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RESUMEN. En este articulo, demostramos la existencia de soluciones a un pro-
blema diferencial eliptico que contiene dos términos de bajo orden, donde el

primer término no lineal satisface condiciones de crecimiento sin restricciones
en el signo y el segundo es una funcién continua sobre R.

Palabras y frases clave. desigualdad de Poincaré, espacios Musielak-Orlicz-Sobo-
lev, problemas unilaterales, obsticulo medible, Término de orden inferior.

1. Introduction

In the present paper, we deal with an existence result for a nonlinear elliptic
unilateral problems associated to the following equation:

A(u) — div(®(u)) + g(z,u, Vu) = f in Q, (1)
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44 ABDESLAM TALHA & MOHAMED SAAD BOUH ELEMINE VALL

where € is a bounded Lipchitz open subset of RV (N > 2) which satisfies
the segment propierty and A(u) = —div a(z,u, Vu) is a Leray-Lions operator
defined on A : D(A) C W3 L, (2) — WL, () where ¢ and 1 are two com-
plementary Musielak-Orlicz functions. The lower order term ® is a continuous
function on R, ¢ is a nonlinearity with the following natural growth condition:

l9(e,5,€)] < b(ls]) (e() + (. €) (2)

and which satisfies the classical sign condition g(z,s,€)s > 0, and the right
hand side f is assumed to belong to L!().

On Orlicz spaces and in the variational case, it is well known that Gossez
and Mustonen solved in [15] the following obstacle problem:

u e K¢,
(A(u),u - v) + /Q o, u)(u — v) dz < /Q f(u—v) d, (3)
for all v € K, N L>®(Q),

with f € L'Y(Q) and K, is a convex subset in W3 Ly (Q) given by K, =
{v € WgLy(Q) : v > ¢ a.e in Q}, with the obstacle ¢ is a measurable function
satisfying some regularity condition. An existence result has been proved in [1]
by Aharouch, Benkirane and Rhoudaf where the non-linearity g depend on z, u
and Vu and without assuming the As-condition on the N-function and also in
[2] the authors were studied the problem (1) in the case where the non-linearity
g depends only on x and w under the restriction that the N-function satisfies
the As-condition.

In the framework of variable exponent Sobolev spaces, Azroul, Redwane and
Yazough in [4] have shown the existence of solutions for the unilateral problem
associated to (1) where ® = 0 and the second member f is a integrable function,
for more results in this topic see [5, 19].

In the setting of Musielak-Orlicz spaces and in the case where & = 0,
Benkirane and Ait Khellou [20] proved the existence of solutions for the obstacle
problem (1), they generalized the work of Gossez and Mustonen in [15].

The study of the nonlinear partial differential equations in this type of
spaces is strongly motivated by numerous phenomena of physics, namely the
problems related to non-Newtonian fluids of strongly inhomogeneous behavior
with a high ability of increasing their viscosity under a different stimulus, like
the shear rate, magnetic or electric field. The generalized Orlicz (Musielak-
Orlicz) spaces are of interest not only as the natural generalization of these
important examples, but also in their own right. They have appeared in many
problems in PDEs and the calculus of variations [3, 12] and have applications
to image processing [11, 18] and fluid dynamics [16, 17].
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Our purpose in this paper, then, is to study the strongly nonlinear unilateral
problems associated to the equation (1) but without assuming any sign condi-
tion and any regularity on the obstacle. More precisely, we prove the existence
of solutions for the following unilateral problem:

u>Wae inQ, Ty(u—v)€WiL,(Q), g(x,u,Vu)e LY(Q),
/a(x, u, Vu)VTi(u — v) de + / D (u)VTi(u —v) dx
P) < /e

¢
+/ g(z,u, Vu) Ty, (u — v) do < /ka(u —v) dz,
Q Q
for all v € Ky N L*>®(Q), Vk>0.

where f € L'(Q) and Ky = {u € W}Ly,(Q) : u > ¥ ae. in Q}, with ¥ a
measurable function on 2.

To overcome this difficulty (due to the elimination of the sign condition) in
the present paper, we modify the condition (2) by the following one

l9(z,5,8)| < c(z) + h(s)e(x, €]),

the model problem is to consider
g(z,u, Vu) = ¢(z) + |sin u|e*“2cp(x, [Vul),

where c(z) € L*(9).

Further works for the unilateral problem corresponding to (1) in the LP case
can be found in [10, 9, 22, 23].

This research is divided into several parts: In Section 2, we recall some well-
known preliminaries, properties and results of Orlicz-Sobolev spaces. In Section
2.3, we prepare some auxiliary results to prove our theorem. In the final Section
3, we make precise all the assumptions on a(.), ®, g and f, we also give the
main result of this paper (Theorem 3.1) concerning the existence of solutions.

2. Preliminaries
2.1. Musielak-Orlicz function:

Let Q be an open set in RY and let ¢ be a real-valued function defined in
Q x R, and satisfying the following conditions:

(a) ¢(x,-) is an N-function for all x € Q (i.e. convex, strictly increasing,

w(f;,t) ~ 0 and

continuous, ¢(x,0) = 0, p(z,t) > 0, for all ¢ > 0, lim sup

t—=0 zc
t
lim inf gl t) = 00),
t—oo e t

(b) ©(,t) is a measurable function.
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46 ABDESLAM TALHA & MOHAMED SAAD BOUH ELEMINE VALL

The function ¢ is called a Musielak—Orlicz function.

For a Musielak-orlicz function ¢ we put ¢.(t) = ¢(z,t) and we associate
its nonnegative reciprocal function ¢ !, with respect to ¢, that is

or (e, ) =z, 0,1 (1) = t.

The Musielak-orlicz function ¢ is said to satisfy the As-condition if for some
k > 0, and a non negative function h, integrable in ), we have

o(z,2t) < ko(z,t) + h(x) for all x € Q and ¢ > 0. (4)

When (4) holds only for ¢t > ¢ty > 0, then ¢ is said to satisfy the As-condition
near infinity.

Let ¢ and v be two Musielak-orlicz functions, we say that ¢ dominate ~
and we write v < ¢, near infinity (resp. globally) if there exist two positive
constants ¢ and ty such that for almost all x €

v(z,t) < (x,ct) for all t > tg, (resp. for all ¢ > 0 i.e. tg =0).

We say that v grows essentially less rapidly than ¢ at 0 (resp. near infinity)
and we write v << ¢ if for every positive constant ¢ we have

lim <sup 'y(a:,ct)) =0, (resp. tlim (sup 7(x,ct)> =0).

t—0 \ zeq So(xat) 0 \ zeQ So(xvt)

Remark 2.1. [8] If ¥ << ¢ near infinity, then Ve > 0 there exist k() > 0
such that for almost all x € {2 we have

Y(z,t) < k(e)p(x,et), forallt>0. (5)

2.2. Musielak-Orlicz space:

For a Musielak-Orlicz function ¢ and a measurable function u : Q@ — R, we
define the functional

poal) = /Q o(z, [u(@))) de.

The set K,(Q) = {u :  — R measurable / p, o(u) < oo} is called the

Musielak-Orlicz class (or generalized Orlicz class). The Musielak-Orlicz space
(the generalized Orlicz spaces) L, (§2) is the vector space generated by K, (1),
that is, L, (£2) is the smallest linear space containing the set K, (£2). Equiva-
lently

Ly(Q) = {u: Q — R measurable /p%g (%) < 0o, for some A > 0}.
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For a Musielak-Orlicz function ¢ we put: ¢ (z,s) = sup;>q {st — ¢(z,1)},

¢ is the Musielak-Orlicz function complementary to ¢ (or conjugate of )
in the sens of Young with respect to the variable s.

In the space L, (£2) we define the following two norms:

|ullg.00 = inf {/\ > 0//an(:¢, @) dz < 1},

which is called the Luxemburg norm and the so—called Orlicz norm by
llullon = sw [ )o@ da.
[[v]l4 <1

where 1 is the Musielak Orlicz function complementary to . These two norms
are equivalent [21].

We will also use the space E, () defined by

E,(Q {u ) — R measurable /pg, Q( ) < oo, for all A > 0}

A Musielak function ¢ is called locally integrable on Q if p,,(txg) < oo for all
t > 0 and all measurable E C Q with meas(F) < occ.

Let ¢ a Musielak function which is locally integrable. Then E, () is sepa-
rable [21].

We say that sequence of functions u, € L, () is modular convergent to
u € Ly () if there exists a constant A > 0 such that

Up — U\
Jim poo(Z5) =0

For any fixed nonnegative integer m we define
W™L,(Q)) = {u € L,():V|a| <m, D% € LW(Q)}

and
WME,(Q) = {u € E,(Q) :V]a| <m, D € E¢(Q)}

where o = (aq,...,q,) with nonnegative integers «;, |a| = |a1| + -+ + |y
and D®u denote the distributional derivatives. The space W™ L, () is called
the Musielak Orlicz Sobolev space.

Lemma 2.2. (See [21]). Let
Poalw) = Y poa(Du) and uq = inf {A>0:7,0(5) <1}
lee|<m
for u € Wm™L,(R), these functionals difined a convexr modular and a norm

respectively on the Sobolev-Orlicz-Musielak space W™ L, (§2).
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Let us move to the completeness of the Sobolev-Orlicz-Musielak space W™ L, (€2).
Lemma 2.3. (See [21]). Let ¢ a Musielak function such that

there exist a constant co > 0 such that inggo(:m 1) > co. (6)
TE

Then, the space (WmLW(Q), HHZLQ) is a Banach space.
The space W™ L, (2) will always be identified to a subspace of the product
[Tjaj<m Le(§2) = IIL,, this subspace is o(I1Ly, ILEy) closed.

The space W' L, (1) is defined as the o(IIL,,IIEy) closure of D(£) in
W™L, (). and the space W{"E,(Q) as the (norm) closure of the Schwartz
space D(2) in W™ L, ().

Let Wi L, (€2) be the o(IIL,,IIEy,) closure of D(Q) in W™ L, ().

The following spaces of distributions will also be used:
WLy () = {f eD'(Q); f= > (-D)D*f, with f, € Lw(Q)}.
la]<m
and
WrE) = { £ € D) f= 3 (~)D%, with f, < Bu(@) .
la]<m

We introduce the following type of convergence which plays an important role
in the proof of our results.

Definition 2.4. A sequence of functions u, € W™ L, () is said to be conver-
gent for the modular convergece to u € W™L, () if there exists a constant

k > 0 such that
lim o (u) =0
n—o00 p%Q k -

Now, we give the following key inequalities.

Lemma 2.5. (See [21]). Let ¢ a Musielak-Orlicz function and ¢ its comple-
mentary function. Then, we have

ts < p(z,t) +(z,s), Vt,s>0,z €. (7)
This inequality tmplies that
H|u|||g9,ﬂ < PW,Q(U) + 1. (8)

We have also the relations between the norm and the modular in L., ()

[ulle.0 < pealu) if [lullp.a > 1, 9)
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[ullg.0 = po.a(u) if fullp.o < 1. (10)

Finally, we give the so called Holder inequality

/Qu(m)v(x) dz

< [lullg.alllolls.o- (11)

2.3. Auxiliary results

This subsection is devoted to some auxiliary lemmas and key inequalities used
later in the prove of our results.

Lemma 2.6. (See [24]). Let Q be a bounded Lipschitz domain in RY and let
@ and ¥ be two complementary Musielak—Orlicz functions which satisfy the
following conditions:

There exist a constant co > 0 such that infcq @(x,1) > co. There exist a
constant A > 0 such that for all z,y € Q with |v —y| < & we have

e(z, t)
oy, t
If D C Q is a bounded measurable set, then

A
St(log<ﬁ)7 Y, forallt>1. (12)

~—

/ oz, ) de < oo,  forall A > 0. (13)
D

There exist a constant co > 0 such that ¥(x,1) < ¢y a.e in Q.

Then, D(Q) is dense in_the both spaces L,() and WiL,(Q) for their
modular convergence and D(S2) is dense in W' L, (Q) the modular convergence
in WYL, ().

Consequently, the action of a distribution S in WL, () on an element u
of Wi L,(9) is well defined. It will be denoted by < S, u >.

Lemma 2.7. [7] Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let
© be a Musielak—Orlicz function and let uw € Wi L, (S2). Then F(u) € Wg L, (S2).
Moreover, if the set D of discontinuity points of F' is finite, we have

0 Flu) = F’(u)g—;fi a.ein {z € Q:u(z) € D}
Ox; B 0 aein{zeQ:u(x)¢&D}.

Lemma 2.8 (Poincaré inequality). (See [24]). Let ¢ a Musielak Orlicz function
which satisfies the assumptions of Lemma 2.6, suppose that o(x,t) decreases

with respect of one of coordinate of x. Then, that exists a constant ¢ > 0 depends
only of Q0 such that

/cp(a:, [u(z)]) dox < /gp(w,c\Vu(x)\) dr, Yu € WiLy(RQ). (14)
Q Q
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Lemma 2.9. Let u,,u € L,(R). If u, = u with respect to the modular con-
vergence, then u, — u for o(Ly(Q), Ly (£2)).

Up —

A
U, — u a.e. in Q. Take v € Ly (). Multiplying v by a suitable constant, we
can assume \v € Ly (). By young’s inequality,

u) — 0. Thus, for a subsequence,

Proof. Let A > 0 be such that /cp(z,
Q

Up — U

A

[(un = wv] < p(z, )+ (2, Av),

which implies, by Vitali’s theorem, that / |(up, — uw)v| = 0. v
Q

Lemma 2.10. (See [7]). Let Q be a bounded open subset of R which satisfies
the segment property and let u € WOILLP(Q). Then, there exists a sequence
(un) C D(Q) such that

un, — u for modular convergence in Wy Ly, (Q).
Furthermore, if u € Wi L,(Q) N L>®(Q) then [|unlloo < (N + 1)|u]oo-

Lemma 2.11. (See [6]). Let Q be an open bounded subset of RN satisfying the
segment property. If u € (W3 Ly, (2)N then

/divudx =0.
Q

Lemma 2.12. (See [20]) Let Q2 be an open subset of RN with finite measure
and let ¢ and v be two Musielak Orlicz functions. Let f : Q x RP — RY be a
Carathodory function such that for a.e. x € Q and all s € RP :

|[f(z,8)] < elz) + kg ' o(@, kals]). (15)

where k1 and ko are real positives constants and c(.) € Ey ().

Then the Nemytskii Operator Ny defined by N¢(u)(z) = f(z,u(z)) is con-
tinuous from

(P, ) =TT {ue Lo@: dtuma < 1.

2

into (Ly(2))9 for the modular convergence.

Furthermore if c(-) € E,(Q) and v << 1 then Ny is strongly continuous
2

rom (P(EA@).2)) o (B, (@)

Volumen 55, Numero 1, Afio 2021



STRONGLY NONLINEAR ELLIPTIC UNILATERAL PROBLEMS ... 51

3. Assumptions and main result

Throughout the paper,  will be a bounded Lipschitz subset of RV N > 2. and
let ¢ and v two Musielak Orlicz functions such that ¢ satisfies the conditions
of Lemma 2.8 and v << .

Given an obstacle measurable function ¥ : ) — R, consider the set
Ky ={u€WjL,(Q) : u>T ae. in Q}.

This convex set is sequentially o(ILL,, [1Ey) closed in Wi L, () (see [8]).
Let A: D(A) C W§L,(2) — WLy () be a mapping given by

A(u) = — div a(z, u, Vu),

where v is the Musielak—Orlicz function complementary to ¢ and a : 2 X R x
RY — RN is a Carathéodory function satisfying, for a.e. € © and for all
s€Randall £,¢ € RN, € #£ ¢

lale,5,6)] < /3(e(z) g, vls]) + o (e, u|s|>), (16)
(a<x, 5.6 — ala, s,w) (6—¢) >0, an
a(@,5,€).£ > ap(a, €], a8)

where ¢(.) belongs to £,(€2), ¢(.) > 0 and o, 5,v € R..
®: R — RY is a continuous function. (19)

Furthermore, let g(x,s,&) : @ xR x RY — R be a Caratheodory function such
that for a.e. € Q and for all s € R, £ € RV, the following growth condition

lg(z,5,6)| < p(x) + hs)p(z, [£]), (20)

is satisfied, where h : R — R is a continuous positive function which belongs
to L'(R) and p(z) belongs L*(£2).

For each v € Kg N L*°(Q), there exists a sequence
v, € Ky N WeE,(Q) N L>=(Q) such that (21)

vy, — v for the modular convergence.

Finally, we assume that
Ky NL®(Q) #£o (22)

f is an element of L'(Q). (23)
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We define:
Ty?(Q) = {u:Q — R measurable such that T (u) € Wy L,(Q) Vk > 0},

where T}, : R — R is the truncation at height k defined by:

s if |s] < K,
Ti(s) { kit |s) > k. (24)

The aim of this paper is to prove the following existence result:

Theorem 3.1. Assume that the assumptions (16)-(23) hold true, then there
exists u € Ty '#(Q) such that u> U and

/a(a:, u, Vu)VTi(u —v) do + / D, (u)VTE(u —v) dz
Q Q

—|—/Qg(ac,u,Vu)Tk(u —v)dr < /Qka(u —v) dzx,
for all v € Ky N L>®(Q), Vk>0.
The proof of Theorem 3.1 is done in 5 steps.
Step 1: Approximate problem.

For n € N*, let f,, be regular functions which strongly converge to f in L!(Q)
such that ||f,|l1 < ¢ for some constant ¢ and ®,, is a Lipschitz continuous
bounded function from R into RY and set g, (z, s,¢) = g(x, T,,(s),£).

Consider the approximate unilateral problem:
Uy € Ky N D(A)
/a(m,un, Vun)VT(u, —v) de + / D (un)VTi(un —v) da
P Q
—l—/g(x, Uy Vup )T (uy — v) doe < ffnTk(un —v) dz,
Q Q

for all v € Ky.

For fixed n > 0, it’s obvious to observe that g,(x,s,&)¢ > 0, |gn(z,s,&)| <
lg(z,s,8)| and |gn(z,s,£)| < n, Since g, is bounded for any fixed n, as a
consequence, proving of a weak solution u,, € W L, () of (P,,) is an easy task
(see e.g. [8, Theorem 8], [15, Proposition 1]).

Step 2 : A priori estimates.
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The estimates derived in this step rely on usual techniques for problems of the
type (Pp).

By (21) and (22), there exists v € Ky N W3 E,(2) N L>(Q).

For n small enough, let v = u,, — 7exp(G(u,))Tk(u, — vg)T where G(s) =

IN @dr (the function h appears in (20)), choosing v as test function in prob-

lem (P,), we have
/a(w,un, Vi, )V (exp(G(un )T (un, —vo) ") dz
Q

+ / B, (1 )V (exp(G (11 )) T (1t — v0)+) dar
Q (25)
+ /an(x, Un, Vi) exp(G(un)) T (un —vo) T da

< /Q Fo exD(G(10)) Tt — v0)* da

Defining ®,,(t) = fot @, (7)V (exp(G(un))Th(tun — vo)T)dr, one has &, (0) = 0.
As each component of ®,, is uniformly Lipschitz continuous, the Lemma 2 in
[14] ensures that the function ®,,(u,) belongs to (W} L,(Q2))YN. So that by
Lemma 2.11, we obtain

/Q@n(un)Vun dr = /Qdiv@n(un)) =0 da.

Moreover, from (20), one gets

/Qa(ac,un, V)V (Tk(un — v0) ") exp(G(uy,)) dz
h(un)

+ / a(x, U, Vg, ) Vg, exp(G (un))Tr (un, — v0) " dz
Q

(26)

< Qh(un)(p(xv ‘VunD eXp(G(un))Tk(un - 'UO)+ dx

+ / (Fn + p(2)) exD(G 1)) Ti (11 — v0)* .
Q

By using (18) and the fact that || f,||r1 ) < |[f]l22 @), p € L*(2), we have
/ a(x, Un, V) Vuy, exp(G(uy,)) dx
{0<u, —vo<k}
< / a(x, Un, V) Vg exp(G(uy)) dv +c1 (27)
{0<u,—vo<k}

\Y%
< c/ a(z, Uy, Vun)ﬂ exp(G(uy)) dx + c1,
{0<u, —vo<k} c
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where ¢ is a positive constant independent of n and 0 < ¢ < 1.

Using (17), we have

/ a(x, Up, V) Vu, exp(G(uy,)) dx
{0<u,—vo<k}

<c {/ a(x, Un, Vi) Vu, exp(G(uy,)) dx
{0<uy —vo<k}

_/{0<u —v <k}a($’u”’ @)(vu” - @) exp(G(un)) d$+cl},
o (28)

which implies that,

(1- c)/ a(x, Un, Vi, )Vu, exp(G(uy,)) de
{0<un—vo<k}
< c/{oéun—vogk}‘a(x,um %)‘ ’(Vun - @) ‘ exp(G(uy)) dz + ¢
< C/{ogun—vogk}‘a(%um %)‘ ’@ exp(G(uy)) dx

V’U()

—|—c/ ‘a(a@un,—)’ ‘Vun exp(G(uy)) dz + c1.
{0<un—vo<k} ¢

(29)

Since % € (E,(2))N, then by using the Young’s inequality and the condition

(16) we have,

(1- c)/ a(x, Un, Viy)Vuy, exp(G(uy,)) dx
{0<u,—vo<k}

a(l—c) (30)
S =5 p(x, [Vun|) exp(G(un)) dz + ca(k),
{Oﬁun—voﬁk}
where co(k) is a positive constant which depends only on k.
Finally, from (17), we can conclude that,
/ o(z, [Vuy|) exp(G(uy)) dz < c3(k). (31)
{0<un —vo <k}

Since exp(G(—0)) < exp(G(u,)) < exp(G(+o0)) and exp(G(+o0)) <
Al 1 (q)
exp (T), we get

/ p(z, |Vuy|) de < eq(k). (32)
{Ogunfv(lgk}
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Similarly, taking v = u,, + exp(—G(u,)) Tk (un — v9)~ as test function in (P,,),
we obtain

(1—0)/ a(x, Un, V) Vu, exp(—G(uy,) dx

{_kgun —vo SO}

1—
Sy/ o(z, |Vuy|) exp(—G(up)dz+c5(k),
{_kgun_'UOSO}
(33)
and then
/ o(z, |Vuy|) de < cg(k). (34)
{—=k<un—v0<0}
Combining (32) and (34), we deduce that,
/ o(z,|Vuyl|) de < cr(k). (35)
{lun—vo| <k}
Since {z € Q;|u,| < k} C {z € Q;|un, — vo| < k+ ||volloo s
[ VT de= [ o[ Vu) de
Q {lun|<k}
< / o(z, |Vuyl) dz,
{‘un_UUlSk'i'HUOHoe}
thus
/90(1’7 VT (un)]) dz < C(k + [|vo||oc)- (36)
Q

Thanks to Lemma 2.8, there exists a constant A > 0 depends only of € such
that

/(p(:v, [v]) doe < /gp(x,)\|Vv|) dr Vv € WiL,(Q). (37)
Q Q

Taking v = §|T%(uy,)| in (37) and using (36), one has

/ ol 5 Tl o < / (@, [V Tk (un)]) dz < Ok + |oolloc).  (38)
Q Q

Then we deduce by using (38), that

1 k
meas{lun > 0} < s [ pln§)de
lnf@(va) {lun|>k} A
e

1

1
S 31Tk (un)l) d
- inftp(x,%) /an(x )\| k(un)[) dz (39)
€N
_ Ol + [lvoll)

Vn, Vk>O0.
. E b) -
m}ggflw(x, Y)
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For any 5 > 0, we have
meas{|un, — um| > B} < meas{|un| > k} + meas{|un| > k}
+ meas{|Ti(un) — Tk (um)| > B}
so that
2C (K + |volloo)

meas{|u, — um| > B} <
- inf o(z. &
a}gﬂ (x, A)

+ meas{|Tk(un) — Tk (um)| > B}.

(40)

By using (38), we deduce that (T} (uy)) is bounded in W L,(£2), and then we
can assume that (Ty(u,)) is a Cauchy sequence in measure in €.

2C(k + ||vol o)

—0as k — +oo
- 3
Info(w, X)

Let € > 0 then by (40) and the fact that

there exists some k = k() > 0 such that
meas{|un, — um| > A} <e, for all n,m > ho(k(e), N).

This proves that u,, is a Cauchy sequence in measure, thus, u,, converges almost
everywhere to some measurable function wu.

Finally, by (36) and Lemma 4.4 of [13], we obtain for all £k >0

{ Ty (un) — Ty (u) weakly in W L, () for o(ILL,, [1Ey)

Ti(un) — Ti(u) strongly in E,(f2) and a.e. in . (41)

Next step, we will use Banach-Steinhaus Theorem to prove the following propo-
sition but first let reamrk that for all s € R we have

a(x, un, Vuy,) if |s| <k,

0 if |s| > k. (42)

a(x, Tk (un), VI (uy)) = {
Proposition 3.2. Let u, be a solution of the approximate problem (P, ), then

(a(x,Tk(un), VTk.(un))> is bounded in (L, (Q))". (43)
Proof. Let w € (E,(Q)" with ||w|,,q < 1. Thanks to (17) we can write
(a(;v,un, Vuy) — a(x,un,w)) (Vun - w) > 0,

hence

/ a(m, U, Vun)w dr < / a(:c,un, Vun) Vu, dx
{lun|<k} {lun|<k}

(44)
— / a(z, Uy, w) (Vun - w) dx.
{lun|<k}
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Using (16) and since Ty (uy,) is bounded in Wi L, (), one easily deduces that
/ o, Thlun), VTk(wn) ) VTi(un) < cs(k). (45)
Q

Combining the fact that Ty (u,) is bounded in W{ L, (Q2), (44) and (46), we get

/Qa(ac,Tk(un),VTk(un))w < co(k). (46)

Hence, thanks to the Banach-Steinhaus theorem, the sequence (a(x, t,, Vy,))n
is bounded in (L ().

Step 3: Almost every where convergence of gradients.

We will introduce the following function of one real variable s, which is defined
as

1 if |s] < j

0 if |[s| >7+1

j+l—s ifj<|s|<j+1

jHL4s i~ (1) <ls| <)

hm(s) =

with j a nonnegative real parameter.

Let Qs = {z € Q:|VTi(u(z))| < s} and denote by xs the characteristic
function of Q4. Clearly, Q5 C Q441 and meas(Q\Q;) — 0 as s — oo.

In order to prove the modular convergence of truncation T (u,), we shall
show the following assertions:

Assertion (i).

lim lim sup/ a(x, Uy, Vg, )Vu, de = 0. (47)
I700 noeo J{j<|un|<i+1}
Assertion (ii).

Ty (un) — Ty (u) in Wy L,(Q) for the modular convergence Vk > 0. (48)

Proof. of Assertion (i). If we take v = w,, + exp(—G(un))T1 (ur, — T (un))~
as test function in (P,,), we get,

/ a(x, U, Vg ) Vg, exp(—G(uy,)) do
{=(+D)<un<—3} (49)
< [ (= fu+ p(o) exp(~Glu) Ti (0, ~ Ty(un)” do
Q

Revista Colombiana de Matemaéticas



58 ABDESLAM TALHA & MOHAMED SAAD BOUH ELEMINE VALL

Using the fact that
exp(G(—00)) < exp(—G(un)) < exp(G(+00))

we deduce

/ a(x, Up, Vi, )Vu, de
{=(+D)<un<—j}

(50)
< —erp / (Fn = p()) exp(—G (1)) Ti (11 — T (un))~ .

Since f, — fin L' () and | f,, exp(—G (un))T1 (un—T;(un)) | < exp (%)

| /| then Vitali’s Theorem permits us to confirm that

lim lim [ f,exp(—G(un))T1(un —Tj(uy,))” dz=0. (51)

j—oon—oo [o

Similarly, since p € L1(Q2), we obtain

lim lim Qpexp(—G(un))Tl(un —Tj(un))” dz=0. (52)

J—+00 n—00

Putting together the results from equations (50), (51), (52), we conclude that

a(z, Uy, V) Vu, dz = 0. (53)

lim limsup/
J70 n—oo J{—(j+1)<un<—j}

On the other hand, taking v = u,, — nexp(G(u,))T1 (un — Tj(uy))" as test
function in (P,) and reasoning as in the proof of (53), we deduce that

lim lim sup/ a(x, Uy, V) Vu, dz = 0. (54)
I7ro0 nmoo J{j<un<j41}
Thus (47) follows from (53) and (54). o

Proof. of Assertion (ii). Let k& > ||vo||oo- By using (21) there exists a se-
quence there exists v; € Ky N W] E,(2) N L () which converges to T} (u)
for the modular convergence in W E,,(€2). v
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Let v = up —nexp(G(un))(Ti(un) — Tk (v;)) T hj(uy) as test function in (P,,),
we obtain by using (18) and (20)

/ exp(G(un))a(z, T (un), VT (un))V(Tk (wn) = Ti(vs)) by (uy) da
{Tk (un)—Tk(vi) >0}

B / . eXp(G(un))a(xv Unp,, Vun)vun(Tk(u”) - Tk(vi))Jr dx
{]SU7L§]+1}

< [ pla)(Tiln) = Te(0)) 1) exp(G ) d
Q

+/fn(w)(Tk(un)*Tk(vi)ﬁhj(un)exp(G(un)) dx.
Q

(55)
Thanks to (54), the second integral tends to zero as n and j tend to infinity,

and by Lebesgue Theorem, we deduce that the right—hand side converges to
zero as n and ¢ tend to infinity.

Then the least inequality becomes,

/ exp(G(un))a(z, T (un), VT (tn))V(Tk(wn) = Ti(vs)) by (up ) dx
{Tk (un)—Tx(v;)>0}

—/ exp(G(un))a(z, un, Vi, ) VT (vi) hj(un)dr <e(n, i, j).
{Tk(un)_Tk(U'i)zov |un|2k}
(56)

Now, observe that

’/ exp(G(un))a(z, n, V) VI (v:) hj(uy) de
{Th (un) =Tk (vi) 20, |un | =k}

(57)
<en / 0, Ty 1 (1), VT (1)) | [ V] iz
{lun|>k}

On the one hand, since (|a(z, Tj4+1(un), VTj+1(tn))|)n is bounded in (Ly ()Y,
we get for a subsequence, a(x, Tj11(un), VTj11(uy)) — I; weakly in (Ly(22))Y
for o(I1Ly, I1E,) with I; € (Ly(2))" and since |Vv;|X{ju, >k} converges stron-
gly to [Vu|x{ju/>k} in E,(2) we have by letting n — oo

/ la(z, Tj+1(un), VTjt1(upn))| |Vvi| dz — 1;|Vv;| de.
{lun|>k} {lun|>k}

Now, we use the modular convergence of (v;);, which leads to
/ LIV da — LIV Ty (u)) dz.
{lun|>k} {lun|=k}
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Since VT (u) = 0 on the subset {z € Q : |u(x)| > k}. we deduce that
| e Ty (), VT ()] (9] dz = e, .)
Combining this with (56) and (57) we obtain.

/ exp(G(un))a(z, Tk (un), VT (un))V (Tk(wn) — Tk (v;)) by (uy, ) de
{Tk (un) =Tk (vi) 20}

< e€(n,i,j).
(58)

On the other side, we have
exp(G(un))a(@, Tk (un), VT (un))V (Tk(un) — Th(vi)) b (un)dw

/{Tk (un)—Tk(v;) >0}

> / exp(G(un))[a(, T (un), VTk(un)) — a(w, Te(un), VTk(v:)x)]dz
{Ty (un)—Tg(v;)>0}

X [V (un)) — VT (v:)X ) hi (un) da

+/ exp(G (un))a(z, Tr(un),VTk(0:)X2) [V Tk (un)) =V Tk (vi) x2)] Ry (un ) dz
{Tx (un)—Ty (v;)>0}

—erz / (e, T (n), VT ()] [Ver] da,
Q\Qs

(59)
where x? denotes the characteristic function of the subset Q) =
{x € Q: |VTi(v;)] < s}.
Reasoning as above, we get
[ ol Tiwn), VT [Voildo = [ 09T de+ el ).
o\Qs Q\s
(60)

For what concerns the second term of the right hand side of the (59) we can
write,

/{ exp(G(un))a(z, T (un), VT (vi)x$) [V T (un)) =V Ti (v3)x) g (un ) dz

T (un) =Tk (v;) >0}

- / exp(G(tun))a(z, T (tun), VT (01)X:) VTk (un)) da
{T) (un)—Ty (v;)>0}

f/{ exp (G (un))al(, T(un), VT (0:)xs) VTk (vi) X5 )y (un) de.

T (un) =Ty (v;) >0}

(61)
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Starting with the first term of the last equality, we have by letting n — oo,
/ exp(G(un))a(x, Ti(un), VT (vi) X)) VTk(uy)) dz
{Tw (un) =Tk (vi) >0}

= / exp(G(u))a(x, T (u), VT (v:)x2) VT (1) dz + €(n),
{Tx (u) =Ty (vi) >0}

since

exp(G(un))a(x, Ti(un), VI (Vi) X)X {T, (wn)— Tk (v1)>0}
— exp(G(u))a(w, Ty (u), VT (Vi) X o) X{Th (w)=Th (v;) >0}

strongly in (Ey(2))™ by using Lemma 2.12 while VT},(u,,) — VT}(u) weakly
in (Ly,(Q))"N for o(IIL,, IIEy).

Letting again ¢ — oo, one has, since
a(x, Tk (U), VT (’Ui)Xé)X{Tk(u)—Tk(vi)zo} - (1(1’, Ty (u)v VTk(u)Xs) strongly
in ((Ey(2))" by using the modular convergence of v; and Lebesgue theorem,
/ exp(G(Ty (un)))a(z, Ti(wn), VT ()X ) VTk(uy)) da
{T (un) =Tk (vi) >0}

- / exp(G(un))al, Ty(w), V(1) xs) VTk(w) d + e(n, i, ).
Q
In the same way, we have

—/ exp(G(Tk (un)))a(@, Tr(un), VT (0:)X2) Vi (vi)) X ohj (un) da
{Tk (un) =Tk (vs) >0}

_ / exp(G (un))a(a, To (), VT () Xa) VT ()Xo d + €(n, i, 7).

Adding the two equalities we conclude that

/ exp(G (un))ala, T (un), VT (0:)x)
{Tx (wn)—Tr(vi) >0}

X [V (un)) = Vi (vi)x3) A (un) dee
= e(n,i,j).
Combining (58)—(60) and (62), we then conclude

/ [ae T (1), V(1)) — (e, Te(utn), VTk(03)x3)]
{Tx (un)—Tr(vi)>0}
X [Tk (tn)) — VTk(03) X (1) (63)

< e1s / I [V T ()| dz + €(n, i, j).
Q\Qs
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Now, takin v = wu, + exp(—G(un))(Tk(un) — Tk(v;)) " hj(un) as test function
(Pr) and reasoning as in (63) it is possible to conclude that,

/ [ae, Ti (1), V(1)) — (e, T (1), TTk(03)x3)]
{Tk (un)_Tk(Ui)SO}
X [Tk (tn)) — VTk(03) X (1) (64)

<o [ L IVTL@ds+ el ),
o\Qs
Finally by using (63) and (64), we get

/Q (a2, Te(ttn), VT (1)) — (2, T (1), Vi (0) )]
X [Tk (tn)) — VTk(03) X (1) (65)

<o [ W IVT)|do o+ el ),
Q\Qs
On the other hand, we have

/Q[a(ac,Tk(un), VT (un)) — al(z, T (un), VT (u)xs)] [VTk (un) — VTk(w)xs)hj(un) de
[ e ). VT () ) VT (o)X T )~V ) )
_ /Q a(x, T (un), VT (0)X3) [V Tk (un) — YTk (0)X: Ry (un) dz
= [ (o D). VT NIV Tk () = VT ) () da

+/Qa(ﬂmTk(un)yVTk(un))[VTk(w)xi = VT (w)xs]hj(un) dz,

(66)

and, as it can be easily seen, each integral of the right-hand side of the form
€(n,i,j) implying that
/ [a(z, Tk (un), VIi(un)) — a(z, Ti(un), Vi (u)Xs)]
Q
[VT’C (un> - VT (u)Xs]hj (un) dz
= / [a(z, Tk (un), VTk(un)) — alz, Tr(un), VT3 (vi)x})]
Q

X [VTi(upn) — VTk(vi)xi]hj (up,) dz + €(n, i, 5).

(67)
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Furthermore, using (65) and (67), we have

/Q[a(x,Tk(un), VT (uy)) — alx, Tp(un), VI (u)xs))
X [V (upn) — VIL(w)xshi(uy) do (68)

e [ W IVT)|do o+ e(ni ),
Q\0Q#
Now, we remark that
/ [a(z, Ty (un), VI (un)) — a(z, Ti(un), VIk(w)X)|[VTk(un) — Vi (u)xs] do
Q

- / (0 T (1), VT (1)) — (e, T (11), VT (1))
X [VTi(un) — VT (w)xs|hj(un) dew
+ / (0, Th(tn), VT (ttn)) — e, Te(ttn), VT4 (1) x5)]

X (VT (un) — VT (uw)xs)[1 — hj(un)] de.
(69)

Since 1 — hj(up) = 0 in {|u,(z)| < j}, then for j large enough the second term
of the right hand side of (69) can be written as follows

/Q (0, T (1), Vi (1)) — (e, T (11), VT (1))
X [VTk(un) - VTk(u)XS][l - h’j (un)] dx

. / (e, Ti(un), VT(u)xs)[1 = hy(un)] do
+ / 0, T (), VT ()Xo )V T ()X 1 — oy ()] d.
Q

Thanks to a(z, Tk (un), VT (uy)) is bounded in (Ly (2))Y uniformly on n while
VT (u)xs(1 — hj(uy,)) converges to zero strongly in (L, (£2))" , hence the first
term of the right-hand side of (70) converges to zero as n goes to infinity.

The second term converges to zero because VI (u)xs(1—h;(u,)) = VT (u)
Xs(1 — hj(u)) = 0 strongly in E,(2) and by the continuity of the Nymetskii
operator a(x, Ty (uy,), VI (u)xs) converges strongly to a(x, Ty (u), VT (u)Xs)-
Finally, we deduce that

Jim Q[a(x,Tk(un),VTk(un))*a(fvak(un%VTk(U)Xs)] (71)

X [V (upn) — VIE(w)xs][1 — hj(uy)] dz = 0.
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Combining (68), (69) and (71), we get
/Q[a(a?, Ti(up), VT (up)) — alx, Te(un), VI () xs)| [V (un) — VT (uw)xs] dz

< e16 / i (VT (w)| da + €(n, i, 5).
2\Qs
(72)

Letting n,4,j and s tend to infinity, we deduce
/[a(% Ty (un ),V Tk (un)) —al@, Tp(un ), VT () X5) [V Tk (tn )=V Ty (w) Xs] dz — 0
Q

as n — oo and as s — oo.

As in [20], we deduce that there exists a subsequence, still denoted by u,,
such that

Vu, = Vu a.e. in Q, (73)
which implies that
a(z, Ty (un), VT (un)) — a(z, Ti(uw), VTg(u)) weakly in (Ly(Q))Y (74)
for o(IILy, IIE,), Yk > 0.
Step 4: Equi-integrability of the non-linearities.

We shall prove that g, (2, un, Vu,) — g(z,u, Vu) strongly in L' (2), by using
Vitali’s theorem. Since g, (z, un, Vu,) = g(z,u, Vu) a.e. in €, thanks to (41)
and (73), it suffices to prove that g, (z, un, Vu,) are uniformly equi-integrable
in Q.

On the one hand, let v = u,, + exp(—G(uy)) ffn h(s)X{s<—e} ds. Since v €
Wi Ly(Q) and v > ¥, v is an admissible test function in (P,). Then, we obtain
by using (20), that

0
exp(~Glun) [ h(s)x(oesy dsda

Un

+ /a(x, (tn), Vtin) Vg, exp(—G (un)) h(tn) X {s<—r} dT
Q

/a(x, U, Vun)VunM
Q (0%

0
< /Qp(x) exp(_G(un)) /un h(S)X{s<74} dsdx
0
+ [ H@ypta Tl exp(-Glun) [ ho)xiec-n dsda
0 e
= [ nexp(-Glun)) [ hs) oy dsda,
Q wn
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Using (18) and since ffﬂ h(s)X{s<—ey ds < f__:; h(s)ds, we get

/Qa(x, (un), Vr ) Vi exp(—=G (tn ) h(tn) X {u,, <—e} dT

[IAllzr(

)
R
<exp (DY [ ns)ds(lello + l1follzso):

Using again (18), we obtain

—L

/ h(z)o(z, |Vuy,|) de < 017/ h(s) ds.
{un<—0} —o0
And since h € L*(R), we deduce that,

lim sup/ h(z)e(x, |Vuy|) de = 0. (75)
{un<—L}

£—00 neN

On the other hand, let M = exp(||h|| 11 (r)) f0+oo h(s)ds and £ > M+||vo|| Lo (q)-
Consider v = u, — exp(G(un)) [ h(s)X{s>1} ds. Since v € WiLy() and
v > U, v is an admissible test function in (P,). Then, similarly to (75), we
deduce that

£—00 peN

lim sup/ h(z)e(x, |Vuy|) de = 0. (76)
{un, >0}

Combining (73), (75) and (76) and Vitali’s Theorem,we conclude that g(z,u,Vu)
€ LY(Q) and we can easily to see that

Gn (T, U, V) — g(z,u, Vu)  strongly in L'(Q). (77)
Step 5: Passing to the limait.

Let v € Ky N W Ly,(Q) N L>®($2), we take u, — Tk (u, — v) as test function in
(Pn), we can write

/a(w, Uy Vur ) VTg (uy — v) do + / D, (up) VT (uy —v) da
Q Q
+ [ gnletn, V)T~ ) do (78)

Q
< fnTk(un - U) dm)
Q
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which implies that
/ a(x, up, Vg, )Vu, dr
{lun—v|<k}

— / a(xaTk+HvHoo(“n)vVTk+Hv||oc(“n))VU dx
{lun—v|<k}

+/‘I’n(Tk+||va(un))VTk(un —v)dx (79)
Q

+ /gn(m,un, Vun )Tk (uy, — v) dz
Q

< | fuTi(un —v)dz.
Q

By Fatou’s lemma and the fact that

a(, T o) o (Un )y Vg o] (Un) = @(, Thgjjo])oe () Vo)1 (W)

weakly in (L ()N for o(IILy,I1E,), one easily sees that
/ (2, Thp ] oo (Un ), VTt 0] oo (U0 )) VT o] oo (un) dz
{lun—v|<k}
—/ a(l‘,TkJrH,UHoo(un),VT;C+||UHOO(’U”))V’U dx
{lun—v|<k}
2/ (@, Tt (o] oo (W) Vit 0] oo (W) VT[]0 (w) d
{lu—v|<k}

- / a(x,Tk+Hva(u),VTk+||vHoo(u))Vv dx.
{lu—v|<k}
(80)

Furthermore, for n large enough (n > k + ||v||~0)
/@n(Tk_FHUHOO(un))VTk(un —v)dr = /(I)n(Tk+||vHoo(un))VTk(u —v)dz
Q Q
= /‘I’(Tkﬂ\vllm (un)) VT (u —v) dx
Q

— /Q<I>(Tk(u))VTk(u —v)dz.
(81)

Since Ty (un — v) = Tx(u — v) weakly in L>°(2) as n — oo we have
/gn(x, Uy V)T (U, — v) dz — /g(w, u, Vu) T (v — v) dz as n — oo, (82)
Q Q
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and
/anTk(un —v)dxr — /fVTk(un —v)dz as n — oo. (83)
Q Q
Combining (79)—(83), we have

/a(x, u, Vu)VTi(u — v) de + / O (u)VT(u—v)dx
Q Q (84)
+ /Qg(a:, u, Vu)Tg(u — v) dz < /Qka(u — ) dw.

Now, let v € Ky NL>(£2) by condition (21) there exists v; € Ky NW3L,(2)N

L>(§) such that v; converges to v modular, let £ > max(||vo||co, ||V]|oc), taking
v =Ty(v;) in (84), we have

/a(av7 w, Vu) VT (u — Te(vj)) de + / O (u)VTi(u— Ty(vj)) dx

Q Q
+ /Q o, u, V) Ty (1w — To(v;)) da (85)
< /Qka(u—Té(Uj))dx-

We can easily pass to the limit as j — 400 to get

/a(a:,u,Vu)VTk(u—Tg(v))dx—|—/<I>(u)VTk(u—Tg(v) dx
o o
Jr/g(z:,u,Vu)Tk(ung(v)) dx (86)

Q
< ka(’LLng(’U)) dx, Yv € K\I;QLOO(Q)
Q
Finally, letting £ (¢ > max(||vo||oc, ||v]|oc)) to the infinity we deduce
/a(x, u, Vu)VTi(u — v) dx + / O (u)VT(u —v) dx
Q Q

+/Qg(x,u,Vu)Tk(u—v)dx:/Qka(u—v)dx,

Yo € Kg N L>®(Q) and VEk > 0.
Thus the proof of Theorem 3.1 is complete.
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