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ABSTRACT: Criticisms of maximum likelihood estimation frequently occur when likelihood function shape becomes
flat. Although some research have been done regarding the possible causes of a flat likelihood, more work is needed
to expand our knowledge on this subject. In this paper we analyze the origin of Weibull flat likelihoods. In particular,
we study the severity of the likelihood flatness by examining the limit behaviour of the relative profile likelihood for
the three-parameter Weibull threshold parameter, when this parameter goes to infinity. In the cases discussed here, flat
likelihoods are not only related to sample size but also to an embedded model problem. Due to the widespread use
of the likelihood function in inferential statistical methods, it is important not only to identify factors that can cause
flat likelihoods, but also to study the severity of this flattening, in order to develop or apply ad hoc statistical and
computational methods for making inferences.

KEYWORDS: Flat likelihood function; threshold parameter; embedded model; GEV distribution; likelihood conto-
urs; profile likelihood function.

RESUMEN: Criticas a la estimacion por maxima verosimilitud ocurren frecuentemente cuando la forma de la funcién
de verosimilitud es plana. Aunque se ha realizado investigacion respecto a las posibles causas de una verosimilitud
plana, es necesario un mayor trabajo para expandir nuestro conocimiento sobre este tema. En este articulo se analiza el
origen de verosimilitudes Weibull planas. En particular, se estudia la severidad de la planura de la verosimilitud a través
de examinar el comportamiento del limite de la verosimilitud perfil relativa del pardmetro umbral del modelo Weibull
de tres pardmetros, cuando este pardmetro se va a infinito. En los casos que aqui se presentan, las verosimilitudes
planas no estdn solamente relacionadas con el tamafio de la muestra sino también con un problema de modelos
empotrados. Dado el amplio uso de la funcién de verosimilitud en métodos estadisticos inferenciales, es importante
no solamente identificar los factores que pueden ocasionar verosimilitudes planas, sino también estudiar lo severo de
este aplanamiento, a fin de aplicar métodos estadisticos y computacionales ad hoc, al realizar inferencias.
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1. INTRODUCTION

Statistical methods based on likelihood have been subject to severe criticisms, generally focused on getting
ridiculous estimation values (Harter & Moore, 1966; Breusch ef al., 1997; Berger et al., 1999; Martins &
Stedinger, 2000; Pewsey, 2000; Martins & Stedinger, 2001; El Adlouni et al., 2007; Tumlinson, 2015). The
shape of the likelihood function is usually associated with these strange results; however, abnormal like-
lihoods can be thought of as a symptom, not a cause; see Montoya (2008), Montoya et al. (2009), and Liu
et al. (2015).

Maximum likelihood estimation criticisms occur quite often and many of them arise when the shape of
the likelihood function is flat. Actually, the occurrence of flat likelihoods have been used to promote inte-
grated likelihoods, Bayesian posteriors, penalized methods as well as new optimization methods (Berger et
al., 1999; Tsionas, 2001; Frery et al., 2004; Li & Sudjianto, 2005; Ghosh et al., 2006; Cole et al., 2013; Lima
& Cribari-Neto, 2019). However, the problem of flat likelihoods is complex and multifactorial. Some authors
have related this problem with an overparameterization of the model, inappropriate reparameterizations, em-
bedded models, a limited amount and quality of experimental data, and also a poor model fit when sample
size is large (Cheng & Iles, 1990; Catchpole & Morgan, 1997; Raue et al., 2009; Sundberg, 2010; Farcome-
ni, & Tardella, 2012; Kreutz et al., 2013).

In this article we focus on the three-parameter Weibull model. This distribution is widely used in reliabi-
lity studies to describe failure or waiting times in normal or accelerated life testing (Elmahdy & Abou-
tahoun, 2013; Elmahdy, 2015). It is also commonly applied in many other contexts such as in forestry,
when studying tree diameters distribution (Green et al., 1994); in medicine, for the study of the survival
times of cancer patients (Khan et al., 2011); rainfall studies in hydrology (Koutsoyiannis, 2004; Silva &
Peiris, 2017; Bolivar-Cimé et al., 2015), and also for the study of tides in climatology (De Haan, 1990).
The three-parameter Weibull model has been also used by Deng et al. (2018) to study the fracture strength
of brittle ceramics and other materials; for describing the voltage breakage of electric circuits (Hirose &
Lai, 1997), and to analyze the time needed to complete a task, in cognitive psychology (Cousineau, et

al., 2002), among many other applications.

The three-parameter Weibull density function is given by

f(xoy,B) = % (x;“>ﬁ_lexp [— (x;“ﬂ , (1)

where x > a, y> 0, and B > 0. In this parameterization o is a threshold parameter, while y and 3 are scale

and shape parameters, respectively. When o = 0, a two parameter Weibull distribution is obtained.

Many researchers have reported that maximum likelihood estimation of the threshold parameter, of a three-

parameter Weibull distribution, can sometimes cause both computational and statistical difficulties. Several
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papers in statistical literature have devoted considerable effort to address these difficulties, usually propo-
sing other estimation procedures, as alternatives to the maximum likelihood approach. These difficulties
have been mainly linked with the non-regular threshold problem and the embedded model problem, as can
be found in Smith & Naylor (1987), Cheng & Iles (1990) and Hirose & Lai (1997). The first problem oc-
curs when working with density functions that have singularities, since these are inherited by the likelihood
function; hence, for certain parameter values, likelihood becomes unbounded. When density functions are
replaced by the probability of the observed sample, then the likelihood function poses no problems of this
sort, as stated by Barnard (1967), Barnard & Sprott (1983), Montoya et al. (2009) and Liu ef al. (2015),
among others. Now, the embedded model problem, is characterized by a relatively flat or constant likelihood
function over a wide range of values of the threshold parameter. Cheng & Iles (1990) considered that this
is a model selection problem. They mentioned that a three-parameter Weibull distribution has an embedded
two-parameter model (the extreme value distribution) and that its presence is the reason behind the relatively
flat likelihood, which gives rise to the reported computational difficulties. On the other hand, Hirose & Lai
(1997) considered that the embedded model problem occurs when having one more parameter that can not

be estimated given the sample size.

In this paper we perform simulations to investigate to what extent the three-parameter Weibull model lead
to flat likelihoods. We analyze the limit of the relative profile likelihood of threshold parameter o, when
this parameter goes to infinity, and show that flat likelihoods occur frequently. In most cases, this limit va-
lue has an empirical distribution that assigns a negligible probability to values close to zero. Moreover, the
empirical distribution of this limit value estimates that at least 12 percent of all likelihood functions that
result from three-parameter Weibull model under small sample size n = 20 are essentially flat or constant
likelihoods over a huge range of values the threshold parameter. We also show that flat likelihoods occur
very frequently when data of a Gumbel model, embedded in the three-parameter Weibull distribution, are
modelled by a three-parameter Weibull model. Specifically, for all sample size under study, the empirical
distribution of this limit value estimates that at least 45 percent of all likelihood functions that result from
three-parameter Weibull model under data of a Gumbel model are essentially flat or constant likelihood

functions over a huge range of values the threshold parameter.

In Section 2 we present the three parameter Weibull likelihood and relative likelihood functions of the vector
parameters, as well as the profile likelihood function of threshold parameter. Section 3 focuses on analyzing
an example presented by Hirose & Lai (1997), that allows us to show that a lack of parameter identifiability
based on observed data makes impossible to distinguish between parameter candidates. On the other hand,
Section 4 is devoted to analyze some simulation scenarios where the frequency of occurrence of certain
behaviour of the relative profile likelihood, is taken as an indicator for the degree of non-identifiability of

the parameters, based on the sample. Finally, some conclusions are presented in Section 6.
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2. WEIBULL LIKELIHOOD

Suppose X1,Xs,---,X; are i.i.d. random variables, distributed as a three-parameter Weibull with unknown
parameters (oY, ). Let x = (x,x2,- -+ ,x¢) be realization of this sample. The likelihood function of the
vector parameters (., Y, 3), based on the observed sample x and in (1), is

o=@ ) W[ 05)

fory>0,>0,and o < X(1)s where x(1) is the minimum value of the observed sample. Just for notational

simplicity, sample dependence of L is not explicitly written.

The relative likelihood function of (c,v,B) is a standardized version of (2); this takes the value of one at its
maximum, the MLE of (a7, ),

_ L(ov,B)  L(o,B)
R(a>Y’ B) - maxL(oc,y, B) - L (a’?’/B\) I (3)

ol

where, @, ¥, and B are the MLE’s of parameters ., y, and 3, respectively.

Now, assume that vector parameter (o,7y,3) can be partitioned as follows: an interest parameter y and a
nuisance parameter A. Then, the profile likelihood of y and its corresponding relative likelihood function

are defined as

Linax (\V) = meL (W) 7\’) ) “)
Linax (W) max (W)
Rumax = = =\ (5)
(W) max L (Wy }\') Lmax (W)
YA
For example, the profile likelihood and its corresponding relative likelihood function of y = o is
Limax (00) = n;%xL(Oc,Y, B, (©6)
Linax ((X) Lmax ((X)
Rumax = = =~ 7
(o) maE(L(OL,’Y,B) Linax () @
Y,

In general, the profile or maximized likelihood is a powerful though simple inferential method for estimating
a parameter of interest separately from the remaining unknown parameters of the statistical model. More
details about the profile likelihood approach are described in Kalbfleisch (1985, Section 10.3), Pawitan
(2001, Section 3.4), Sprott (2000, p. 66), Barndorff-Nielsen & Cox (1994, pp. 89-91), Serfling (2002, pp.
155-160), and Murphy & Van Der Vaart (2000). An important and mostly unknown aspect about the profile
likelihood function is that it can be used to study and visualize various aspects of the full likelihood function,
such as for instance those associated with the flatness of the likelihood surface. The following example
illustrates how the graph of a profile likelihood, particularly the case of ., can reveal the flat nature of the
likelihood function of (a7, f).
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Table 1: Simulated sample from a three-parameter Weibull distribution with vector parameters (0,3.27,10.16).
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Figure 1: Relative profile likelihood functions corresponding to the data in Table 1. Source: Elaborated by the authors.

3. EXAMPLE: WEIBULL FLAT LIKELIHOOD

The dataset in Table 1 has been generated using a three-parameter Weibull distribution, with vector para-
meters (o7, ) = (0,3.27,10.16). The selection of these values was motivated by the example included in
Hirose & Lai (1997), that involves k = 20 breakdown voltages. Figure 1(a-c) shows contour plots of the
relative profile likelihood of (B, a), (y, ), and (B,7) for the simulated sample, displaying only three contour
levels at 0.995, 0.75, and 0.05; in each one of these cases, the parameter MLE’s are marked with an asterisk.
It is clear from looking these elongated contours, that the three parameters are interrelated. In addition, the
graph shows that the likelihood function has a ridge with a relatively flat top. In fact, Figure 1(d) shows that
the relative profile likelihood of a is relatively flat over a huge range of o values.

When for a fixed data set it is observed that two different values of the parameters give rise to the same
likelihood (probability of observed data), then it would be impossible to distinguish between these two pa-
rameter candidates, based on the data alone; thus, it would be not viable to identify the true parameter. In
that sense, when the relative profile likelihood function of o, Liax (), is flat over a wide range of o values,
including the MLE such as in Figure 1(d), then the probability of the observed sample is the same over all
this o value set. Therefore, the lack of identifiability of these parameters occurs at least for the observed da-
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ta. Since the profile likelihood function for the parameter of interest is invariant under reparameterizations
of the nuisance parameters, then, the graph of the profile likelihood function of o will not change under

reparameterizations of (7, ).

Sprott (2000, p. 11) stated that the MLE and the observed information exhibit two features of the likelihood
function, the MLE as a measure of its location relative to the parameter-axes, while the latter as a measure
of its curvature in a neighborhood of the MLE. Thus, when the likelihood function of a scalar parameter is
smooth and symmetric around the MLE, then the MLE and the observed information are usually the main
features for determining the shape of the likelihood function. However, it should be stressed that flat like-

lihoods can not be determined by these quantities without loss of information.

Intuitively, the sensitivity of the MLE depends on the shape of the likelihood function. If the likelihood of o
is very curved around MLE, this turns out to be a stable estimate of o. On the other hand, if the likelihood
is flat near the MLE, this becomes highly unstable. Something important to mention, besides these facts, is
that a flat likelihood can lead to likelihood-confidence intervals of o where its lower limit becomes minus
infinity. In the next section we investigate the frequency of the occurrence of flat likelihoods of threshold
parameter o by exploring the limit of the relative profile likelihood of o, as o approaches to minus infinity.
Here we will analyze two situations: one corresponding to three-parameter Weibull samples and the other

one considers samples of the embedded Gumbel model.

4. FLATNESS OF THE RELATIVE PROFILE LIKELIHOOD OF o

In this section we illustrate, to a certain degree, the non-identifiability of the parameters for the three-
parameter Weibull model, considering a given sample size and focusing on the limit of the relative profile
likelihood function of @, as o approaches to minus infinity,

Limax
Rmax (0) = lim Rpax (0) = lim L@O ®
O —>—o0 O ——o0 maEL(a’Y7B)
a7’Y7

If Rmax (e°) is smaller than one, but close to it, then for every real number € > 0, there is a real number ol
such that for all o < 0y, we have Ryax () € (Rmax (00) — €, Rmax (e0) + €). Thus, there is a value set for o that
makes the observed sample as likely as the MLE does. The frequency of occurrence of this type of behavior
is like an indicator for the degree of non-identifiability of the parameters, based on the sample. In parti-
cular, Ryax (o) = 1 can be interpreted as an extreme case of lack of identifiability of the three-parameter
Weibull model, based on the observed data. This situation seem to suggest that the dataset may be fitted
with the embedded two-parameter model (the extreme value distribution), which corresponds to the limi-
ting case of (1) as 3 — oo, Y — o0, and a0 — —oo such that Y+ o — y, and Y/ — & for some constants y and G.
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Cheng & Iles (1990) showed that

. 11 (u0) 1
l0g [Liax (00)] = lo (1, 0) + IT +0 (@) ) )
where ) .
1 -
lo (1,0) = —klog () + — ) (xi =) = ) exp [(x 6“)] (10)
i=1 i=1

is the log-likelihood function corresponding to the two-parameter extreme value model,

k Kk k i
1) = Y ()4 5 2 o= = 50 B (e | P2 an

and (p,0) is the value of (u,0) that maximizes [y (u,0). Thus, for computational convenience, an
approximate version of the relative profile likelihood will be used in order to calculate this limit. Our

approximate version of Ry, (o) is therefore

expllo (1,6)] Lif Iy (11, 8) < 0,

R (00) = g}%L(am B) (12)

1 if [y (1,5) > 0.

4.1. Some scenarios for samples from the three-parameter Weibull distribution

An experiment was conducted to analyze the behavior of the relative profile likelihood function of a, as o
approaches to minus infinity. Weibull samples of size 20, 50, 125, and 200 were simulated 10000 times,

considering the following scenarios.

= Case 1, (o,y,B) = (a,4.71,21.26) and oo = —3.46, or —2.96 or —2.21. The selection of these values
was motivated by Example 1 from Cheng & Iles (1990), concerning fibre strengths measurements,
where it was found that o0 = —3.46, 7= 4.71 and p = 21.26.

= Case 2, (0,7,B) = (a,3,10) and oo = 0.1, or 0.5 or 1: These parameter values were used by Hirose &
Lai (1997), in order to show that the MLE of « take the value —co with probability over 0.4, for the

case of interval-grouped observations.

= Case 3, (o,7v,B) = (0.1,5.7,7),(0.1,5.7,5.5),(0.1,8,5). These values correspond to credible values
of the posterior distribution obtained by Green et al. (1994) in three samples of tree diameters (samples
3-1).

Table 2 summarizes a classification of all the simulated samples for the above scenarios, according to
whether 0 < Rpax (e0) < 1or Runax (e0) = 1. Note that Runax (e0) = 1 corresponds to samples where the MLE
of o actually diverged to —eo. At a first glance, it can be observed that as the sample size increases, there is a
decrease in the proportion of samples where Ronax (e0) = 1. For all scenarios in Case 1, R (e0) assumes the
value 1 with probability close to 0.36, 0.30, 0.20 and 0.15 when n = 20, 50, 125, and 200. For all scenarios
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Figure 2: Box plots for three scenarios simulation Weibull of the Table 2. Source: Elaborated by the authors.

in Case 2, these probabilities are close to 0.26, 0.15, 0.04, and 0.01. In Case 3, the scenario with the highest
proportion of samples where Rmax (e0) = 1 is the one where (a7, ) = (0.1,5.7,7), corresponding to sample
3 from Green et al. (1994). Here, ﬁmax (o0) assumes the value 1 with probabilities close to 0.18, 0.06, 0.007
and 0, for n = 20, 50, 125, and 200, respectively. Thus, a general conclusion is that an embedded Gumbel

model is no longer a reasonable model for the data, when sample size increases.

Box plots displayed in Figure 2 provide an idea of the shape of the frequency distribution of Runax (o0),
for three of the simulation scenarios included in Table 2. Looking at these boxplots we can observe a
large degree of non-identifiability of parameters for the three-parameter Weibull model, and notice that
flat likelihoods can occur very frequently. Hence, in this kind of scenarios, it is difficult to identify the
parameters of the three-parameter Weibull distribution; particularly parameter , that represent the lower

end of the support of this model.

4.2. Embedded Gumbel model in the three-parameter Weibull distribution

It is interesting to analyze scenarios such as the ones included in this section, where we simulate data from
an embedded two-parameter model (the extreme value distribution) and the behavior of ﬁmax (o) is again
studied. Samples of size 20, 50, 125, and 200 were simulated 10000 times from a Gumbel distribution with
parameters u = o.+y and 6 = /P, where the values assigned to (a7, ) correspond to those presented in
Table 2. Once again, the samples are classified according to whether 0 < Ronax (e0) < 1 or Ronax (0) =1,
summarizing the results in Table 3. As we previously stated, Rinax (e0) =1 is linked to those samples whe-
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Table 2: Classification (in percentage) of 10000 simulated samples of a three-parameter Weibull random variable.

(v, B) k 0 < Rimax () <1 | Rimax () =1
20 62.24 37.76
(—3.46,4.71,21.26) 50 70.05 29.95
125 79.30 20.70
200 85.09 14.91
20 63.15 36.85
(—2.96,4.71,21.26) 50 70.21 29.79
125 79.06 20.94
200 84.66 15.34
20 63.98 36.02
(—2.21,4.71,21.26) 50 69.83 30.17
125 79.35 20.65
200 84.03 15.97
20 74.26 25.74
(0.1,3,10) 50 84.66 15.34
125 95.93 4.07
200 98.71 1.29
20 73.69 26.31
(0.5,3,10) 50 85.79 1421
125 95.66 4.34
200 98.67 1.33
20 73.48 26.52
(1,3,10) 50 85.67 14.33
125 95.14 4.86
200 98.52 1.48
20 81.59 18.41
(0.1,5.7,7) 50 93.26 6.74
125 99.26 0.74
200 99.93 0.07
20 86.20 13.80
(0.1,5.7,5.5) 50 96.92 3.08
125 99.86 0.14
200 100 0
20 88.40 11.60
(0.1,8,5) 50 98.04 1.96
125 99.92 0.08
200 100 0
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Figure 3: Box plots for three scenarios simulation Gumbel of the Table 3. Source: Elaborated by the authors.

re the MLE of o diverged to —eo. These results show that in all scenarios, Ry, (o) assumes the value 1
with probabilities larger than 0.45. Thus, when data coming from Gumbel model, embedded in the three-
parameter Weibull distribution, are modeled by a three-parameter Weibull model, flat likelihoods will occur
very frequently. In order to analyze these samples in the graphical way previously presented, some box plots
are displayed in Figure 3. These provide a clear idea of the shape of the frequency distribution of Rmax (o)
for three of the simulation scenarios included in Table 3, showing that the flatness of the likelihood suggests

that the embedded two-parameter model seems a reasonable model for the data.

It is important to note that once a sample size is set, for all the simulation scenarios shown in this section,
the maximum computation time was two minutes, using a personal computer. On the other hand, all the
simulations presented here were performed in the R software, version 4.0.3, and source code is available

upon request.
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Table 3: Classification (in percentage) of 10000 simulated samples of a Gumbel random variable.

(u,0) k 0 < Rpax () <1 | Rmax () =1
20 53.40 46.60
(1.25,0.22) 50 52.22 47.78
125 51.72 48.28
200 50 50
20 54.38 45.62
(1.75,0.22) 50 52.23 47.77
125 51.70 48.30
200 51.50 48.50
20 53.02 46.98
(2.5,0.22) 50 51.81 48.19
125 51.88 48.12
200 50.82 49.18
20 53.83 46.17
(3.1,0.3) 50 52.50 47.50
125 51.75 48.25
200 51.45 48.55
20 53.81 46.19
(3.5,0.3) 50 53.55 46.45
125 51.54 48.46
200 52.06 47.94
20 53.14 46.86
(4,0.3) 50 52.90 47.10
125 52.22 47.78
200 51.14 48.86
20 5391 46.09
(5.8,0.81) 50 51.58 48.42
125 51.85 48.15
200 51.72 48.28
20 53.44 46.56
(5.8,1.04) 50 53.12 46.88
125 52.23 47.77
200 50.88 49.12
20 53.15 46.85
(8.1,1.6) 50 52.61 47.39
125 51.71 48.29
200 50.93 49.07
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5. CONCLUSIONS

The cases discussed here were carefully selected to illustrate the potential information that flat likelihoods
can provide, since their occurrence can be interpreted as a warning about an insufficient sample size for
making appropriate and useful inferences about the threshold parameter, and the underlying relationship
between the parameters of the model. Furthermore, flat likelihoods can also suggest that data may be co-

ming from an embedded Gumbel model in the family of three-parameter Weibull distributions.

In general, dealing with flat likelihoods goes beyond finding stable estimators or solving numerical problems
that arise during the optimization of the likelihood function, which can usually be addressed throughout an
appropriate reparameterization. The flat likelihood problem embraces many issues and those should be ca-
refully analyzed to understand the genesis of such a behaviour. The most valuable part of this paper relies on
honing our intuition and understanding the multifactorial nature of this problem, contributing, in a certain

way, to the scant literature concerning this subject.

In order to broaden the knowledge regarding the use of flat likelihoods in inference, future work is planned
to analyze the advantages and disadvantages of using a Bayesian approach in these situations, as well as to

examine the similarities and differences with the likelihood approach.
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