the heat equation for the components of a positive 
definite metric tensor. The Ricci flow is given by

dt9ij =  — 2 Rij(g) • (15)

Due to the minus sign, spaces are contracted in the direction of positive Ricci 
curvature, while are expanded in the direction of negative Ricci curvature. The 
scalar curvature evolves according to

dtR  = V 2R  +  2 Rij R ij , (16)

where V2 =  g ^V ij is the Laplacian and R ijR 1̂ > 0. When the initial data 
are close enough to that of a sphere, the Ricci flow makes a riemannian space 
to evolve towards stationary solutions which are constant curvature configu­
rations. Furthermore, spaces with positive curvature keep on having positive 
curvature.

The Ricci flow (16) was initially developed for a three-dimensional space 
having in mind its application in the demostration of the Thurston géométrisa­
tion conjecture [20] and, consequently, the resolution of the Poincaré conjecture 
[15, 16, 17]. In three dimensions several simplifications are possible, however, 
it must be observed that the Ricci flow can be defined in any dimension.
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One can also consider extrinsic flows closer in spirit to what one has in 
mind when picturing evolving surfaces. In the extrinsic approach to riemannian 
geometry the basic geometrical objects are the embedding functions. Therefore, 
it would be natural to describe the evolution of embedded spaces in term of 
these functions. In analogy with the heat equation of thermodynamics one 
considers the mean curvature flow [12, 21]

dtX  = V 2X ,  (17)

where now the Laplacian is with respect to the induced metric tensor g as given 
by (11). The stationary solution of equation (17), dtX  = 0, is given by the 
condition V2X =  0, which corresponds to minimal surfaces [5, 19].

The mean curvature flow has been widely studied in the literature [12, 21]. 
For example, the influence of the signature of the ambient space has been 
considered in [4]. However, our forthcoming analysis is new and different. 
In the first place, Huisken [12] considers only n-dimensional surfaces smoothly 
embedded in Rn+1. We are instead considering n-dimensional spaces embedded 
in some R N, with N  sufficiently large as to guarantee that the embedding 
theorems hold, locally and, if necessary, also globally. This is necessary because 
a smooth surface, which can be embedded locally in some R N, may develop 
singularities, and in this case a larger dimensionality would be necessary to 
guarantee that the global embedding theorems hold.

3. Evolution of cu rvatu re  tensors

The evolution of intrinsic quantities under the mean curvature flow is obtained 
just by combining (17) with the corresponding definitions, (11) and (14). For 
the metric tensor we obtain

dt9ij  =  —2 V2X • V ijX .  (18)

This equation was considered by Huisken [12], but only in the case of an n -  
dimensional surface embedded in i?n+1, while we are considering the general 
case of an n dimensional surface embedded in R N with N  large enough as to 
guarantee that the embedding theorems, local or global, as necessary, hold.

Therefore, the evolution of the metric tensor is driven by the Gauss tensor
(12). The stationary solutions of equation (18), dtgij = 0, are given by the 
condition V2X  • Vf,X =  0. Two possible solutions are: V2X =  0 which 
corresponds to minimal surfaces as above, and V ijX  = 0, but this implies, 
according to (14), a flat space.

Now we consider the evolution of the Riemann tensor, the Ricci tensor 
and the scalar curvature. The time derivative of the Riemann tensor can be 
written, using (6), completely in terms of derivatives of the metric tensor. Then, 
replacing from (18) we would obtain the evolution equation for the Riemann
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tensor induced by the mean curvature flow. However, we can also combine (12) 
and (17) which is the way in which we proceed now.

The time derivative of the Gauss tensor is given by

• d t V i j X .  =  d t ( d i j X  -  T k l3 d k X )

= dtdtjX -  rkij dtdkx  -  dtr kij dkx  
= dijdtX  -  Tkij dkdtx  -  dtTkij dkX  
= v ijdtx - d tr ki j dkx
= V ijV 2X - d tTki j dkX .  (19)

The time derivative of the Riemann tensor is given by

dtR iju  =  dtV ikX  ’ S/j£X + 'VikX  • dtV j(X
-  dtV u X  • VjfcX  -  Vi£X • dtV jkX  

= VikV2X ■ VjtX + VikX ■ Vj«V2X
-  V ,iV 2X • Vj t X  -  V,(X  ■ V ,t V2X . (20)

where we have used (19) and the identity (13). We now attempt to write the 
right-hand side of equation (20) in terms of intrinsic geometrical objects. A 
look at equation (20) indicates that it is likely that its right-hand side contains 
terms involving second-order covariant derivatives of the Riemann and Ricci 
tensors.

In order to proceed it is convenient to introduce a notation more adequate 
for indices manipulation. We write the expression above as

dtRi jk t  =  V jfc ,.X  • V ^ X  +  VifcX • Vj£m»X

-  V * ..x  • VjfcX -  Vi/X • V jfc..X , (2 1)

where ••  means that these two indices are contracted with the metric tensor; 
there is no ambiguity in this notation since the metric tensor and the covariant 
derivative commute, equation (3).

Next we consider a series of identities which allow to interchange indices in 
several relevant expressions. The Ricci identity for VfcX, is given by

V ijkX  -  VjifcX = ~ R mkij VmX . (22)

Contracting this equation with V abX we obtain

VjjfcX • VabX — V jikX  • V abX = 0, (23)

This relation allows to interchange indices in expressions of the type V3X-V3X; 
for example

VabcX • V ijkX  = VbacX • VijfcX — RdcbaVirfX • VjfcX. (24)
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where we have used (13).

The Bianchi identity for Vfc^X is given by

V ijkiX  -  V jikeX  = - R mkij V mex  -  R meij V kmX . (25)

A similar equation is obtained by considering the covariant derivative of equa­
tion (22), namely

VtijkX  -  VejikX  = - R mkij V emX  -  V eR mkij VmX . (26)

These last two expressions allow to interchange indices in expressions of the type 
V4X =  VfcttjX. Indices 3 and 4 can be interchanged without any difficulty, 
indices 2 and 3 can be interchanged using (26), and indices 1 and 2 can be 
interchanged using (25). For instance, we obtain

V..ifcX =  Vifc..X
+ [Rmi VfcmX +  R mk VimX] -  (Rmk.i +  R mi.k) V .mX

-  \  [ViKm..fc + VkRm..i +  V . (BTm + Rmi.k)\ VraX . (27)

In the previous expression we have taken care of keeping this expression sym­
metric in i and k. Contracting with Vj{X  we obtain

V ..ifcX • V j tX  = Vifc. .X  • V jeX
+  R mk V imX  • V jeX  +  R mi V kmX  ■ V jeX
-  R mk.i Vm.X  • V jeX  -  Rmi.k Vm.X  • Vj£X . (28)

The right-hand side of equation (20) has the same symmetries as the Rie- 
mann tensor. The only terms, involving second-order covariant derivatives of 
the Riemann and Ricci tensors, with the proper symmetries are

A-ijkl = ^  Rijki j
Bijki = ^»iRkij* ^»jRkii* “I” ^ \kRiji* ^»¿Rijk» 5 
CijM =  V ikRgj Vjk ^ ii  ^ iiR k j  “t- VjiRki

+  V kiRje — VeiRjk — VkjRa  +  ^ ijR ik  • (29)

However, using the Bianchi identity (9) and the Ricci identity (5) it can be 
shown that the second term coincides with the first one. Therefore, we can 
consider only the first and the third terms.

MEAN CURVATURA FLOW 181
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The first term in (29) can be rewritten, using (28), as

182 VÍCTOR TAPIA

— ViJb..X  • + V j/..X  • VjfcX
-  Vjfc#*X • V^X — V «..X  • VjfcX
-  Vm.x  • V ^X  -  Rmi.k Vm.X  • Vj£X 
+ tfmfcV¿mX • V ^X  + /T\VfcmX • v * x
+ R mk.j Vm .X  ■ Vi€X + i2m>fcVm.X  • Vi£X
-  i*m* Vimx  . VtfX -  VfcmX • Vi/X
+ # m*.i Vm. x  . VjkX  + Rmi.eV rn. X  ■ VjkX
-  Rm£ VimX • VjfcX -  ¿T"* V,mX • VjfcX
-  Vm.X  • VjfcX -  Rrnj .eV m. X  • VjfcX 
+ VjmX • VjfcX + i?m,- V,mX . VifcX
+ 2V,jjtX • V.i,X - 2 V . jfcX • V .i/X ,

while the third term can be rewritten as

^[tlf&^Jb'l =  ^ik»»X  • Vj¿X +  Vj£..X  • V¿fcX
-  Vifc..X  • v i£x  -  v * . .x  • vifcx
+ 4V .jfX  • V.fcjX — 4V,jfX • V.fcjX
-  Vimx  • V ..X  + i?mi£fc VimX • V ..X  
+ RmjkeV imX  • V . . X - R mikeVjmX  • V ..X
-  V.mX • VfciX -  R mk.i V .mX • V ejX  
- R mi.k VjTnX  • V.¿X — Rmj*e V¿mX • V .fcX 
+ Rme.iV .TtlX  • VfciX +  i2mib.i V .mX • V«X 
+ i2%jfe VimX • V.eX + Rmi.eVjTnX  • V .fcX 
+ i2m*.i V.mX ■ V£iX  + R me. i V .TnX  • VfcjX 
+ Rmi . iV jmX  • V.fcX + Rmj . k V imX  • V.*X
-  V.mX • V€jX -  R me.j  V .mX • VfciX
-  R mj.e  VimX • V.fcX -  Rmi.k VimX • V .€X 
- i T ^ V ^ X  • V ..X  +  i?mifĉ VjmX • V ..X  
- R m. keVjrnX  • V . iX  + R m. keV imX  • V.,-X 
+ i?m.*fcVjmX • V.iX — R m,ek VimX • V .jX .
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Now, we can combine equations (21), (30) and (31) to eliminate all terms 
of the form V4X • V2X and V3X • V3X. The result is

2 dtRijkt =  4 V 2jRjjfc£ — [VikRgj — V jkRu — V uRkj  +  V jeRki 

k i^ jt ^ (iR jk  ^kjR-ii '^ijRik]
— 4 [Rmjkt R mi +  Rimke R mj + Rijmi FC^k +  Rijkm R me\ 
+  8 R mkni Rmjnt  -  8 R mkn j Rmint  +  4 R ™ i j  Rmnkl  

+  R mjki d t9im -  R mikt d t9jm +  R mlij d t9km -  R mkij • (32)

The time derivatives of the Ricci tensor and of the scalar curvature are given

The last equation, (34), is similar to the Ricci flow (16), except for the presence 
of minus signs in the last terms. For positive definite metric tensors we have 
RijR 'i > 0 and RijktR l̂ ki > 0. Therefore, if we consider S  = —R  as our 
unknown function, then we have that negative, rather than positive, curvature 
is preserved under this flow.

Equation (34) can be rewritten in terms of extrinsic quantities using, for 
example, the Gauss equation (14). However, the resulting expression is not 
very illuminating, except for an embedding in R n+1, which is the case which 
was considered by Huisken [12].

Equations (32), (33) and (34) are valid in any dimension. However, for two 
and three dimensions the Riemann tensor acquires particularly simple forms 
and equation (34) reduces to

by

2dtR j, =  2 V2%  + 2 + V meR mj] - 2  Vj tR
-  8 Rmj Rme -  4 Rmnpj Rmn"t 
+  [Rm j dtgtm +  Rm19i9jm] , 

d,R  = V 2R -  4 Ri, Ri¡ -  2 Rijkt Rijhe.
(33)
(34)

(35)

dtR (3> =  V2iJ(3) -  12 [ríc (3)] 2 +  2 [fl(3>]2 . (36)

In dimension n > 4 we obtain

(n — 2)(n — 1)
4 [H(n)] 2 - 2  [Weyl(n)] 2 . (37)
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4. Conclusions
The evolution induced by the mean curvature flow on the curvature tensor 
has several interesting properties. Firstly, all developments are valid for any 
dimension and for any signature. Secondly, for positive definite metric tensors, 
the evolution equation for the scalar curvature, (34), has the same generic 
properties as the Ricci flow. The evolution is towards constant curvature spaces 
and negative, rather than positive, curvature is preserved.
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	• dtVijX. = dt (dijX - Tkl3 dkX)

	dtRiju = dtVikX ’ S/j£X + 'VikX • dtVj(X

	-	dtVuX • VjfcX - Vi£X • dtVjkX = VikV2X ■ VjtX + VikX ■ Vj«V2X

	-	V,iV2X • VjtX - V,(X ■ V,tV2X.	(20)


	VabcX • VijkX = VbacX • VijfcX — RdcbaVirfX • VjfcX. (24)

	-	\ [ViKm..fc + VkRm..i + V. (BTm + Rmi.k)\ VraX. (27)

	V..ifcX • VjtX = Vifc..X • VjeX



	— 4 [Rmjkt Rmi + Rimke Rmj + Rijmi FC^k + Rijkm Rme\ + 8 Rmkni Rmjnt - 8 Rmkn j Rmint + 4 R™ij Rmnkl + Rmjki dt9im - Rmikt dt9jm + Rmlij dt9km - Rmkij • (32)

	-	8 Rmj Rme - 4 Rmnpj Rmn"t + [Rm j dtgtm + Rm19i9jm] , d,R = V2R - 4 Ri, Ri¡ - 2 Rijkt Rijhe.




